
Appendix

A Proof of Sparse Coding Stability Theorem

The flow of this section is as follows. We first establish some preliminary notation and summarize important
conditions. Several lemmas are then presented to support a key sparsity lemma. This sparsity lemma
establishes that the solution to the perturbed problem is sparse provided the perturbation is not too large.
Finally, the sparsity of this new solution is exploited to bound the difference of the new solution from the
old solution. This flow is embodied by the proof flowchart in Figure 1.
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Figure 1: Proof flowchart for the Sparse Coding Stability Theorem (Theorem 4).
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A.1 Notation and Assumptions

Let α and α̃ respectively denote the solutions to the LASSO problems:

α = arg min
z

1
2
‖x−Dz‖22 + λ‖z‖1 α̃ = arg min

z

1
2
‖x− D̃z‖22 + λ‖z‖1.

First, let’s review the optimality conditions for the LASSO (see Asif & Romberg, 2010, conditions L1
and L2):

〈Dj , x−Dα〉 = sign(αj)λ if αj 6= 0,
|〈Dj , x−Dα〉| < λ otherwise.

Note that the above optimality conditions imply that if αj 6= 0 then

|〈Dj , x−Dα〉| = λ.

Assumptions

The statement of the Sparse Coding Stability Theorem (Theorem 4) makes the following assumptions:

(A1) - Closeness D and D̃ are close, as measured by operator norm:

‖D̃ −D‖2 ≤ ε.

(A2) - Incoherence There is a µ > 0 such that, for all J ⊆ [k] satisfying |J | = s:

σmin(DJ) ≥ µ.

(A3) - Sparsity with Margin For some fixed τ > 0, there is a I ⊆ [k] with |I| = k − s such that for all
i ∈ I:

|〈Di, x−Dα〉| < λ− τ.

Consequently, all i ∈ I satisfy αi = 0.

A.2 Useful Observations

Let v∗D be the optimal value of the LASSO for dictionary D:

v∗D = min
z

1
2
‖x−Dz‖22 + λ‖z‖1

=
1
2
‖x−Dα‖22 + λ‖α‖1

Likewise, let

v∗
D̃

=
1
2
‖x− D̃α̃‖22 + λ‖α̃‖1

The first observation is that the values of the optimal solutions are close:

Lemma 12 (Optimal Value Stability) If ‖D − D̃‖2 ≤ ε, then∣∣v∗D − v∗D̃∣∣ ≤ 5
8
ε

λ
.
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Proof The proof is simple:

v∗
D̃
≤ 1

2
‖x− D̃α‖22 + λ‖α‖1

=
1
2
‖x−Dα+ (D − D̃)α‖22 + λ‖α‖1

≤ 1
2

(
‖x−Dα‖22 + 2‖x−Dα‖2‖(D − D̃)α‖2 + ‖(D − D̃)α‖22

)
+ λ‖α‖1

≤ 1
2
‖x−Dα‖22 + λ‖α‖1 +

1
2

(
ε

λ
+

1
4

( ε
λ

)2
)

≤ v∗D +
5
8
ε

λ

for ε
λ ≤ 1. A symmetric argument shows that v∗D ≤ v∗D̃ + 5

8
ε
λ .

The second observation shows that the norms of the optimal reconstructors are close.

Lemma 13 (Stability of Norm of Reconstructor) If ‖D − D̃‖2 ≤ ε, then∣∣∣‖Dα‖22 − ‖D̃α̃‖22∣∣∣ ≤ 5
4
ε

λ
.

Showing this is more involved than the previous observation.
Proof First, we claim (and show) that

(x−Dα)TDα = λ‖α‖1. (1)

The proof of the claim comes directly from Osborne et al. (2000, circa (2.8)). To see (1), recall that the
LASSO objective is

minimize
z

1
2
‖x−Dz‖22 + λ‖z‖1.

The subgradient of this objective with respect to z is

−DT (x−Dz) + λv,

where vj = 1 if zj > 0, vj = −1 if zj < 0, and vj ∈ [−1, 1] if zj = 0. From the definition of v, it follows that

vT z = ‖z‖1.

