Appendix

A Proof of Sparse Coding Stability Theorem

The flow of this section is as follows. We first establish some preliminary notation and summarize important
conditions. Several lemmas are then presented to support a key sparsity lemma. This sparsity lemma
establishes that the solution to the perturbed problem is sparse provided the perturbation is not too large.
Finally, the sparsity of this new solution is exploited to bound the difference of the new solution from the
old solution. This flow is embodied by the proof flowchart in Figure 1.
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Figure 1: Proof flowchart for the Sparse Coding Stability Theorem (Theorem 4).



A.1 Notation and Assumptions

Let a and & respectively denote the solutions to the LASSO problems:
1 2 N 1 =
a = argmin §Hx — Dz||5+ Mzl & = arg min §||x — Dz||5+ M|z|l1-
z z

First, let’s review the optimality conditions for the LASSO (see Asif & Romberg, 2010, conditions L1
and L2):

(Dj,x — Da) =sign(aj)A  if a; # 0,
[(Dj,z — Da)| < A otherwise.

Note that the above optimality conditions imply that if «; # 0 then

(D@ — Da| = A

Assumptions

The statement of the Sparse Coding Stability Theorem (Theorem 4) makes the following assumptions:
(A1) - Closeness D and D are close, as measured by operator norm:

|ID—=Dllz <e.
(A2) - Incoherence There is a g > 0 such that, for all J C [k] satisfying |J| = s:

Omin(Dy) > p.

(A3) - Sparsity with Margin For some fixed 7 > 0, there is a Z C [k] with |Z| = k — s such that for all
1€1:

[(Dj,x — Da)| < A —T.

Consequently, all ¢ € 7 satisfy a; = 0.

A.2 Useful Observations
Let v}, be the optimal value of the LASSO for dictionary D:

vp = min 5|z — Dz|3 + Azl
1
= Slle = Dalg + Xal
Likewise, let
* 1 NA2 ~
v = 5lle — Dal + Alals

The first observation is that the values of the optimal solutions are close:

Lemma 12 (Optimal Value Stability) If |D — D||y < e, then
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Proof The proof is simple:
* 1 M 2

vp < 5llz = Dallz + Allal

1 ~
= in — Da+ (D — D)a|3 + M|y
1
< =
-2
€

1 1 1 /272
< Zllz — Dall2 + A ~ (£ f(f)
< 5lle = Dal+ Mol + 3 (5 +7 (5

< *+5€
v 28
D)

£
N

oot

for % < 1. A symmetric argument shows that v}, < U*D +

(lz = Dall3 + 2ljz — Dall2|(D — D)alz + (D = D)all3) + Allal):

The second observation shows that the norms of the optimal reconstructors are close.

Lemma 13 (Stability of Norm of Reconstructor) If ||D — D|y < e, then

~ de
Dalj2 — | Da|?| < ==.
|Dali3 - 1Dal3| < ;5
Showing this is more involved than the previous observation.
Proof First, we claim (and show) that

(x — Da)' Da = M|a)x.

The proof of the claim comes directly from Osborne et al. (2000, circa (2.8)).

LASSO objective is
L 1 2
minimize in—DzHQ—I—)\HzHl.

The subgradient of this objective with respect to z is

—DT(x — Dz) + v,

(1)

To see (1), recall that the

where v; = 1if z; >0, v; = —1if z; <0, and v; € [-1,1] if z; = 0. From the definition of v, it follows that

vl = Il

At an optimal point «, 9,L(a, A\) = 0, and hence

DT(z — Da) = \v
)
(z — Da)TD = \oT
I
(x — Da)"Da = '«
(i
(x — Da)T'Da = Moz,

as claimed.



Now, we use the fact that the values of the optimal solutions are close (Lemma 12):

|op —v%| < 55.
D 8A
But v}, is just
1 1
5(:5 — Da,xz — Da) + Ma|; = §<x — Da,xz — Da) + (x — Da, Do)
1 1
= 5(1’,1‘ — Da) — §<x — Da, Da) + (x — Do, Do)
1
=3 ({x,x — Day 4+ {(x — Da, Day))
1
= §(x+Doz,m—Do¢)
1
= 2 (=1~ 1Dal3).
Consequently,
1 1 ~ Se
3 (hel3 ~ 10al) — 3 (1ol - 1Dal3)| < 35
and hence

- 5e¢
[1Dal - 1Dal| < 55

Finally, we prove stability of the optimal reconstructor. Rather than showing that ||Da — Da||3 is O(e),
it will be more convenient for later purposes to prove the following roughly equivalent result.

