Sparse coding for multitask and transfer learning

Appendix

In this appendix, we present the proof of Theorems 1
and 2. We begin by introducing some more notation
and auxiliary results.

A. Notation and tools

Issues of measurability will be ignored throughout, in
particular, if F is a class of real valued functions on
a domain X and X a random variable with values in
X then we will always write Esup;cz f (X) to mean
sup{Emaxser, f(X): Fo C F, Fo finite}.

In the sequel H denotes a finite or infinite dimensional
Hilbert space with inner product (-,-) and norm ||-||.
If T is a bounded linear operator on H its operator
norm is written ||7| = sup {||Tz| : [|z| = 1}.

Members of H are denoted with lower case italics such
as x, v, w, vectors composed of such vectors are in bold
lower case, i.e. X = (1,...,&y,) Or Vv =(v1,...,0,),
where m or n are explained in the context.

Let B be the unit ball in H. An example is a pair z =
(z,y) € BxR =: Z, a sample is a vector of such pairs

z=(z21,...,2m) = (z1,91),-.-, (Tm,ym)). Here we
also write z = (x,y), with x = (21,...,2,) € H™
andy = (y1,...,Ym) € R™.

A multisample is a vector Z = (z1,...,z7) com-

posed of samples. We also write Z = (X,Y) with

X =(X1,...,X7).

For members of R¥ we use the greek letters ~ or
5. Depending on context the inner product and eu-
clidean norm on R¥ will also be denoted with (-, -)
and [|.].  The ¢;-norm |-]|; on RE is defined by

K
181l = k=1 [Vl-

In the sequel we denote with C, the set
{BeRX :|B|l, <a}, abbreviate C for the /-
unit ball C;. The canonical basis of R¥ is denoted
e1,...,ex. Unless otherwise specified the summation
over he index ¢ will always run from 1 to m, ¢ will run
from 1 to T, and k will run from 1 to K.

A.1. Covariances

For x € H™ the empirical covariance operator 3. (x) is
specified by

<f](x)v,w> = %Z(v,x» (xi,wy, v,w e H.

%

The definition implies the inequality

> fo,a)’ = m <z (x)v,v> <m Hz (X)HOO o]l .

(6)
It also follows that tr (fl (x)) = (1/m) ", [EAR

For a multisample X € H™” we will consider two
quantities defined in terms of the empirical covari-
ances.

S (X) =

;Zt: 2(Xt)H1 = ;zt:tr (f] (xt)>
72 [[B 0] = 7 A (S0)

where A\ ax is the largest eigenvalue. If all data points
x¢; lie in the unit ball of H then S (X) < 1. Of course
S1(X) can also be written as the trace of the total
covariance (1/7)3, 3 (x;), while So (X) will always
be at least as large as the largest eigenvalue of the
total covariance. We always have S (X) < 51 (X)),
with equality only if the data is one-dimensional for all
tasks. The quotient Sy (X) /S (X) can be regarded
as a crude measure of the effective dimensionality of
the data. If the data have a high dimensional distri-
bution for each task then S, (X) can be considerably
smaller than S (X).

S (X) = 5 (x¢)

A.2. Concentration inequalities

Let X be any space. Forx e A", 1 <k<nandye X
we use Xp«y to denote the object obtained from x by
replacing the k-th coordinate of x with y. That is

S Tn) .

Xy = ($17~--,$k—1,y7$k+1>-~

The concentration inequality in part (i) of the follow-
ing theorem, known as the bounded difference inequal-
ity is given in (McDiarmid, 1998). A proof of inequal-
ity (ii) is given in (Maurer, 2006).

Theorem 3. Let F': X — R and define A and B by

n

A? = sup Z sup  (F (Xpey,) — F(X}Ceyz)f
xex™ k=1 Y1,Y2€X
n 2
B? = su F(x)— inf F(x .
xeég)" ,; < &) yex ( key))
Let X = (X4,...,X,) be a vector of independent ran-

dom variables with values in X, and let X' be i.i.d. to
X. Then for any s >0

(i) Pr{F (X) > EF (X') + s} < e~ 25"/4%;
(ii) Pr{F (X) > EF (X) + s} < e~ ="/(25°),
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A.3. Rademacher and Gaussian averages

We will use the term Rademacher variables for any
set of independent random variables, uniformly dis-
tributed on {—1,1}, and reserve the symbol o for
Rademacher variables. A set of random variables
is called orthogaussian if the members are indepen-
dent N (0, 1)-distributed (standard normal) variables
and reserve the letter ( for standard normal vari-
ables. Thus oy,09,...,04,...,011,...,0; etc. will
always be independent Rademacher variables and
C1,C2s -Gy v 5 Crps - -+ G5 will always be orthogaus-
sian.