At an optimal point α, ∂zL(α, λ) = 0, and hence

DT (x−Dα) = λv

m
(x−Dα)TD = λvT

⇓
(x−Dα)TDα = λvTα

m
(x−Dα)TDα = λ‖α‖1,

as claimed.
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Now, we use the fact that the values of the optimal solutions are close (Lemma 12):∣∣v∗D − v∗D̃∣∣ ≤ 5
8
ε

λ
.

But v∗D is just

1
2
〈x−Dα, x−Dα〉+ λ‖α‖1 =

1
2
〈x−Dα, x−Dα〉+ 〈x−Dα,Dα〉

=
1
2
〈x, x−Dα〉 − 1

2
〈x−Dα,Dα〉+ 〈x−Dα,Dα〉

=
1
2

(〈x, x−Dα〉+ 〈x−Dα,Dα〉)

=
1
2
〈x+Dα, x−Dα〉

=
1
2
(
‖x‖22 − ‖Dα‖22

)
.

Consequently, ∣∣∣∣12 (‖x‖22 − ‖Dα‖22)− 1
2

(
‖x‖22 − ‖D̃α̃‖22

)∣∣∣∣ ≤ 5
8
ε

λ

and hence ∣∣∣‖Dα‖22 − ‖D̃α̃‖22∣∣∣ ≤ 5
4
ε

λ
.

Finally, we prove stability of the optimal reconstructor. Rather than showing that ‖Dα− D̃α̃‖22 is O(ε),
it will be more convenient for later purposes to prove the following roughly equivalent result.

Lemma 14 (Reconstructor Stability) If ‖D − D̃‖2 ≤ ε, then

‖Dα−Dα̃‖22 ≤
13ε
λ
.

Proof Let α′ := 1
2 (α+ α̃). From the optimality of α, it follows that vD(α) ≤ vD(α′), or more explicitly:

1
2
‖x−Dα‖22 + λ‖α‖1 ≤

1
2
‖x−Dα′‖22 + λ‖α′‖1. (2)

First, note that
∣∣∣‖Dα̃‖22 − ‖D̃α̃‖22∣∣∣ ≤ 7

4
ε
λ , because∣∣∣‖Dα̃‖22 − ‖D̃α̃‖22∣∣∣ ≤ 2
∣∣∣〈Dα̃, (D̃ −D)α〉

∣∣∣+ ‖(D̃ −D)α̃‖22

≤ 2‖Dα̃‖2‖D̃ −D‖2‖α̃‖2 +
(
‖D̃ −D‖2‖α̃‖2

)2

≤ 2
(

1 +
ε

2λ

) ε

2λ
+

1
4

( ε
λ

)2

≤ 7
4
ε

λ
,

assuming ε ≤ λ. Combining this fact with Lemma 13,
∣∣∣‖Dα‖22 − ‖D̃α̃‖22∣∣∣ ≤ 5

4
ε
λ , yields

∣∣‖Dα‖22 − ‖Dα̃‖22∣∣ ≤ 3ε
λ
.

4



By the convexity of the 1-norm, the RHS of (2) obeys:

