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Abstract

The Supplementary Material contains three
elements. First, in Section 1, we give the
proofs for all the main mathematical results
in the paper. Second, in Section 2, we provide
a natural generalization of our framework to
the case the point evaluation operator f(z)
is replaced by a general bounded linear op-
erator. Last, in Section 3, we provide an ex-
act description of Algorithm 1 with the Gaus-
sian or similar kernels in the degenerate case,
when the kernel width o — oc.

1. Proofs of Main Results

For clarity, we restate all the results in the main paper
that we prove here.

Notation: the definition of f as given by

f= (f(xl)v”'vf(qurl)) € Wu+la (1)

is adopted because it is also applicable when W is an
infinite-dimensional Hilbert space. For W = R™,

f=(f )y @) F @ut)s s ™ (@)

This is different from (Rosenberg et al., 2009), where

f=(f '), [ @ugt), s ™ (@1)s e f™(T0sr)).
This means that our matrix M is necessarily a per-
mutation of the matrix M in (Rosenberg et al., 2009)

when they give rise to the same semi-norm.
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1.1. Proof of the Representer Theorem

Recall our general minimization problem

!
. 1
fay = ATGMIN fepy ;7 Z V(yi, Cf(xi))
=1

Hyall 15+ (E ME)wus, (2)
and its least square version

l
. 1
faru = argmingesy, 7 3 Il = CF)l}
i=1

Fvallfl 3+ v (€ ME) . (3)

Theorem 1. The minimization problem (2) has a
unique solution, given by f, . = Z;”H_ll
vectors a; € W, 1 <i<u+1.

K, a; for some

The following is a generalization of the proof for the
Representer Theorem in (Minh & Sindhwani, 2011).
Since f(x) = K} f, the minimization problem (2) is

l
. 1 .
fz,'y = argmlnfeHK 7 Z V(y“ CKx7 f)

=1
+yall £l + v ME) o (4)

Consider the operator Ecx : Hx — V', defined by
Ecoxf=(CK} f,..

with CK} : Hx — Y and K,,C* : Y — Hg. For
b= (by,...,b;) € V', we have

- OKG, ), (5)

l
(b, Ecxf)yr = > (bi,CK} f)y

=1

l l
=Y (K, Cbi, Pl = O K C iy e
=1

i=1
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The adjoint operator E¢  : V' — Hy is thus

Ef i (by,... b %ZKrlC’* (6)

7x'

The operator Eaanx : Hix — Hrx is then

l
Ez‘,xEC,xf — ZK&C*CK;]", (7)

i=1
with C*C': W — W.
Proof of Theorem 1. Denote the right handside of

(2) by I;(f). Then I;(f) is coercive and strictly convex
in f, and thus has a unique minimizer. Let Hx x =

S Kywi - w e Wetl) For f e Hiyr by the
reproducing property, Ec x satisfies

(b, Ecxf)y = f,ZKmLC*

for all b € V!, since C*b; € W. Thus

EC,xf =

Similarly, by the reproducing property, the sampling
operator Sy satisfies

(CKZ,f,...,CK: f) =0,

w1

<SXfa <faZKT7wz>’HK = Oa
i=1

W>Wu+l =

for all w € W¥*!, Thus

f=205xf= (f(ml)a ERE! f(qurl)) =0.

For an arbitrary f € Hg, consider the orthogonal de-
composition f = fo + f1, with fo € Hrx, f1 € HJKX.
Then, because ||fo + f1l3,,. = Ilfoll3,, +If1]3,,, the
result just obtained shows that

L(f)=L(fo+ f1) > Li(fo)

with equality if and only if || f1]|#, = 0, that is f; = 0.
Thus the minimizer of (2) must lie in Hx . O

1.2. Proofs for the Least Square Case

Proposition 1. The minimization problem (3) has a

unique solution f, ., = ZuH K., a;, where the vectors
a; € W are given by

u+l u+l
Y MKz, a5)a; + C*C(Y | K (i, 2;)ay)
7,k=1 j=1
+lyaa; = C*y;, (8)

for1<i<lI, and

w1
V1 Z M K (2, z5)a; + vaa; =0, 9)
Jk=1

forl+1<i<u+l.