For A C R™ we define the Rademacher and Gaussian
averages of A (Ledoux & Talagrand, 1991; Bartlett &
Mendelson, 2002) as

R(A) = E, —mez,

(117 7xn)6Anz 1

GA) = E. sup ZC Z;.

(wh )$’L)€An i=1

If F is a class of real valued functions on a space X
and x = (z1,...,z,) € X" we write

F(x)=F (x1,...,2,)

={(f(@1),.... f(za)): f€F} CR™.

The empirical Rademacher and Gaussian complexities
of F on x are respectively R (F (x)) and G (F (x)).

The utility of these concepts for learning theory comes
from the following key-result (see (Bartlett & Mendel-
son, 2002; Koltchinskii & Panchenko, 2002)), stated
here in two portions for convenience in the sequel.

Theorem 4. Let F be a real-valued function class on
a space X and iy, ..., 1, be probability measures on X
with product measure p = [, p; on X™. For x € A™
define

1 m
sup — 3 By, [f (2)] — £ (22) -

d(x) =
o) =

Then Exp [® (x)] < ExopR (F (x)).

Proof. For any realization ¢ = o1,...,0,, of the
Rademacher variables
Ere [® (x)]
= Exwu JScup x’wu Z ))
f(zi),

<Exxin sup — ; ) —
= oxox MXHflelgmiZ:gl(f(zz)

because of the symmetry of the measure p X

p(x,x") =TT, i x II,; i (x,x")under the interchange
x; +» xf. Taking the expectation in o and applying
the triangle inequality gives the result. O]

Theorem 5. Let F be a [0, 1]-valued function class on
a space X, and p as above. For § > 0 we have with
probability greater than 1 — ¢ in the sample x ~ u that
forall f e F

1 m
SE; xwu

To prove this apply the bounded-difference inequality
( part (i) of Theorem 3) to the function ® of the previ-
ous theorem (see e.g. (Bartlett & Mendelson, 2002)).
Under the conditions of this result, changing one of
the z; will not change R (F (x)) by more than 2, so
again by the bounded difference inequality applied to
R (F (x)) and a union bound we obtain the data de-
pendent version

Epp [f

Corollary 6. Let F and p be as above. For § > 0 we
have with probability greater than 1 — 0 in the sample
x ~ p that for all f € F

91n (2/9)

Einp [f (x)] 2

<) @) +R(F G0+

To bound Rademacher averages the following result
is very useful (Bartlett & Mendelson, 2002; Ando &
Zhang, 2005; Ledoux & Talagrand, 1991)

Lemma 7. Let A C R”, and let ¥q,...,0

3

be real functions such that ¥;(s) — ¥;(t) <
L|s—t|,Yi, and s,t € R. Define ¢ (A) =
{y (1), ..y, (n) : (X1,...,2,) € A}. Then

R(#(A)) < LR(A).

Sometimes it is more convenient to work with gaus-
sian averages which can be used instead, by virtue of
the next lemma. For a proof see e.g. (Ledoux & Tala-
grand, 1991)

Lemma 8. For A C RF we have R (4) <
V7/2 G(A)

The next result is known as Slepian’s lemma ((Slepian,
1962), (Ledoux & Talagrand, 1991)).

Theorem 9. Let Q and Z be mean zero, separable
Gaussian processes indexed by a common set S, such
that

E (Qs,
Then

—Q,,)° <E(E,, —E,)° forall 51,55 € S.

Esup Q, < EsupZ;.
seS seS
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B. Proofs
B.1. Multitask learning

In this section we prove Theorem 1. It is an immediate
consequence of Hoeffding’s inequality and the follow-
ing uniform bound on the estimation error.

Theorem 10. Let § > 0, firt K and let pq,..., 1y
be probability measures on H x R. With probability at
least 1 —§ in the draw of Z ~ Hthl 1, we have for all
D € Dk and all v € CL that

(D7, 2) 5 )]

1 T
T ZE(fL’vy)NM [¢
t=1
1 T m
mi Z Z D’Yt, xtz yti)

t=1 i=1

SLO&\/%( ) (K +12)
\/8500( )In (2K)

9In2/6

L .
+o e omT

The proof of this theorem requires auxiliary results.
Fix X € H™ and for v = (y,,...,77) € (RX)"
define the random variable

sup ZU“ (D4, Ti) - (7)

DeDk ti

Lemma 11. (i) If v = (74, ...
for all t, then

,vr) satisfies [1y]| <1
EF, < /mTK S (X).