1
2

∥∥∥∥x−D(α+ α̃

2

)∥∥∥∥2

2

+ λ

∥∥∥∥α+ α̃

2

∥∥∥∥
1

≤ 1
2

∥∥∥∥x− 1
2

(Dα+Dα̃)
∥∥∥∥2

2

+
λ

2
‖α‖1 +

λ

2
‖α̃‖1

=
1
2

(
‖x‖22 − 2〈x, 1

2
(Dα+Dα̃)〉+

1
4
‖Dα+Dα̃‖22

)
+
λ

2
‖α‖1 +

λ

2
‖α̃‖1

=
1
2
‖x‖22 −

1
2
〈x,Dα〉 − 1

2
〈x,Dα̃〉+

1
8
(
‖Dα‖22 + ‖Dα̃‖22 + 2〈Dα,Dα̃〉

)
+
λ

2
‖α‖1 +

λ

2
‖α̃‖1

≤ 1
2
‖x‖22 −

1
2
〈x,Dα〉 − 1

2
〈x,Dα̃〉+

1
4
‖Dα‖22 +

1
4
〈Dα,Dα̃〉+

λ

2
‖α‖1 +

λ

2
‖α̃‖1 +

3
8
ε

λ

=
1
2
‖x‖22 −

1
2
〈x,Dα〉 − 1

2
〈x,Dα̃〉+

1
4
‖Dα‖22 +

1
4
〈Dα,Dα̃〉+

1
2
〈x−Dα,Dα〉+

1
2
〈x− D̃α̃, D̃α̃〉+

3
8
ε

λ

≤ 1
2
‖x‖22 −

1
2
〈x,Dα〉 − 1

2
〈x,Dα̃〉+

1
4
‖Dα‖22 +

1
4
〈Dα,Dα̃〉+

1
2
〈x,Dα〉 − 1

2
‖Dα‖22 +

1
2
〈x,Dα̃〉 − 1

2
‖Dα‖22

+
(

3
8

+
1
4

+
5
8

)
ε

λ

which simplifies to

1
2
‖x‖22 −

3
4
‖Dα‖22 −

1
2
〈x,Dα〉 − 1

2
〈x,Dα̃〉+

1
4
〈Dα,Dα̃〉+

1
2
〈x,Dα〉+

1
2
〈x,Dα̃〉+

5
4
ε

λ

=
1
2
‖x‖22 −

3
4
‖Dα‖22 +

1
4
〈Dα,Dα̃〉+

5
4
ε

λ
.

Now, taking the (expanded) LHS of (2) and the newly derived upper bound of the RHS of (2) yields the
inequality:

1
2
‖x‖22 − 〈x,Dα〉+

1
2
‖Dα‖22 + λ‖α‖1

≤ 1
2
‖x‖22 −

3
4
‖Dα‖22 +

1
4
〈Dα,Dα̃〉+

5
4
ε

λ
.

which implies that

− 〈x,Dα〉+
1
2
‖Dα‖22 + λ‖α‖1

≤ −3
4
‖Dα‖22 +

1
4
〈Dα,Dα̃〉+

5
4
ε

λ
.

Replacing λ‖α‖1 with 〈x−Dα,Dα〉 yields:

− 〈x,Dα〉+
1
2
‖Dα‖22 + 〈x,Dα〉 − ‖Dα‖22

≤ −3
4
‖Dα‖22 +

1
4
〈Dα,Dα̃〉+

5
4
ε

λ
,

implying that

1
4
‖Dα‖22 ≤

1
4
〈Dα,Dα̃〉+

5
4
ε

λ
.
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Hence,

‖Dα‖22 ≤ 〈Dα,Dα̃〉+
5ε
λ
.

Now, note that

‖Dα−Dα̃‖22 = ‖Dα‖22 + ‖Dα̃‖22 − 2〈Dα,Dα̃〉

≤ ‖Dα‖22 + ‖Dα̃‖22 − 2‖Dα‖22 + 10
ε

λ

≤ ‖Dα‖22 + ‖Dα‖22 − 2‖Dα‖22 + 13
ε

λ

= 13
ε

λ
.

A.3 The Sparsity Lemma

We now prove that the solution to the perturbed problem is sparse for sufficiently small ε.

Lemma 15 (Preservation of Sparsity) Under Assumptions (A1)-(A3), if

τ ≥ ε
(

1 +
1

2λ

)
+

√
13ε
λ
,

then α̃i = 0 for all i ∈ I.

Proof Let i ∈ I be arbitrary. To prove that α̃i = 0, it is sufficient to show that∣∣∣〈D̃i, x− D̃α̃〉
∣∣∣ < λ,

since α̃i is hence zero.
First, note that∣∣∣〈D̃i, x− D̃α̃〉

∣∣∣ =
∣∣∣〈Di + D̃i −Di, x− D̃α̃〉

∣∣∣
≤
∣∣∣〈Di, x− D̃α̃〉

∣∣∣+ ‖D̃i −Di‖2‖x− D̃α̃‖2

≤
∣∣∣〈Di, x− D̃α̃〉

∣∣∣+ ε (since ‖x‖2 ≤ 1)

and ∣∣∣〈Di, x− D̃α̃〉
∣∣∣ =

∣∣∣〈Di, x− (D + D̃ −D)α̃〉
∣∣∣

≤ |〈Di, x−Dα̃〉|+
∣∣∣〈Di, (D̃ −D)α̃〉

∣∣∣
≤ |〈Di, x−Dα̃〉|+ ‖Di‖2‖D̃ −D‖2‖α̃‖2

≤ |〈Di, x−Dα̃〉|+
ε

2λ
.

