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Appendix

Lemma 12

E[‖p̃i − pi‖1|Pi] ≤ Cn−1/(2+k)

E[‖p̃i − pi‖1] ≤ Cn−1/(2+k)

where C > 0 is appropriate constant defined in proof.

Proof. By assumption A3, the class I is the set of dis-
tribution Hk(1) with with densities that are 1-smooth
Hölder functions, as in (Rigollet & Vert, 2009). Let
D2

2(P̃i, Pi) =
∫
(p̃(x)− p(x))2dx, then E[D2

2(P̃i, Pi)|Pi]
is the integrated mean squared risk for the density es-
timator p̃i for a fixed pi. Then it is well known that
E[D2

2(P̃i, Pi)|Pi] ≤ c21b
2
i + c22(nib

k
i )
−1 for some con-

stants c1c2 > 0. Hence, by Jensen’s inequality

E[D2(P̃i, Pi)|Pi] ≤(c21b2i + c22(nib
k
i )
−1)

1
2

≤c1bi + c2(nib
k
i )
−

1
2

Furthermore, since by A3, Pi’s support is compact.
So for an appropriate constant c0 > 0,

∫
|pi − p̃i| ≤

c0

√∫
(pi − p̃i)2. Thus:

E[D(P̃i, Pi)|Pi] ≤c0E[D2(P̃i, Pi)|Pi]

≤c0(c1bi + c2(nib
k
i )
−

1
2 )

≤c0(c1 + c2)n
−

1
k+2

i

Let

ΩM,n ≡
{
∀i ∈ {0, . . . ,M}, D(P̃i, Pi) ≤ C∗n

− 1
k+2

}
.

Lemma 13 P (ΩM,n) ≥ 1− (M + 1)e−
1
2n

k
2+k

Proof. From McDiarmid’s inequality for ε > 0 we have

that P(‖p̃i − pi‖1 − E[‖p̃i − pi‖1] > ε) ≤ e
−nε2

2 (see
section 2.4 of (Devroye & Lugosi, 2001)). Hence,

P(‖p̃i − pi‖1 − E[‖p̃i − pi‖1] > n−
1

k+2 ) ≤ e−
1
2n
−

k
k+2

Thus, by the union bound, and since Pi are i.i.d :

1− (M + 1)e−
1
2n

k
k+2

≤ P(∀i, ‖p̃i − pi‖1 ≤ E[‖p̃i − pi‖1] + n−
1

k+2 )

≤ P(∀i, ‖p̃i − pi‖1 ≤ (1 + C)n−
1

k+2 )

= P(∀i, D(P̃i, Pi) ≤ C∗n
− 1

k+2 ) = P (ΩM,n)

Lemma 1

P

(
M∑

i=1

Ki = 0

)
≤ P

(
M∑

i=1

Ki ≤ K

)

=
1

eM
E

[
1

ΦP (rh)

]

Proof. Since if ∃i s.t. D(P0, Pi) ≤ rh =⇒
∑

i Ki ≥
K, we have that

∑
i Ki < K =⇒ ∀i, D(P0, Pi) > rh,

so
∑

i Ki < K =⇒
∑

i I{D(P0,Pi)≤rh} = 0. Hence,

P

(
M∑

i=1

Ki < K

)

≤ P

(
M∑

i=1

I{D(P0,Pi)≤rh} = 0

)

=

∫
P

(
M∑

i=1

I{D(P0,Pi)≤rh} = 0

∣∣∣∣P0

)
dP(P0)

=

∫
P

(
∀i D(P0, Pi) > rh

∣∣∣∣P0

)
dP(P0)

=

∫
[1− P(P1 ∈ BD(P0, rh)|P0)]

MdP(P0) (24)

≤
∫

exp[−MP(P1 ∈ BD(P0, rh)|P0)]dP(P0) (25)

≤
∫

exp[−MP(P1 ∈ BD(P0, rh)|P0)]

× MP(P1 ∈ BD(P0, rh)|P0)

MP(P1 ∈ BD(P0, rh)|P0)
dP(P0)

≤ max
u≥0

u exp(−u)
∫

dP(P0)

MP(P1 ∈ BD(P0, rh)|P0)

≤ 1

e

∫
dP(P0)

MP(P1 ∈ BD(P0, rh)|P0)
(26)

=
1

eM
E

[
1

ΦP (rh)

]

where (24) holds since {Pi} are drawn iid, (25) holds
since for 0 ≤ u ≤ 1, 1 ≤ M , (1 − u)M ≤ e−Mu and
(26) since max(u exp(−u)) = 1/e.