(i1) If v satisfies ||v,||; < 1 for allt, then for any s >0

Pr{F, > E[F,]+ s} <exp (

Proof. (i) We observe that

EF, = Esupz <De;€, Zotﬁthm>

t,e

o\ 1/2

1/2
zuDeku?) 3] ) SR
k k

IN
Z
G’U
R

o\ 1/2

=)

ZE OtiY ¢k Tti
k t,i

1/2
= \/E(Z ekl lles |

kit

- VK (z (z m,ﬁ) > uxﬁn?)W

t

IN

K ol = VmTK S (X).

~+
S

(ii) For any configuration o of the Rademacher vari-
ables let D (o) be the maximizer in the definition of
F,y (o). Then for any s € {1,...,T}, j € {1,...,m}
and any o’ € {—1,1} to replace o,; we have

Fy (o) = Fy (0(sj)e-0r) < 2/{D () 75, 745)] -
Using the inequality (6) we then obtain

S (B (o) = infreg-1,1) By (0(s5e0r))”

< 42
iy Hz ()| 1D (@) l?
4mz Hfl (x¢)

In the last inequality we used the fact that for any D €
Dx we have [[Dyyl| < 3 vl [Dexll < [velly < 1.
The conclusion now follows from part (ii) of Theorem

2
’th xtz

IN

IN

3. O
Proposition 12. We have for every fixed Z =
(X,Y) € (H x R)™ we have

Eo SUPpep ye(ca)” 2ot Titt ((DVgs T4i) 5 Yea)

< La/2mTS; (X) (K + 12)+LaT+/8mS., (X)In (2K).

Proof. It suffices to prove the result for a« = 1, the
general result being a consequence of rescaling. By

Lemma 7 and the Lipschitz properties of the loss func-
tion ¢ we have
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E, SUPpepy ,ve(C)T, Zt,i oitl ((DVe, Tti) s Yti)

SLE Zazt Dfthxtz . (8)

sup
DeDgk ~e(C

Since linear functions on a compact convex set attain
their maxima at the extreme points, we have

E sup oit (D, x4) = E  max  Fy,
DeDk,ve(C)T ; lzl k ~yeext(C)T v

9)

where F., is defined as in (7). Let ¢ = VmKTS; (X).

Now for any 0 > 0 we have, since I, > 0,

EmaX,YEEXt(C)T F, = fooo Pr {maX,YeEXt(c)T F, > S} ds
< c+o+ / Pr{F, > s}ds
’ye(e%%C))T /mKTS; (X)+6

IN

c+6+ Z / Pr{F, > EF, +s}ds

~e(ext(C))T

00 2
< z 5
< c¢+0+ (2K) /5 exp <8mTSOO (X))ds

AmT S (X) 2K)"

< c¢c+d+

Here the first inequality follows from the fact that
probabilities never exceed 1 and a union bound. The
second inequality follows from Lemma 11, part (i),

since EFy < \/mKTS; (X). The third inequality fol-
lows from Lemma 11, part (ii), and the fact that the
cardinality of ext(C) is 2K, and the last inequality fol-
lows from a well known estimate on Gaussian random

variables. Setting § = \/SmTSOC (X) In (e (2K)T) we
obtain with some easy simplifying estimates

jr Fy < /2mT (K +12) 81 (X)

E ma‘X’YGext(C

+T1/8mS4 (X)1In (2K),

which together with (8) and (9) gives the result. [

Theorem 10 now follows from Corollary 6.

If the set C, is replaced by any other subset C’ of the
£o-ball of radius «, a similar proof strategy can be em-
ployed. The denominator in the exponent of Lemma
11-(ii) then obtains another factor of /K. The union
bound over the extreme points in ext(C) in the previ-
ous proposition can be replaced by a union bound over
a cover C’. This leads to the alternative result men-
tioned in Remark 5 following the statement of Theo-
rem 1.