Hence, ∣∣∣〈D̃i, x− D̃α̃〉
∣∣∣ ≤ |〈Di, x−Dα̃〉|+ ε

(
1 +

1
2λ

)
,
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and so it is sufficient to show that

|〈Di, x−Dα̃〉| < λ− ε
(

1 +
1

2λ

)
.

Now,

|〈Di, x−Dα̃〉| = |〈Di, x−Dα̃+Dα−Dα〉|
≤ |〈Di, x−Dα〉|+ |〈Di, Dα−Dα̃〉|
< λ− τ + ‖Di‖2‖Dα−Dα̃‖2

≤ λ− τ +

√
13ε
λ
, (3)

where (3) is due to Lemma 14. Consequently, it is sufficient if τ is chosen to satisfy

λ− τ +

√
13ε
λ
≤ λ− ε

(
1 +

1
2λ

)
,

yielding:

τ ≥ ε
(

1 +
1

2λ

)
+

√
13ε
λ
.

A.4 Proof of the Sparse Coding Stability Theorem

Proof (of Theorem 4) Recall that ϕD(x) is the unique optimal solution to the problem

min
z∈Rk

1
2
‖x−Dz‖22 + λ‖z‖1.

If not for `1 penalty, in standard form, the quadratic program is

min
z∈Rk

1
2
zTDTDz − zT (DTx) + λ‖z‖1.

Denoting z̄ :=

 z
z+

z−

 with z+, z− ∈ Rk, an equivalent formulation is

minimize
z̄∈R3k

Q(z̄) :=
1
2
z̄T
(

DTD 0k×2k

02k×k 02k×2k

)
z̄ − z̄T

((
DT

02k×d

)
x

)
+ λ(0Tk 1T2k)z̄

subject to z+ ≥ 0k z− ≥ 0k z − z+ + z− = 0k.

Similarly, let Q̃(·) be the objective using D̃ instead of D.

For optimal solutions z̄∗ :=

 z∗
z+
∗
z−∗

 and t̄∗ :=

 t∗
t+∗
t−∗

 of Q and Q̃ respectively, from Daniel (1973), we

have

(ū− z̄∗)T∇Q(z̄∗) ≥ 0 (4)

(ū− t̄∗)T∇Q̃(t̄∗) ≥ 0 (5)
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for all feasible ū ∈ R3k. Setting ū to t̄∗ in (4) and ū to z̄∗ in (5) and adding (5) and (4) yields

(t̄∗ − z̄∗)T (∇Q(z̄∗)−∇Q̃(t̄∗)) ≥ 0,

which is equivalent to

(t̄∗ − z̄∗)T (∇Q̃(t̄∗)−∇Q̃(z̄∗)) ≤ (t̄∗ − z̄∗)T (∇Q(z̄∗)−∇Q̃(z̄∗)) (6)

Here,

∇Q(z) =
1
2

(
DTD 0k×2k

02k×k 02k×2k

)
z −

(
DT

02k×d

)
x+ λ

(
0k
12k

)
.

After plugging in the expansions of ∇Q and ∇Q̃ and incurring cancellations from the zeros, (6) becomes

(t∗ − z∗)T D̃T D̃(t∗ − z∗) ≤ (t∗ − z∗)T
(

(DTD − D̃T D̃)z∗ + 2(D̃ −D)Tx
)

(7)

≤ (t∗ − z∗)T (DTD − D̃T D̃)z∗ + 2‖t∗ − z∗‖2‖(D̃ −D)Tx‖2
≤ (t∗ − z∗)T (DTD − D̃T D̃)z∗ + ‖t∗ − z∗‖2(2ε)

(8)

Let us gain a handle on the first term. Below, we will use an operator which we dub the s-restricted 2-norm:
for a dictionaryA ∈ (BRd)k, the s-restricted 2-norm ofA is defined as ‖A‖2,s := sup{t∈Rk:‖t‖=1,| supp(t)|≤s} ‖At‖2.
Now, note that D̃ = D + E for some E satisfying ‖E‖2 ≤ ε. Hence,