The following is a generalization of the proof for
Proposition 1 in (Minh & Sindhwani, 2011). We have

l
. 1 "
fony = argmmfeHKj Z Iy — CKmlfH%,

=1
+yall 5 + v, ME) s (10)

With the operator Ecx, (10) is transformed into the
minimization problem

. 1
fary = argmin ey, 1 Eof = I3
Ayallfll5 + e (f, ME) s (11)
Proof of Proposition 1. By the Representer Theo-

rem, (3) has a unique solution. Differentiating (11)
and setting the derivative to zero gives

(EE,XECJ( +ival + l'YIS:*c,uHMSx,qul)fzw = Eé’,x)’-
By definition of the operators E¢c x and S, this is

l u+l
Z Kazlc*CK;LfZ/y + l’yAfz,y + l’y[ Z Kajl (Mfz,v)i

i=1 i=1
l
i=1

which we rewrite as

u—+l

fory = =5 K, (MK, ),

ryzl
+Z

—C*CK}, fzn
This shows that there are vectors a;’s in WV such that

lya

u+1

Jary = § K, a;.
i=1

We have f, (z;) = ZUH K(zi, x;)a;, and

u+1 w1

(Mfy1)i = > My Y K(w,x;)a;
k=1 j=1

u+l

= Z MK (zg, x5)a;
J,k=1
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Also K3 fory = faq(2i) = Z?j K (z;,xj)a;. Thus for
1< <:

u+l

a; = —ﬂ Z MikK(:rk,xj)aj
A =
* * u+l
+C yi—C O(Zjil K(zi,x;)a;)
l’)/A ’

which gives the formula

u+l u+l
Ivr Z MK (zk, x5)a; + C’*C(Z K(z;,xj)a;)
Jk=1 J=1

+lyaa; = C*y;.
Similarly, for I +1 <i<u+1,
u+l1

I
a; = —l Z MikK(J;k,xj)aj,
YA Pyt

which is equivalent to

u+l
Y1 Z M K (vk, x5)a; + yaa; = 0.
G k=1

This completes the proof. O

Proposition 2.

(C*CIV " MK [x] + Iy MK[x] +lyal)a = C*y, (12)

where a = (a1,...,6u+41), ¥ = (Y1,---,Yutl) are con-
sidered as column vectors in W¥t and YUt respec-
tively, and yi41 = -+ = Yyy1 = 0.

Proof of Proposition 2. This is straightforward to
obtain from Proposition 1 using the operator-valued
matrix formulation described in the main paper. [

Proposition 3. For C =c’ @ Ip, ¢ € R™, My =
L®Ip, Mp = 1,11 ® (M, ® Ip), the system of linear
equations (12) in Proposition 2 is equivalent to

BA =Y¢, (13)
where

B = ((J}" @ ceh) + 1vp(Lust ® M) + lyw L) G[X]

+l7AI(u+l)m,v (14)

which is of size (u+1)m x (u+1)m, A is the matriz
of size (u+ 1)m x P such that a = vec(AT), and Y¢
is the matriz of size (u+ I)m x P such that C*y =
vec(YZ). JH RuH — R s a diagonal matriz of
size (u+1) X (u+1), with the first | entries on the main
diagonal being 1 and the rest being 0.

Proof of Proposition 3. Recall some properties of
the Kronecker tensor product:

(A® B)(C® D) =AC ® BD, (15)
(Ao B)T = AT @ BT, (16)
and
vec(ABC) = (CT @ A)vec(B). (17)
Thus the equation
AXB=C (18)
is equivalent to
(BT @ A)vec(X) = vec(C). (19)

In our context,y;M = ygMp + yw My, which is
YiM = yplu11 @ My @ Ip +yw L @ Ip.

Using the property stated in Equation (16), we have
for C =c’ ® Ip,

Cr — Iu-i—l @c®Ip e RPm(u+l)><P(u+l), (20)

C*C = (c®Ip)(c’ ®Ip) = (cc” @ Ip).
So then

C*C = (Iy1 ®@cc’ ®Ip). (21)
JV = e 1, @ Ip. (22)

It follows that
crcg)V = (i @ el @ Ip). (23)

Then
c*CJ)V "MK x] = (J'H @ ccT)Gx] @ Ip.
YIMK[X] = (vplusvi ® My, + ywL)G[x] ® Ip.
Consider again now the system
(C*CJ)V" MK [x] + Iy MK[x] + lyal)a = C*y.
The left hand side is
(B ® Ip)vec(AT),
where a = vec(AT), A is of size (u+1)m x P and
B = ((J" @cc”) + lyp(Lup1 © M) + lyw L) GIX]
Hoyalutiym-
Then we have the linear system
(B ® Ip)vec(AT) = vec(YZ),
which, by properties (18) and (19), is equivalent to
ATBT =YVl < BA =Y¢.

This completes the proof. O
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Remark 1. The vec operator is implemented by the
flattening operation (:) in MATLAB. To compute the
matrix Y7, note that by definition

vec(YZ) = C*'y = (I, ® C*)y = vec(C*Y),

where Y is the P x (u+1) matrix with the ith column
being y;, with
y = vec(Y).

Note that Yg and C*Y in general are not the same:
Y2 is of size P x (u 4 l)m, whereas C*Y is of size
Pm x (u+1).

2. Learning with General Bounded
Linear Operators

The present framework generalizes naturally beyond
the point evaluation operator

f(z) = KL f.