Lemma 14

|εi| ≤
LK

h

(
D(P̃0, P̃0) +D(P̃i, P̃i)

)

Proof.

|εi| =
∣∣∣∣∣K
(
D(P0, Pi)

h

)
−K

(
D(P̃0, P̃i)

h

)∣∣∣∣∣

≤ LK

h

∣∣∣D(P0, Pi)−D(P̃0, P̃i)
∣∣∣
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≤ LK

h
(D(P0, P̃0) +D(P̃i, Pi))

Since

D(P0, Pi)−D(P̃0, P̃i)

≤ D(P0, P̃0) +D(P̃0, P̃i) +D(P̃i, Pi)−D(P̃0, P̃i)

= D(P0, P̃0) +D(P̃i, Pi)

and

D(P̃0, P̃i)−D(P0, Pi)

≤ D(P̃0, P0) +D(P0, Pi) +D(Pi, P̃i)−D(P0, Pi)

= D(P0, P̃0) +D(P̃i, Pi)

.

Lemma 15

P

(
∑

i

|εi| < ω

∣∣∣∣P
)
≥ 1− 2LKMC

hω
n−1/(2+k)

Proof. Markov’s inequality states that for r.v. X,Y
and constant ω > 0,

P(|X| < ω|Y ) ≥ 1− E
[
|X|
∣∣Y
]

ω

Hence,

P

(
∑

i

|εi| < ω

∣∣∣∣P
)
≥ 1− E

[∑
i |εi|

∣∣P
]

ω

≥ 1− Lk

hω

∑

i

E
[
|εi|
∣∣P
]

≥ 1− 2LKMC

hω
n−1/(2+k) (27)

where (27) holds due to Lemma 12, and Lemma 14.

Lemma 16

E

[
M∑

i=1

|εi|
∣∣∣∣P
]
≥ 2LKMC

h
n−1/(2+k)

Proof.

E

[
M∑

i=1

|εi|
∣∣∣∣P
]
≤ Lk

h

M∑

i=1

E

[
D(P0, P̃0) +D(P̃i, Pi)

∣∣∣∣P
]

≤ 2LkM

h
n−1/(2+k)

Lemma 2

P

(
M∑

i=1

K̃i = 0

)
≤ P

(
M∑

i=1

K̃i ≤ K

)
≤ ζ(n,M)

Proof. First note that if ΩM , n holds then with A6:

D(P̃i, P̃ ) ≤ D(P̃i, Pi) +D(P, P̃ ) +D(Pi, P )

≤ rh

2
+D(Pi, P )

Hence,

[
D(Pi, P ) ≤ rh

2
=⇒ D(P̃i, P̃ ) ≤ rh

]
=⇒

1− P

(
D(Pi, P ) ≤ rh

2

)
≥ 1− P

(
D(P̃i, P̃ ) ≤ rh

)
.

(28)

Thus,

P

(
M∑

i=1

K̃i = 0

)
≤ P

(
M∑

i=1

K̃i ≤ K

)

= P

(
ΩM,n,

M∑

i=1

K̃i ≤ K

)
+ P

(
Ωc

M,n,

M∑

i=1

K̃i ≤ K

)

= P

(
ΩM,n,

M∑

i=1

K̃i ≤ K

)
+ P

(
Ωc

M,n,

M∑

i=1

K̃i ≤ K

)

≤ P

(
M∑

i=1

K̃i ≤ K

)
+ P

(
Ωc

M,n

)

≤ P

(
M∑

i=1

K̃i ≤ K

)
+ (M + 1)e−

1
2n

k
2+k

And, using a similar argument to Lemma 1 and (28):

P

(
M∑

i=1

K̃i ≤ K

)
≤
∑

i

I{D(P̃0,P̃i)≤rh} = 0

≤ 1

em
E

[
1

ΦP (rh/2)

]

Lemma 3

E

[
I{

∑
i
Ki≤K}∑
i Ki

]
≤ 1 + 1/K

MK
E

[
1

ΦP (rh)

]

Proof.