(t∗ − z∗)T (DTD − D̃T D̃)z∗
=
∣∣(t∗ − z∗)T (ETD +DTE + ETE)z∗

∣∣
≤
∣∣(t∗ − z∗)TETDz∗∣∣+

∣∣(t∗ − z∗)TDTEz∗
∣∣+
∣∣(t∗ − z∗)TETEz∗∣∣

≤ ‖E(t∗ − z∗)‖2‖Dz∗‖2 + ‖D(t∗ − z∗)‖2‖Ez∗‖2 + ‖E(t∗ − z∗)‖2‖Ez∗‖2

≤ ‖t∗ − z∗‖2
(
‖E‖2‖D‖2,s‖z∗‖2 + ‖D‖2,s‖E‖2‖z∗‖2 + ‖E‖22‖z∗‖2

)
≤ ‖t∗ − z∗‖2

(
ε
√
s

2λ
+
ε
√
s

2λ
+
ε2

2λ

)
≤ ‖t∗ − z∗‖2

3
2
ε
√
s

λ
,

where the penultimate step follows because

1. if ‖z∗‖0 ≤ s, then Lemma 16 (stated after this proof) implies that ‖Dz∗‖2 ≤
√
s‖z∗‖2 (and ‖z∗‖2 ≤

‖z∗‖1 ≤ 1
2λ ); and

2. Lemma 15 implies that ‖t∗ − z∗‖0 ≤ s.

Combining this result with the fact that D̃ has s-incoherence lower bounded by µ implies the desired
result:

‖t∗ − z∗‖2 ≤
3
2
ε
√
s

λµ
.

Lemma 16 If D ∈ (BRd)k, then ‖D‖2,s ≤
√
s.
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Proof Define DΛ as the submatrix of D that selects the columns indexed by Λ. Similarly, for t ∈ Rk define
the coordinate projection tΛ of t.

sup
{t:‖t‖=1,| supp(t)|≤s}

‖Dt‖2

= max
{Λ⊆[k]:|Λ|≤s}

sup
{t:‖t‖=1,supp(t)⊆Λ}

‖DΛtΛ‖2

= max
{Λ⊆[k]:|Λ|≤s}

sup
{t:‖t‖=1,supp(t)⊆Λ}

∥∥∥∥∥∑
ω∈Λ

tωDω

∥∥∥∥∥
2

≤ max
{Λ⊆[k]:|Λ|≤s}

sup
{t:‖t‖=1,supp(t)⊆Λ}

∑
ω∈Λ

|tω|‖Dω‖2

≤ max
{Λ⊆[k]:|Λ|≤s}

sup
{t:‖t‖=1,supp(t)⊆Λ}

∑
ω∈Λ

|tω|

≤ max
{Λ⊆[k]:|Λ|≤s}

sup
{t:‖t‖=1,supp(t)⊆Λ}

‖tΛ‖1

≤ max
{Λ⊆[k]:|Λ|≤s}

sup
{t:‖t‖=1,supp(t)⊆Λ}

√
s‖tΛ‖2

=
√
s.

B Proof of Symmetrization by Ghost Sample Lemma

Proof (of Lemma 6) Replace F(σn) from the notation of Mendelson & Philips (2004) with F(z,x′′). A mod-
ified one-sided version of Mendelson & Philips (2004, Lemma 2.2) that uses the more favorable Chebyshev-
Cantelli inequality implies that, for every t > 0:(

1−
4 supf∈F Var(l(·, f))

4 supf∈F Var(l(·, f)) +mt2

)
Prz x′′ {∃f ∈ F(z,x′′), (P − Pz)l(·, f) ≥ t}

≤Prz z′x′′

{
∃f ∈ F(z,x′′), (Pz′ − Pz)l(·, f) ≥ t

2

}
.

As the losses lie in [0, b] by assumption, it follows that supf∈F Var(l(·, f)) ≤ b2

4 . The lemma follows since

the left hand factor of the LHS of the above inequality is at least 1
2 whenever m ≥

(
b
t

)2
.