_52
5 P <8stoo (X) ) '

Another modification leads to a bound for the method
presented in (Kumar & Daumé III, 2012), where the
constraint || Dey|| < 1is replaced by || D||, < VK (here
[|-||5 is the Frobenius or Hilbert Schmidt norm) and the
constraint ||v,||; < o, Vt is replaced by > ||v,]|; < oT.
To explain the modification we set o = 1. Part (i)
of Lemma 11 is easily verified. The union bound over
(ext (C))T in the previous proposition is replaced by
a union bound over the 27K extreme points of the
¢1-Ball of radius T in RTX. For part (ii) we use the
fact that the concentration result is only needed for +
being an extremepoint (so that it involves only a single

task) and obtain the bound ), |2 (x; H | D, I
TKS!, (X), leading to

_ g2

Proceeding as above we obtain the excess risk bound

Lo 251 (X)(K+12) + Lo 8K S!_ (X)In(2KT)
mT m
8In4/§
mT

to replace the bound in Theorem 1. The factor VK
in the second term seems quite weak, but it must be
borne in mind that the constraint || D||, < v/K is much
weaker than ||Deg|| < 1, and allows for a smaller
approximation error. If we retain ||Deg| < 1 and
only modify the 7-constraint to > ||v,]|; < aT the
V'K in the second term disappears and by comparison
to Theorem 1 there is only and additional In7T and
the switch from S (X) to S (X), reflecting the fact
that > [|v,||; < oT is a much weaker constraint than
[l7¢lly < «,Vt, so that, again, a smaller minimum in
(1) is possible for the modified method.

B.2. Learning to learn

In this section we prove Theorem 2. The basic strategy
is as follows. Recall the definition (4) of the measure
pe, which governs the generation of a training sample
in the environment £. On a given training sample
z ~pg the algorithm Ap as defined in (3) incurs the
empirical risk

Rp (z) = min — S ¢((D
D ( gknmz Vi) i) -

The algorithm Ap, essentially being the Lasso, has
very good estimation properties, so Rp (z) will be close
to the true risk of Ap in the corresponding task. This
means that we only really need to estimate the ex-
pected empirical risk EZNPS}A%D (z) of Ap on future
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tasks. On the other hand the minimization problem
(1) can be written as

min —ZRD (z) with Z = (z1,...,27) ~ (pg)",

DEDK

with dictionary D (Z) being the minimizer. If Dk is
not too large this should be similar to E,,. Rp(z) (z).
In the sequel we make this precise.

Lemma 13. Forv € H with ||v]| <1 and x € H™ let
F be the random variable

F= <vZom>’ )

Then (i) EF < \/TTLHE(X)HZQ

and (ii) fort >0

—g?

Pr{F > EF + s} <exp 5 )H

2m

Proof. (i). Using Jensen’s inequality and (6) we get

1/2

EF < E <v,Zoimi>
1/2
— (Z <v,xi>2> <m

i

E(X)H

oo

(ii) Let o be any configuration of the Rademacher vari-
ables. For any o’,0” € {—1,1} to replace o5; we have
F(0(s)e0r) = F (T (si)0r) < 20(v,25)]

so the conclusion follows from the bounded difference
inequality, Theorem 3 (i). O

Lemma 14. For vq,...,
x € H™ we have

<Uka20'ixi> <
i

[(vk, D25 0iwi)|.

m Hf) (x) H and using integration by parts we have
o0

for 6 >0

vk € H satisfying ||vk|| <1,

E max
k

Proof. Let F, = Setting ¢ =

ZmHXA](X)HOO (2—|- \/ﬁ) .

EmanFk

< c—|—5+/ ] max Pr{Fy > s}ds
VB +o F

< c—|—5—|—Z/ Pr{F; > EF; + s}ds
/s

s+ >
< c+6+ / — = |ds
“\enfEe]

mK Hi(x)H _52

< ¢+ 0+ ———2exp| —7—

0 2mHE(X)H

oo

Above the first inequality is trivial, the second follows
from Lemma 13 (i) and a union bound, the third in-
equality follows from Lemma 13 (ii) and the last from
a well known approximation. The conclusion follows

from substitution of § = \/Qm Hfl (X)H In(eK). O

Proposition Let Se =
EreExy)mpm H With  probability at
least 1 — 6 in the multisample Z ~ pk
T
sup Rg (A 10
DG’SK 5 D z:: ( )
2
< Lary/ P X) (11)
T
24+InK Inl
+ 4La\/S°°(€)( T )+\/n /2
m 2T

Proof. Following our strategy we write (abbreviating
p=pe)

R 1.
+ sup E,., [RD (z)} - ZRD (z¢)

DeDk

and proceed by bounding each of the two terms in
turn.

