
Forecastable Component Analysis

APPENDIX – SUPPLEMENTARY
MATERIAL

A. Proofs

Proof of Properties 3.2c (Max-subadditivity).
Consider the linear combination of two station-
ary processes xt and yt,

zt = αxt + βyt

It holds Vzt = α2σ2
x+β2σ2

y +2αβcov(xt, yt). If xt and
ys are uncorrelated for all s 6= t then Vzt = α2 +β2 (if
xt and yt are both unit-variance processes). To have
a unit-variance sum we need β =

√
1− α2:

The spectrum of zt equals (if they are uncorrelated)

Sz(λ) = α2Sx(λ) + β2Sy(λ) ≤ αSx(λ) + βSy(λ) (29)

It therefore holds

Ω(zt) = Ω(αxt + βyt)

= 1−H
(
α2Sx(λ) + β2Sy(λ)

)
≤ 1−

(
α2H(Sx(λ)) + β2H(Sy(λ))

)
,

where the last inequality follows by (29). Plugging in
β =
√

1− α2 gives

α2 − α2H(Sx(λ)) + (1− α2)− (1− α2)H(Sy(λ))

= α2(1−H(Sx(λ))) + (1− α2)(1−H(Sy(λ)))

= α2Ω(xt) + (1− α2)Ω(yt)

≤ max (Ω(xt),Ω(yt)) ,

which completes the proof.

Proof of Proposition 4.1. For every w,

w>Ŝ
(i)
U w = − 1

T

T−1∑
j=0

w>
[
ŜU (ωj) · `(wi;ωj)

]
w

=
1

T

T−1∑
j=0

−`(wi;ωj)︸ ︷︷ ︸
≥0

·w>ŜU (ωj)w︸ ︷︷ ︸
≥0

≥ 0.