C Proof of Learning Bound

Proof (of Theorem 5) Proposition 9 and Lemmas 10 and 11 imply that

Prz

{
∃f ∈ Fµ,

[
margins(D,x) > ι

]
and ((P − Pz)l(·, f) > t)

}
≤ 2

((
8(r/2)1/(d+1)

ε

)(d+1)k

exp(−m$2/(2b2)) + δ

)
.
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Equivalently,

Prz

{
∃f ∈ Fµ,

[
margins(D,x) > ι

]
and

(
(P − Pz)l(·, f) > 2

(
$ + 2Lβ + bη(m,d,k,ε,δ)

m

)) }

≤ 2

((
8(r/2)1/(d+1)

ε

)(d+1)k

exp(−m$2/(2b2)) + δ

)
.

Now, expand β and η and replace δ with δ/4:

Prz

 ∃f ∈ Fµ,
[
margins(D,x) > ι

]
and

(P − Pz)l(·, f) > 2
(
$ + 2Lε 1

2λ

(
1 + 3r

√
s

µ

)
+

b(dk log 1944
margin2

s(D,x)·λ
+log(2m+1)+log 4

δ )

m

) 
≤ 2

(
8(r/2)1/(d+1)

ε

)(d+1)k

exp(−m$2/(2b2)) +
δ

2
.

Choosing δ
4 =

(
8(r/2)1/(d+1)

ε

)(d+1)k

exp(−m$2/(2b2)) yields

Prz


∃f ∈ Fµ,

[
margins(D,x) > ι

]
and

(P − Pz)l(·, f) > 2

 $ + Lε 1
λ

(
1 + 3r

√
s

µ

)
+

b(dk log 1944
margin2

s(D,x)·λ
+log(2m+1)+(d+1)k log ε

8(r/2)1/(d+1) +m$2

b2
)

m




≤ 4 ·
(

8(r/2)1/(d+1)

ε

)(d+1)k

exp(−m$2/(2b2)),

which is equivalent to

Prz


∃f ∈ Fµ,

[
margins(D,x) > ι

]
and

(P − Pz)l(·, f) > 2

 $ + Lε 1
λ

(
1 + 3r

√
s

µ

)
+

b(dk log 1944
margin2

s(D,x)·λ
−(d+1)k log 8

ε+k log 2
r+log(2m+1)+m$2

b2
)

m




≤ 4 ·
(

8(r/2)1/(d+1)

ε

)(d+1)k

exp(−m$2/(2b2)),

Let δ (a new variable, not related to the previous incarnation of δ) be equal to the upper bound, and
solve for $, yielding:

$ = b

√
2((d+ 1)k log 8

ε + k log r
2 + log 4

δ )
m

and hence

Prz


∃f = (D,w) ∈ Fµ,

[
margins(D,x) > ι

]
and

(P − Pz)l(·, f) > 2

 b

√
2((d+1)k log 8

ε+k log r
2 +log 4

δ )

m + Lε 1
λ

(
1 + 3r

√
s

µ

)
+

b(dk log 1944
margin2

s(D,x)·λ
+log(2m+1)+log 4

δ )

m




≤ δ,

10



If we set ε = 1
m , then provided that m > 243

margin2
s(D,x)·λ :

Prz


∃f ∈ Fµ,

[
margins(D,x) > ι

]
and

(P − Pz)l(·, f) > 2

 b

√
2((d+1)k log(8m)+k log r

2 +log 4
δ )

m + L
m

(
1
λ (1 + 3r

√
s

µ )
)

+
b
m

(
dk log 1944

margin2
s(D,x)·λ + log(2m+ 1) + log 4

δ

)



≤ δ.

It remains to distribute a prior across the bounds for each choice of s and µ. To each choice of s ∈ [k]
assign prior probability 1

k . To each choice of i ∈ N∪{0} for 2−i ≤ µ assign prior probability (i+ 1)−2. For a
given choice of s ∈ [k] and 2−i ≤ µ we use δ(s, i) := 6

π2
1

(i+1)2
1
k δ (since

∑∞
i=1

1
i2 = π2

6 ). Then, provided that

m >
243

margins(D,x)2λ
,

the generalization error (P − Pz)l(·, f) is bounded by:

2b

√√√√√2
(

(d+ 1)k log(8m) + k log r
2 + log

2π2(log2
4

µs(D) )
2
k

3δ

)
m

+
2b
m

dk log
1944

margin2
s(D,x) · λ

+ log(2m+ 1) + log
2π2

(
log2

4
µs(D)

)2

k

3δ


+

2L
m

(
1
λ

(1 +
6r
√
s

µs(D)
)
)
.
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