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8. Supplement to the paper: Learning Heteroscedastic Models by Convex
Programming under Group Sparsity

8.1. Proof of Theorem 3.2

The fact that the feasible set is not empty follows from the fact that it contains the minimizers of (6). This
immediately follows from the first-order conditions and their relaxations. Indeed, for a minimizer (¢°, a®) of
(6), the first-order conditions take the following form: there exists v° € R such that for all k € [K] and ¢ € [g],

0 . X.a ¢)2;
PL(¢°,a°) = =X (diag(Y)Ra® — X¢°) + \; X, —ETCk  — (), 18
8¢Gk <¢ ) ‘,Gk< g( ) ¢ ) k4 Gy ‘X:7Gk ¢Z;k |2 ( )
0 o o\ __ Tte o o o\ T _
O0ap PL(¢",a%) = - ZteT R;.a° + ZteT (thtﬂa - Xy )ytr% - () R, =0, (19)

and P R, .0° = 0 for every t. It should be emphasized that relation (18) holds true only in the case where the
solution satisfies miny | X g, ¢307Gk |2 # 0, otherwise one has to replace it by the condition stating that the null
vector belongs to the subdifferential. Since this does not alter the proof, we prefer to proceed as if everything
was differentiable.

On the one hand, (¢°, a®) satisfies (18) if and only if Ilg, (diag(Y)Ra® — X¢°) = M X. ¢, 05, /1X. ¢ 96, |2
with Ilg, = X. ¢, (X:':GkX:,Gk)'*'XIGk being the orthogonal projector onto the range of X. ¢, in R”. Taking the
norm of both sides in the last equation, we get ‘Hgk (diag(Y)Ra® — quo)|2 < Ag. This tells us that (¢°, &)
satisfy (7). On the other hand, since the minimum of (6) is finite, one easily checks that R,.a° # 0 and,
therefore, v° = 0. Replacing in (19) v° by zero and setting v = 1/R;.a° we get that (¢°, a®, v°) satisfies
(8), (9). This proves that the set of feasible solutions of the optimization problem defined in the ScHeDs is not
empty.

Let us show that one can compute the ScHeDs ((?S,a) by solving an SOCP. More precisely, we show that if
(¢, a,u,v) € RP x R? x RE x R” is a solution to the following problem of second-order cone programming:

min Zkzl AU (20)
subject to (7) and

1X.c b, |, < ur, Vk € [K], (21)

R"v < R'diag(Y)(diag(Y)Ra — X¢); (22)

|[vs; Re o V2], < vy + Ryox; VteT, (23)

then (qAb, a, ) is a solution to the optimization problem stated in Definition 3.1. This claim readily follows from
the fact that the constraint Hvt; R .« \@] ‘2 < v + Ry .o can be equivalently written as v,(R;.a) > 1 and
vy + Ry . > 0 for every t. This yields v; > 0 and R;.a > 1/v, for every ¢t. Furthermore, it is clear that if
((75, Q,u,v) is a solution to the aforementioned optimization problem, then all the inequalities in (21) are indeed
equalities. This completes the proof.

8.2. Proof of Theorem 5.1

To prove Theorem 5.1, we first introduce a feasible pair (a), a), in the sense formulated in Lemma 8.1.

Lemma 8.1. Consider the model (10). Let z = 1+ 2Cy % with some € > 0 and assume that z < 2.

Then with probability at least 1 — 2¢, the triplet ((Nb, a,v) = (z¢*, zat, (ﬁ)tzl,__j) satisfies constraints (7),
(8) and (9). Moreover, the group-sparsity pattern {k : ‘J’Gk ’1 #+ 0} oqu[; coincides with that of ¢*, that is with
K*.