For any fixed dictionary D and any measure p on Z
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we have

Eanr (B [ ({Ap (2) ,2) )] — o (2)]

R . 2
< Epopm ’Ysélg) [E(z,y)Nu [ ((Dy,z),y)] (RD1 (z¢) — Rp, (Zt)>
“ t=1
1 & T
—— ) t((Dv,:) 9
m; (< 7ax> y):| SZ(S;JCp EZE D1’Y,56t1> ym)
m t=1 \7 i=1
2 2
< —E,. ,mE, sup ol ({(Dvy,x;) ,vi Theorem 4
m 8 7€Ca ; \ Joi) ] —L((Da2, 2ti) » Yti)
< %E E, sup Z’y <Dek ig-xl> [Lemma 7] T 1 2
= z~ "M o k ’ 14
vECa =1 <I? Zfélf <m Z (v, (D] — D3) :En>> Lipschitz
m t=1 i=1
2L
< JEZN}LMEU m]?X <Dek7 Z O-ixi> ‘ [Hélder’s ineq.] L2 T m ; . 9
i=1 < - Z’ybélcp Z (v, (D} — D3) x4)”  Jensen
2L . t=1 7% j—1
< JEZNW 2MAmax (E (X)) (2 + VIn K) [Lemma 13 (1%2042 T m K
mn < - Z Z Z (DY — D3) me (Cauchy-Schwarz)
AE o Ama (2 (x)) 2+ InkK) DR
< 2L« [Jensen’s ineq.]. [2,2 m
m = 3 Y (Dren,w) — (Daer, i)
t=1 i=1 k=1

This gives the bound

Egpm [Egpon [0 (AD (2) ) )] = Fip (2)]

Eaep Amax (z (x)) 2+ InK)

m

<4L«

(13)

valid for every measure  on H xR and every D € D.
Replacing p by p,, taking the expectation as 7 ~ &
and using Jensen’s inequality bounds the first term on
the right hand side of (12) by the second term on the
right hand side of (10).

We proceed to bound the second term. From Corollary
6 and Lemma 8 we get that with probability at least
1—6inZ~ (pe)"

Subpepy, Eanp [ (2)] — 4 1, Ro (21)

V2 Inl/é
< —E sup ¢ RD (z
¢ DDy ; t 1)+ oT
where (, is an orthogaussian sequence. Define two

Gaussian processes €2 and =

Qp = Z?:l CtRD (Zt)

indexed by Dk as

and

—_ m K
=p = %Et 12 ! Ek:zl C]ﬂ] <D€k)7'rti>7

where the (;;, are also orthogaussian. Then for

Dl,DQ € Dk

So by Slepian’s Lemma
T .
Esuppep, Zt:l CjRD (zt)

= E sup Qp <Esup Zp
DeDk DeD

m

= 27T LaIE sup ZZZC’“J Dey, x4;)

Vi pepy (I =
= %E sup Z<Dek,22<mxti>

DePk .=y =1 i=1
I 1/2
8% 2
< sup Dey,
fom, (o)
o\ 1/2
DD S
k|| ti
o\ 1/2
LavK
< E 0
= \/ﬁ ; ¢ ;Ctkzxt
1/2
LavK
< LavK < LaK+/mT5; (X).

2D Nl
v\

We therefore have that with probability at least 1 — 9
in the draw of the multi sample Z ~p”
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- % EiTzl RD (th)

SUPpepy Eznp {RD (z)}

2751 (X) 9In2/6
< LaK . 14
< La T 5T (14)
which in (12) combines with (13) to give the conclu-
sion. O

Proof of Theorem 2. Let Dgp and v, the minimizers
in the definition of Ry, so that

Ropt = ]ETNEE((E,y)N;LTE [(<D0pt77-7 x> vy)] :
Re (Ap(z)

four terms,

(Rs (Apz)) — %ZRD(Z) (Zt)> (15)

1 T ) T
+ (TZRD(Z) Zt Z opt ) 16)
t=1

=1

— Ropt can be decomposed as the sum of

Rp,,, (z:) —

t=1

+E7”“5 |:IEZN#"L RDopt ( )

- EsvpBp,. (2)  (17)

(e (Do) ]| 18)

By definition of R we have for every 7 that
EletmRDopt( )

= Nmmln—gﬂ
2R NeCa m

S (e
=1

= E@yyop, L {({(Doptvr, ) y)] -

The term (18) above is therefore non-positive. By
Hoeffding’s inequality the term (17) is less than

VI (2/9) /2T with probability at least 1 — §/2. The
term (16) is non-positive by the definition of D (Z).
Finally we use Proposition 15 to obtain with probabil-
ity at least 1 — 0/2 that

Re (Apz) = 7 31— Rpz) (2:)

T
ZJ% z)

opt'% xz y1>]

opt V75 ;) ,yi)]

< sup Re(Ap) —
DeDk

27‘(51( )
T

N 4La\/SOO(5)(2+an)+\/91n4/6.
m 2T

IA

LaK

Combining these estimates on (15), (16), (17) and (18)
in a union bound gives the conclusion. O]