Lemma 14 (Reconstructor Stability) If |D — D| < ¢, then
13
|Da — Daj < =~
A
Proof Let o’ := (o + &). From the optimality of «, it follows that vp(a) < vp(a/), or more explicitly:
1 1
3llz = Dall + Allally < S llo = Da’l3 + Alla[l1. (2)
First, note that ‘HD&H% - H[)&H%) < T< because
[I1Da3 — 1Dal3| < 2 (D&, (D = D)a)| + (D - D)al3
- . 2
< 2Dalla| D~ Dl lals + (1D — Dlalaile)
ey € 1 reN2
<21+ 51) 55 73 (3)
SRSV T ROY
Te
< TN
T4

assuming € < A. Combining this fact with Lemma 13,

|Dal3 ~ |1 Dal3| < 35, vields

- 3e
[|Dall5 — [[Dal3] < T



By the convexity of the 1-norm, the RHS of (2) obeys:

Ll (eta ? L feta
2 2 )|, 2 |,
1 1 DY
< 5o~ 300+ D) +Flal+ F1a,
1 1 1 A A
— 5 (118 - 202, 5 (Da -+ Da)) + 11D+ DalR ) + 3ol + 31l
, 1 1, 1 ) o oA A
= L1l — (e, Do) (2. D&) + L (1Dal3 + |DAI3 + 2(Da, D&) + Sl + Sl
1 1 1 A A 3
< Ll - 2@ Da) — 1(a.DG) + ,||Da||2 L (Do, D) + ol + il +
5 1 1 1 1 e
— el - (e, Do) ~ L(.D&) + L1Dall3 + 1 (Da, D&) + §(x ~ Da. D) + 1 (@ — Da Da) + 2
2 2 2 2 Y
1 . 1 N 1 1 1 -
< 1§ — 2(2. Do) — £z, D&) + S1Dall3 + 2 (Do, Da) + 1 (@, Da) - S |Dal + 1w DG) - 5Dl

+§+er§£
8 478) A

which simplifies to

1 1

1 1 1 1 5¢
Z|z||? Da D Dé&) + =(Da, D&) + ={x, D Az, Da)+ ==
Sl — 21Dal — 3{r, Da) — 5 (z, Da) + 3{Da, Dy + & (x, Do) + 3 (a, D) + > =

2
1 1 5e
= 2zl — 21Dal3 + 3 (Da, D) + 2%,

Now, taking the (expanded) LHS of (2) and the newly derived upper bound of the RHS of (2) yields the
inequality:
L2 1 2
3llzllz = (2, Da) + §||D0¢||2 + Allels

! 3 Se
= *||9C||§—1||D04||§ (Da Da>+ZX'

which implies that

1
— (=, Da> + 5 IDallz + Alall

1 5¢e
D Do, D -
~2|Dall3 + {(Da, Dy + 2.

Replacing A||a||y with (z — Da, Day) yields:
1
— (w, Da) + 5[|Dall3 + (, Da) — [|Dal3

1 5¢
~(Da, Do -
(Da, 0l>+4>\,

3
< —ZHDO‘”% + 1

implying that

1 1 N 5¢
ZHDO‘”% < Z(Da,Do& + v



Hence,

5e

|Dal3 < (Da, Dai) +

Now, note that
|[Da — Dall3 = || Dalf + || Dall; - 2(Da, Dé)
- 3
< |[Dall3 + [[Dall3 — 2| Dalf; + 10+

A
3
< [Dal3 + | Dali3 - 2| Dall3 + 13+
3
=13-.
A

A.3 The Sparsity Lemma

We now prove that the solution to the perturbed problem is sparse for sufficiently small e.

Lemma 15 (Preservation of Sparsity) Under Assumptions (A1)-(A3), if

S 14+ 1 n 13e
- 1 13e
= 2\ P

then a; =0 for alli € L.
Proof Let ¢ € 7 be arbitrary. To prove that &; = 0, it is sufficient to show that
’(Di,x . Dd)‘ <A

since &; is hence zero.
First, note that

(Di,x—f)@‘ - ‘(Di+Di—Di,x—[)d>‘
< [(Dise = D&)| + |Di = Dillzllo ~ Dl
‘(D“x—DcQ) Ye (since [|z]|2 < 1)
and
|(Di.x — Da)| = |(Dia— (D + D — D))
< |(Di,z — Da)|+‘< z,([)—D)d)‘
< [(Di,x — Da)| + IID‘IIQIID — Dll2f|a]l2
< |Dj,x — D&y + —~ 2)\
Hence,