The proof of this lemma can be found in Section 8.3.
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Set A = (?b — E]vb On an event of probability at least 1 — 2¢, (aﬁ,&) is a feasible solution of the optimization
problem of the ScHeDs whereas (¢, &) is an optimal solution, therefore

K K K K
Z )\k|X:7GkAGk ‘2 < Z )\kp(:,GkAG;c |2 + Z Ak‘X:,quka |2 - Z Ak‘X:,de)Gk |2

k=1 k=1 k=1 =1
Z )\k|X GkAGk Z >\k X, de)Gk‘g ’X57Gk¢Gk|2>
kek* kek*
<2 Y M|XegAc,, (24)
kek*

This readily implies that

Z el X6, A, |, < Z el X e A,
kEK*e keK*

Applying GRE(k, s) assumption and the Cauchy-Schwarz inequality, we get

K 1/2 12 9
S XAl <2( 3 8) (X Kadal) <X, L) XAl (25)
k=1 kel

K
keK*
It is clear that
IXAL = ATXT (X~ X)
= ATXT(X¢ — diag(Ra)Y) + AT X (diag(Ra)Y — X¢) + AT X diag(Y)R(& — &).

In addition, using the relation XA = Zszl X. ¢, Ag, = Zszl I, X. g, Ag, and the fact that both (¢, @)
and (¢, &) satisfy constraint (7), we have

K
XA <> AL X, Mg, (X$ - diag(RA)Y) + Z Al X, T, (diag(R)Y — Xb)
k=1

+ ATX Tdiag(Y)R(a — &)

K
<2> M|X.g,Ac,|, + XAl |DyR(@ - a)l,. (26)
k=1

Therefore, from (25), XAl < 2 (3, cx- /\%)1/2 + |DyR(a — a)|> and we easily get

X(@ = ¢")e < [X(@— ¢+ XAL < (2= DX L+~ (3, M) +IDyR@- &)
where we have used the following notation: for any vector v, we denote by D,, the diagonal matrix diag(v).
To complete the proof, it suffices to replace z and A; by their expressions and to use the inequality

a— o )|2+(Z—].)‘DyROé ‘2
< |DyR(a—a®)|s + (z — 1)|Xop* + &2
& — a2+ (2 = 1) (X2 + [€]2)-
8.3. Proof of Lemma 8.1
For all € € (0,1), consider the random event B, = (}_, (l.‘)’g,z N B;,e)» where

BS/{Z X, g > 202Tlog<2q/e>},

teT R No'%
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Bl = {0,y i (€~ 1) > ~2/CT ToR2a) .

Using standard tail estimates for the Gaussian and the x? distributions, in conjunction with the union bound,
one easily checks that P(B.) > 1—e¢. In what follows, we show that on the event B., (¢, &, v) satisfies constraints

(7)-(9)-

Constraints (9) are satisfied (with equality) by definition of ©. To check that (8) is satisfied as well, we should
verify that for all / =1,...,q,

1 Tt e * Tt o
— < — X .
22 ZtET R,.a* Zte’r R, .a* S ZteT R;.a* &
On the event B., the right-hand side of the last inequality can be lower bounded as follows:

T'te * Tt g2 o \/—
2ver B Xt T Dy Tyt 2 (VO 4 V200V log2/0) £

Thus, on B, ifforall / =1,...,q

tETR a*'

22 -1
the”r R a* > (v/Ca +/2C1)\/2T log(2q/¢) (27)

z

then constraint (9) is fulfilled by (¢, &, ¥). Inequality (27) is valid since for any z > 1
22 -1 Tep z—1 1 Iy zfl
= 1+ = TC
22 ZteT R, .a* z ( + z> ZteT Rt7;a* -z 3

and 21TC3 > (v/C3 + v2C71)/2T log(2q /=) when z =1+ 2Cy/ % <2

On the other hand, since z < 2, a sufficient condition implying that the pair (¢, &) satisfies (7) is

2l |, <A, Vhke{l... K} (28)

Recall that r; denotes the rank of Ilg,. Let R. be the random event of probability at least 1 — ¢ defined as
follows