E

[
I{

∑
i
Ki≤K}∑
i Ki

]
≤ E

[
1 + 1/K

1 +
∑

i Ki

]
(29)
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≤ E

[
1 + 1/K

1 +K
∑

i I{D(P0,Pi)≤rh}

]

≤ 1 + 1/K

K
E

[
1

1/K +
∑

i I{D(P0,Pi)≤rh}

]

≤ 1 + 1/K

K
E

[
1

1 +
∑

i I{D(P0,Pi)≤rh}

]
(30)

≤ 1 + 1/K

K
E

[
E

[
1

1 +
∑

i I{D(P0,Pi)≤rh}

∣∣∣∣P0

]]

≤ 1 + 1/K

MK
E

[
1

ΦP (rh)

]
(31)

where (29) holds since K ≤∑i Ki =⇒ 1 +
∑

i Ki ≤∑
i Ki+

∑
i Ki/K, (30) since K < 1, and (31) since for

a binomial random variable B(M,p), E[ 1
1+B(M,p) ] ≤

1
(M+1)p ≤ 1

Mp .

Lemma 4 E
[
∆âαIẼ2

IE2

]
≤ C1

h E

[
1

ΦP (rh)

]
n−1/(2+k)

for a C1 > 0.

Proof.

E
[
∆âαIẼ2

IE2

]

= E

[∣∣∣∣∣

∑
i aα(Q̂i)K̃i∑

j K̃j

−
∑

i aα(Q̂i)Ki∑
j Kj

∣∣∣∣∣ IE2
IẼ2

]

= E

[∣∣∣∣∣
∑

i

aα(Q̂i)
K̃i∑
j K̃j

− Ki∑
j Kj

∣∣∣∣∣ IE2IẼ2

]

≤ ϕmaxE

[
∑

i

∣∣∣∣∣
K̃i∑
j K̃j

− Ki∑
j Kj

∣∣∣∣∣ IE2
IẼ2

]

= ϕmaxE

[
∑

i

|Ki(
∑

j K̃j)− K̃i(
∑

j Kj)|
(
∑

j K̃j)(
∑

j Kj)
IE2

IẼ2

]

= ϕmaxE

[
∑

i

|(K̃i − εi)(
∑

j K̃j)− K̃i(
∑

j(K̃j − εj))|
(
∑

j K̃j)(
∑

j Kj)

× IE2
IẼ2

]

= ϕmaxE

[
∑

i

| − εi(
∑

j K̃j) + K̃i(
∑

j εj)|
(
∑

j K̃j)(
∑

j Kj)
IE2

IẼ2

]

≤ ϕmaxE

[
(
∑

i |εi|)(
∑

j K̃j)

(
∑

j K̃j)(
∑

j Kj)

+
(
∑

i K̃i)(
∑

j |εj |)
(
∑

j K̃j)(
∑

j Kj)
IE2

IẼ2

]

≤ 2ϕmaxE

[
(
∑

j |εj |)
(
∑

j Kj)
IE2

]

≤ 2ϕmaxE


E


∑

j

|εj |
∣∣∣P


 1

(
∑

j Kj)
IE2




≤ 2ϕmax
2LkM

h
n−1/(2+k)

E

[
1

(
∑

j Kj)
IE2

]

≤ 2ϕmax
2LkM

h
n−1/(2+k) 1 + 1/K

MK
E

[
1

ΦP (rh)

]
,

having used Lemma 3 and Lemma 16.