Let H be a separable Hilbert space of functions on X.
We are not assuming that the functions in H are de-
fined pointwise or with values in W, rather we assume
that Vo € X, there is a bounded linear operator

By H—W, ||E| < oo, (24)

with adjoint E : W — H. Consider the minimization

l
. 1
fary = avgming, 7>V (yi, CEr f) +vallf13
=1

41 (f, Mf)yus1, where f = (E,, f)“*l (25)

=1
and its least square version

l
. 1
Jary = argming, 7 Y |ly: = CEu, f1I3 +7all 115
=1

+y1 (£, ME)yputi. (26)

Following are the corresponding Representer Theorem
and Proposition stating the explicit solution for the
least square case. When H = Hg, E, = K}, we
recover Theorem 1 and Proposition 1, respectively.
Theorem 2. The minimization problem (25) has a
unique solution, given by f, ., = Z?Ill E; . a; for some
vectors a; € W, 1 <i<wu+1.

Proposition 4. The minimization problem (26) has a

unique solution f, . =Y i

a; € W are given by

1
+1 E;.a;, where the vectors

u+l1 u+l
b Y MiEy, Exa;+C*C(Y B, B aj)
Jik=1 j=1

+Hyaa; = C*y;,  (27)

for1<i<lI, and

u+l
Y MiyBy B a; +vaa; =0, (28)
Jik=1

forl+1<i<u+l.

The reproducing kernel structures come into play
through the following.

Lemma 1. Let E: X x X — L(W) be defined by
E(z,t) = E, E}. (29)
Then E is a positive definite operator-valued kernel.
Proof of Lemma 1. For each pair (z,t) € X x X,
the operator F(x,t) satisfies
E(t,x)" = (ELE})" = E,E; = E(x,t).

For every set {z;}~; in X and {w;}Y; in W,

N N
D (wi, Blwi,z)wy)w = Y (wi, By, By wi)w
i,j=1 i,5=1
N N
= > (Bl wi, By wiw =) E;will3 > 0.
ij=1 i=1

Thus E is an £(W)-valued positive definite kernel. [

Proofs of Theorem 2 and Proposition 4. These
are entirely analogous to those of Theorem 1 and
Proposition 1, respectively. Instead of the sampling
operator Sy, we consider the operator Ey : H — W!,
with

Exf = (Ex,f)iz1, (30)
with the adjoint £ : W' — H given by

l
Eib=> E;b. (31)
=1

for all b = (b;)l_, € W'. The operator Ecx : H — V!
is now defined by

Ecxf = (CE. f,...,CE,f). (32)
The adjoint B¢, : V' — H is
l
E¢ b= Z E; C*b;, (33)

i=1
for all b € V!, and Et xEcx M — His
!
EiyEoxf =Y E; C*CE,f. (34)

i=1
We then apply all the steps in the proofs of Theorem
1 and Proposition 1 to get the desired results. O
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Remark 2. We stress that in general, the function f;
is not defined pointwise, which is the case in the follow-
ing example. Thus one cannot make a statement about
fa(x) for all z € X without additional assumptions.
Ezample 1. (Wahba, 1977) X = [0,1], H = L?(X),
W =R. Let G: X x X — R be continuous and

E.f = /O G(z,t)f(t)dt. (35)

for f € H. One has the reproducing kernel

E.E; = E(z,t) = /1 G(z,u)G(t,u)du. (36)
0

3. The Degenerate Case

This section deals with the Gaussian kernel k(z,t) =
2

exp (—Hr%u) when o — oo and other kernels with

similar behavior. We show that the matrix A in Propo-

sition 3 has an analytic expression. This can be used

to verify the correctness of an implementation of our

algorithm. At o = oo, for each pair (z,t), we have

K(l‘,t) = Ipm, (37)

and
u+l u+l

fan() = 3 K(rsw)a =Y a

Thus f, . is a constant function. Let us examine the
form of the coefficients a;’s for the case

(38)

1
O — Ee}; X IP

We have
Glx] = euHeZ_H ® I,.

For v; = 0, we have

1 u
B= E(Jl tHe emeﬁ)(euﬂefﬂ ®Iy) + l'yAI(u+l)m,
which is
1

b= W(Jzuﬂeuﬂegﬂ @ emey,) + 1yl (utiym-

Equivalently,

1 +
B = W(Jv(::l )me(u+l)mea+l)m) + Iyal(usriym-

The inverse of B in this case has a closed form:

(u+l)m
I(u+l)m Jml e(“+l)mea+l)m

B l= —
lya Pmya(mya +1)

;o (39)

where we have used the identity

u+l)m
e(u+l)me(jf;+l)m‘]7(nl )

We have thus

(u+l)m
I(qul)m Jml e(u+l)mec(z;+l)m

A=B 'Y, = —
= lya Pmya(mya + 1)

(41)
Thus in this case we have an analytic expression for
the coefficient matrix A, as we claimed.
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