K K
Re = () Rep = () {|Ta, 3 < ri+2v/rTog(K/e) + 2log(K/e) }
k=1

k=1

To prove that P(R.) > 1—¢, we use the fact that ‘Hgk£|% is drawn from the xZ,_distribution. Using well-known
tail bounds for the x? distribution, we get P(R¢ ;) < . Then, we conclude by the union bound.
Since we chose
2k + 2¢/1 log(K /e) + 2log(K /€)' = Ay,
on the event R. inequality (28) is satisfied by (;;VS, a).
Finally, the triplet (Zﬁ, a,v) fulfills constraints (7)-(9) on the event B: N R, which is of a probability at least
1—2e.
8.4. Proof of Theorem 5.2
We start by noting that, the ScHeDs (q/g, a) satisfies V2 € {1,...,q}, the relation

r R ~
ZtGT Rttja - ZtGT (tht’:a B Xt’:qs)ytrw' (29)
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)
we decrease one v; to achieve an equality in (9), the left-hand side of (8) will decrease as well and the constraint
will stay inviolated. Thus, setting vy = 1/R; ., we get from (8)

T'te ~ "
ZtET Rt,;a S ZtET (tht,:a_Xt,:d))ytrtéa N4 € {177Q} (30)

First, for the ScHeDs, all the inequalities in (9) are equalities. Indeed, v;’s are only involved in (8) and (9) and if

To be convinced that Eq. (29) is true, let us consider for simplicity the one dimensional case ¢ = 1. If inequality
(30) was strict, for some w € (0, 1), the pair (w¢, wax) would also satisfy all the constraints of the ScHeDs and

the corresponding penalty term would be smaller than that of (q?), ). This is impossible since in> is an optimal
solution. Thus we get

R/ (R &) ' = R/ y(yRi.& — X,.¢) = R'Dy (DyRa — X¢). (31)

teT teT

Using the identity (R;.a)"! = (R;.a*)"! + (R;.aR;.a*) 'R, .(a* — &), we get

1 T = 1 T T - 2
— R/ R..|(a"—a)=— R/ +R"Dy (DyRa — Xé
2w aim e R 2 o D >
— R'Dyl.17+R'D}R(@—a*) —R Dy X(¢ — ¢)
+R'Dy (DyRa" — X¢"). (32)

In view of the identities Dy Ra* — X¢™ = £ and Dy = Dﬁla* (Dxg+ + D¢), Eq. (32) yields®
RT [D%, + DR DL |R(a" — &) =R'DRL. (62— 17) - R Dy X(¢ — ¢*) + R"DpL. Dxg&.  (33)
As a consequence, denoting by M the Moore-Penrose pseudo-inverse of the matrix R [D%; + Dﬁla*D;t}i] R,
R(a* —a)=RMR' (DR}X* (€2 —17) — Dy X(¢ — ¢*) + DR}I*DX¢*§>. (34)

Multiplying both sides by Dy and taking the Euclidean norm, we get

[DyR(a* -~ &)|, < |DyRMRT (Dgl,. (€7 — 17) + Dgh.Dxg-€) | +|DyRMR Dy X(¢" ~ )| . (35)

2
At this stage of the proof, the conceptual part is finished and we enter into the technical part. At a heuristic
level, the first norm in the right-hand side of (35) is bounded in probability while the second norm is bounded
from above by (1 — c)|X(¢* - </1\S)|2 for some constant ¢ € (0,1). Let us first state these results formally, by
postponing their proof to the next subsection, and to finalize the proof of the theorem.