D ) 1
(Di,z — Day)| < |<Di7$—D5&>|+€<1—|—2)\>’



and so it is sufficient to show that
1
D;,x — Da A — 1+—.
[(D;,x a)l < 8( + 2)\)

Now,

((Di,z — D&)| = |(Dy, & — D&+ Do — Da)|
< |(Dy, = — Da)| + |(Di, Da — D&)|
< A—7+||Dils]| Da — Dés
13
<A—T+ Ta (3)

where (3) is due to Lemma 14. Consequently, it is sufficient if 7 is chosen to satisfy

13e 1
— — < — J—
A Tﬂ//\ <\ €<1+2/\>,

yielding:
S n 1 n 13e
T>e€ ) 1
|
A.4 Proof of the Sparse Coding Stability Theorem
Proof (of Theorem 4) Recall that ¢p(x) is the unique optimal solution to the problem
o1
min Slle = Dzfl; + Az
If not for ¢, penalty, in standard form, the quadratic program is
1
min —2" DT Dz — 27(D"x) 4+ )| 2|1
z€Rk
z
Denoting z := | 2% | with 2+, 2~ € R¥, an equivalent formulation is
=
e N\ 1—T DTD kagk _ _ DT TaT N\~
B T Q)= 2” ( Ooexrc Ozpsar )~ Ozkxa ) " A0 151)2
subject to 2T >0y z~ >0, z—2T 4+ 27 = 0.
Similarly, let Q(-) be the objective using D instead of D.
Zx [
For optimal solutions z, := [ 2 and £, := [ ¢ of @ and Q respectively, from Daniel (1973), we
Zy ty
have
(i - 2)TYQ(2.) > 0 (1)
(@—t.)"VQ(E.) > 0 (5)



for all feasible u € R3*. Setting @ to Z, in (4) and @ to 2, in (5) and adding (5) and (4) yields

(T = 2)T(VQ(z) = VQ(L) 2 0

which is equivalent to

(. = 2)7(VQ(E.) — VQ(2.)) < (E. — 2.)T(VQ(2.) — VQ(2.)) (6)

1/ D'D Opxor DT 0
\V/ - - + A )
@) 2 < Ozkxk Ozixar ) Oz ) " 1o

After plugging in the expansions of VQ and VQ and incurring cancellations from the zeros, (6) becomes

Here,

(te — 2)TDTD(ts — 2) < (te — 2.)T ((DTD — DTD)z +2(D — D)Ta:) (7)
< (t. — 2)"(D"D — D D)z, + 2|t. — z|2|(D — D) a3
< (ty — 2)T(DTD = DTD)z, + |t — 2.]|2(2¢)
(8)
Let us gain a handle on the first term. Below, we will use an operator which we dub the s-restricted 2-norm:

for a dictionary A € (Bga)", the s-restricted 2-norm of A is defined as [ All2,s = SUP{serr:|jt)=1,| supp(t)|<s} | AE]2-
Now, note that D = D + E for some E satisfying ||E||o < . Hence,

(ty — z.)T(DTD — DT D)z,
= |(t« = 2.)"(E"D + D"E + ETE)z.|

| by — 24) TETDz*’ + | te — z*)TDTEz*| + ‘ (te — z*)TETEz*‘

1E(te = 2)ll2[Dzell2 + [ D(te = 22) 2l E2all2 + | E(te — 22) [l2]| B2 |2
< . - Z*Hz(HEHzllDllg ol

3ey/s

2 N\

INIA

o + I E13]1z]12)

<l = zull27;

where the penultimate step follows because

1. if ||z«]lo0 < s, then Lemma 16 (stated after this proof) implies that ||[Dzy|l2 < v/s||z«]l2 (and ||z«]l2 <
lz]l1 < 55); and

2. Lemma 15 implies that ||t — z.|lo < s.

Combining this result with the fact that D has s-incoherence lower bounded by w implies the desired
result:

3ey/s
b —2ull2 < 55—
It = =l < 355

Lemma 16 If D € (BRd)k7 then ||D||2,s < +/s.