Lemma 8.2. Let g and T be two integers such that 1 < g < T and let € € (0,1/3) be some constant. Assume

that for some constant 131 > 1 the inequality maxscy % < Bl holds true. Then, on an event of probability

at least 1 — 3¢, the following inequalities are true’:

IM'°R Dy <1, (36)
\MWRT (Dph- (€2 — 17) + DRL . Dx4-€) \2 < 10\/ gDy log(2T /<) log(2q/<), (37)
1 1
IDyRMR Dy || <1 - — - <1— = - : (38)
2D (|X¢"|% + [€%) +1 D1 (2[X¢"[2, + 5log(2T /<))

In view of these bounds, we get that on an event of probability at least 1 — 3¢,

1
D1 (2|1X¢" |2, + 5log(2T/¢))

IDyR(a” — @), < 10\/qf)1 log(2T /) log(2q/e) + (1 - )|X(¢* ~®),- (39

“We denote by &2 the vector (£2)ieT.
®Here and in the sequel, the spectral norm of a matrix A is denoted by ||A]|.
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Combining this inequality with Theorem 5.1 and using the inequality 2|X¢*|s + [€]2 < \/T(2|X(;S*|Oo + €]

we get that the following inequalities are satisfied with probability > 1 — 5e:
X(¢ — &), < 2C4D1 (2/X"|% + 5log(2T/e))v/2108(24/2) (21X " oo + [€]0)
8 1/2 &
+- (23* 43K log(K/e)) D1 (21X ¢"|% + 5log(2T/e))

+ 10D (2/X ¢ 2, + 5log(2T/2)) 1/ aD1 log(2T /<) log(2q/e)
< 40, Dy (21X ¢" 2 + Slog(2T/e))** /2 1og(2q/2)

8D ! — (21X [ + 5log(2T/2)) (25" + 3K log(K/e))""*

10D (2/X¢" 2, + 51og(2T/2)) 1/ gD1 log(2T /¢) log(2q ).
Using the notation Dy, = Dy (21X "% + 5log(2T /<)), we obtain

X (¢ — ¢")|, < 401D} 2\/2log(2q /) + —1= 8Dr, < (25" + 3K log(K /e))"/*

+10Dr \/qDl log(2T /) log(2q/¢).

To further simplify the last term, we use the inequalities:

10D7..\/¢D1 10g(2T /¢) log(2q/¢) = Dr,-v/10y/5D1 log(2T/¢)\/2qT0g2q/2)
< 4D3/2 2qlog(2q/e).

Combining this with (41) yields (16).

To prove (17), we use once again (34) to infer that

IR(a* —&)|, < ’RMRT (DRh- (€2~ 17) + Dk Dx-€) ] + ‘RMRTDYX(qb* - @‘2

(40)

(41)

< IRM"?)|(|M'/?R7 (DR (62 - 1r) + Dgh.Dxs-€ )|+ IMY*RTDy|||X(¢" ~ $)| ).

In view of Lemma 8.2, this leads to

IR(a” — &), < [RM"?| (10\/ ¢D1 log(2T /=) log(2q/) + \X(qb* - 5)\2)’

with probability at least 1 — 5¢. Using the bound in (16), we get

~ 8D
|R<a*—a>|2£|||RM”2|||(4(04+2> 22\/2qlog(2q /<) + HT’E\/25*+3K*10g(K/E))-

In view of the inequality®
Rl Dy Do R
< (max[R,.a" - R, R[RTR] "R
€

we get
IRM'/2||* = |||(RM1/2)(RM”2)TIII
< Di|Ro’|_ - |[R[R'R] "R
S ﬁl‘Ra* 0o’

where the last inequality follows from the fact that R[RR] "RT is an orthogonal projector.

(42)

(43)

5We use the notation A > B and B < A for indicating that the matrix A —B is positive semi-definite. For any matrix

A, we denote by AT its Moore-Penrose pseudoinverse.
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8.5. Proof of Lemma 8.2
We start by presenting a proof of (37). We have
[DyRMRT (Dgl,. (€ — 17) + Dyl Dxg-€)]

< |[DyRM"?|| - [M'?RT (Dgg,. (€* — 17) + Dg,,.Dxg-£)|,
< |DyRM?| - (IM'?RTDgRL. (€% — 17)|, + [M'/*RTDg!, . Dx¢+€

,)- (44)
We remark that

M' =R"[D} + Dg..DgL|R=RTD}R = |DyRM'?|<1.
and that

2 * ~\—1
+ o . Yi + (R - Ry ) D=2 D2 .
M= (mtln (X+1.0" /Ry .%)? R Pra-Dxo- R,

which implies that

M'/?RTDg!,.Dxy-£|:

=¢'Dgl.Dx4sRMRDx,-Dgl . €

(Xt,:¢*)2 T
= (Itnea7}’< (Ri.a*)?y? + (Rt,:()z’*/R,g7;¢3¢)>£ IL¢, (4)

where IT; = Dﬁ}l*Dxd,*R(RTDgw)*Dﬁi*R)+RTDX¢*DﬁL* is the orthogonal projection on the linear sub-
space of RT spanned by the columns of the matrix DE_{L*DXW R. By the Cochran theorem, the random variable
m= ETH1£ is distributed according to the Xﬁ distribution.

Using similar arguments based on matrix inequalities, one checks that

|M1/2RTD—1 X (52 _ ]-T)‘Q < max (Rt,:a*)72 (52 B 1)TH2(€2 o 1)
Ro 2 = teT yt (Rt;a* . Rt7;a)_1
Rt :a 2 T 2
< _ — _
< (m g ) € -0 e - 1), (16)

=12

where I15 = D;{L*R(RTDI}; R)+RTD;{1M is the orthogonal projection on the linear subspace of R” spanned
by the columns of the matrix Dﬁ}l*R.

To further simplify (45), one can remark that under the condition R;.& < ﬁlRm:a*, it holds

(Xt :¢*)2 (Xt.:¢)*)2
’ __ < , <1+ D& 47
(R0 + (Ruo [Re@) ~ (X, 1 &) + D) 16 (7
These bounds, combined with (44), yield
‘DyRMRT (Dgra- (€% —17) + Dgl,.Dxg-€) ’2 < \/(1 + Dyl€2,)m + \/51772~ (48)

One can also notice that ITs is a projector on a subspace of dimension at most equal to ¢, therefore one can
write Il = Ezzl vwér for some unit vectors v, € RT. This implies that

Z|’v££—1 > <q maX‘ZU“ —1‘.

Hence, large deviations of 77 and 72 can be controlled using standard tail bounds; see, for instance, Laurent and
Massart (2000, Lemma 1). This implies that with probability at least 1 — 2¢,

[DyRMRT (DL (67 — 17) + Dyl Dxg-€)| < y/1+ Dlel. (v + v21oga/2)) + \/aDy 4log(2q/2).
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To conclude, it suffices to remark that P (|| < \/2l0g(2T/c)) > 1 —e. This implies that
IDyRMR (DgL,. (D - Ir)1r + Dgl,.Dxg-€) |2
< 2\/ Dy log(2T/e)(v/g + /2l0g(g/e)) + 1/ aD1 4log(2q/e)
< 4/20D1 108 (2T /=) log(a/2) + 41/ D1 log(24/2)

< 10\/qﬁ1 log(2T /¢) log(2q/¢).

This completes the proof of the first claim of the lemma.

Let us now switch to a proof of (38). It is clear that

IDyRMR "Dy | = [M"?R "Dy ||?
< IM'Y?RT(D3 + Dgg Do) 2I°[I(DY + DegDry-) "/ *Dy |I?

< (DY +DggDge-)~/*Dy ||

y?

_ B 49
rtnez?g v2+ (R - Ry o) ! (49)

Using the fact that R, .c < lA)lRt7:a* for every t, we obtain

2 R, o 2
|IDyRMR Dy || = max yi (R .a") _
€T yi(Rea*)? + Dy

1
=1—min —=
€T Diyf(Ry.0*)? +1
1
=1—min = . (50)

€T Di( X" +&)2 + 1

To complete the proof of the lemma, it suffices to remark that (X;.¢" +&,)% < 2(X:.¢")% +2¢7 < 2|X¢* |2 +
2|¢|%, and to apply the well-known bound on the tails of the Gaussian distribution.