Proof Define Dy as the submatrix of D that selects the columns indexed by A. Similarly, for ¢ € R* define
the coordinate projection ¢, of t.

sup 1Dt][2
{t:11t]|=1,| supp(t)|<s}
= max sup Dptall2
{AC[K]:[AI<s} {4:]|¢]|=1,supp(t) CA} | |
= max sup thw
{ACIREIASs} {£:]1t]|=1,5upp(t) CA} || S2A )

= acttii<s) {t:HtH:fslile))p(t)gA}u;\ |l D |2
< <0 ooy 2

= {AQ[IIS:EILR(\SS} {t:HtH:figp(t)gA} ltalh

= (AL (eim o) Vslitall

— /5

B Proof of Symmetrization by Ghost Sample Lemma

Proof (of Lemma 6) Replace F(o,,) from the notation of Mendelson & Philips (2004) with F(z,x”). A mod-
ified one-sided version of Mendelson & Philips (2004, Lemma 2.2) that uses the more favorable Chebyshev-
Cantelli inequality implies that, for every ¢ > 0:

( B dsup ez Var(l(-, f))
dsupex Var(l(-, f)) + mit?

)P (3f € Fax"), (P - P f) > 1}

SPI“zz'x“ {Hf S ]:(vau)v (Pz’ _Pz)l('af) > t}'

=2
As the losses lie in [0,b] by assumption, it follows that sup ¢ Var(i(:, f)) < %. The lemma follows since
the left hand factor of the LHS of the above inequality is at least % whenever m > (?)2. |

C Proof of Learning Bound

Proof (of Theorem 5) Proposition 9 and Lemmas 10 and 11 imply that

. 3f € Fu, [margin,(D,x) > ]
P { and ((P— B)I(-, f) > 1) }

Lldaty (d+D)k
<5 ((80“/2)/”“) exp(—ms?/(20%)) +6> -

3



Equivalently,

3f € Fu, [margin, (D, x) > ]
Pr, and ((P P, f) > 2 (w +2L3 + 7“(7”*;‘2"*5’5)))

ey~ (d+DE
<2 ((WMH> exp(—mw2/(262)) + 5) :

3

Now, expand 8 and 7 and replace § with §/4:

3f € Fu, [margin,(D,x) > ] and
3r/s
(P — B f) > 2 <w+2Lg;A (1 + f) +

8(r/2)1/(d+1)\ @Dk s
<2 <(r/)5> exp(—mw?/(2b%)) + >

Pr,

margin2 (D,x)-\

b(dk log ——2344— tlog(2m~+1)+log $) )
m

exp(—mw?/(2b?)) yields

€

Choosing % - (S(T/2)1/<”’+1))(d+1)k

af € Fy, [margins(D,x) > L} and
@+ Led (1+25) +

1944 mw?
b(dk log tmargin2 (D)X +log(2m+1)+(d+1)k log 8(r/2)1€/(d+1) +55)

1/(d+1) \ (d+Dk
<a (M) enmat/ @),

Pr, (P =PI, f) > 2

which is equivalent to

3f € Fyu, [margin,(D,x) > .| and
o+ Lek (1+248) +

2
b(dk log mrgi;;j%f(dﬂ)k log 8+klog 2 +log(2m+1)+2%—)

o /2) /(@) (@D
<4 (8”2)) exp(—mw?/(21?)),

Pr, (P =PI, f) > 2

m

Let ¢ (a new variable, not related to the previous incarnation of §) be equal to the upper bound, and
solve for w, yielding:

b\/2((d+1)klog§ + klog 5 +log 3)
w =
m

and hence

3f = (D,w) € F,, [margin (D, x) > ] and
Pr,
<

b\/2<<d+1>klog§+mogg+1og%) 4 Lel (1+ :Wg) n

m "

b(dk log margii%ﬁ +log(2m+1)+log %)

(P_Pz)l(vf) > 2

m

0,

10



243

If we set ¢ = %, then provided that m > g2 (D)X

erfu, margin, (D, x)

\/ ((d+1)k log(8m)+Fk log £ +log 4) L L (l(l n 37.\/5)) N
m m \ A I

L (dk log % + log(2m + 1) + log %)

margin?(D,x

B)I(-

| /\

It remains to distribute a prior across the bounds for each choice of s and u. To each choice of s € [k]
assign prior probability 1. To each choice of i € NU{0} for 27 < p assign prior probability (i 4 1)~2. For a
given choice of s € [k] and 277 < u we use (s, i) := %ﬁ%é (since Y77 & = %2) Then, provided that

243

> )
" marging (D, x)2\

the generalization error (P — P,)I(-, f) is bounded by:

2(10g2 %)216
2 ((d+ 1)klog(8m) + klog & + log 282 m=my)
m
272 (1 > )2k

L 1944 T (OgQW
= +log(2m +1) +1
o ( margm 2(D,x) - A og(zm + 1)+ log 30
2L 1 67"[

m /\
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