Lemma 5 E[|µ(i)
α |] ≤

√
E[|µ(i)

α |2] ≤ cm−
1
2

By Jensen’s inequality:

E[|µ(i)
α |] ≤

√
E[|µ(i)

α |2] ≤
√

E[(aα(Q̂i)− aα(Qi))2]

≤
√

Var[aα(Q̂i)] =

√√√√√Var


 1

mi

mi∑

j=1

ϕα(Yij)




≤ 1

mi

√√√√
mi∑

j=1

E [ϕ2
α(Yij)] ≤

1

mi

√
miϕ2

max

≤c1m−
1
2 .

Lemma 6 E

[∣∣∣
∑

i
µ(i)
α Ki∑

i
Ki

∣∣∣ Ī
]
≤ C

√
1

mME

[
1

ΦP (rh)

]

Proof.

E

[∣∣∣∣∣

∑
i µ

(i)
α Ki∑
i Ki

∣∣∣∣∣ Ī
]
= E

[
E

[∣∣∣∣∣

∑
i µ

(i)
α Ki∑
i Ki

∣∣∣∣∣ Ī
∣∣∣∣P
]]

≤ E




√√√√√E



∣∣∣∣∣

∑
i µ

(i)
α Ki∑
i Ki

∣∣∣∣∣

2 ∣∣∣∣P


Ī




≤ E


 1∑

i Ki

√√√√E

[
∑

i

(µ
(i)
α Ki)2

∣∣∣∣P
]
Ī




≤ E

[
c1m

− 1
2

√∑
i K

2
i∑

i Ki
Ī

]
≤ c1m

− 1
2

√
E

[ ∑
i K

2
i

(
∑

i Ki)2
Ī

]

≤ c1m
− 1

2

√
E

[ ∑
i Ki

(
∑

i Ki)2
Ī

]
= c1m

− 1
2

√
E

[
Ī∑
i Ki

]

≤ c1m
− 1

2

√
1 + 1/K

MK
E

[
1

ΦP (rh)

]
,

where we used Lemma 5, Jensen’s inequality, Ki < 1,
and Lemma 3
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Lemma 8 If 1
Mhd = Ω(

√
1

nMhd ) and 1
Mhd =

Ω(n
−

1
2+k

hd+1 ), then R(M,n) = O(hβ+ 1
Mhd ) and choosing

h optimally leads to R(M,n) = O(M− β

β+d ).

Proof. Suppose: i) 1
Mhd = Ω(

√
1

nMhd ), ii) 1
Mhd =

Ω(n
−

1
2+k

hd+1 ), then R(M,n) = O(hβ + 1
Mhd ). The

optimal choice of h is h = O(M
−1
β+d ), leading to

R(M,n) = O(M− β

β+d ). Note that i) implies that

n = Ω(M
β

β+d ) and ii) implies n = Ω(M
(β+d+1)(k+2)

β+d );

since M
(β+d+1)(k+2)

β+d = Ω(M
β

β+d ), i) and ii) imply n =

Ω(M
(β+d+1)(k+2)

β+d ). Furthermore, n = Ω(M
(β+d+1)(k+2)

β+d )

implies h = Θ(M
−1
β+d ) = Ω(n−

1
(β+d+1)(k+2) ) and

n−
1

(β+d+1)(k+2) = Ω(n−
1

k+2 ), thus assumption A6 is not

violated. Moreover, e
1
2M

k(β+d+1)
β+d

= Ω(M
2β+d

β+d ) =⇒
M− β

β+d = Ω(Me−
1
2M

k(β+d+1)
β+d

) =⇒ (M +

1)e−
1
2n

k
k+2

= O(M− β

β+d ), where the last impli-

cation follows by n = Ω(M
(β+d+1)(k+2)

β+d ). Hence,

R(M,n,m) = O(R(M,n)) = O(M
−β

β+d ). Note that
since M is slow growing in this case, it makes sense
that the rate be driven by it.

Lemma 9 If n
−

1
2+k

hd+1 = Ω(
√

1
nMhd ) and n

−

1
2+k

hd+1 =

Ω( 1
Mhd ), then R(M,n) = O(hβ + n

−1
2+k h−(d+1))

and choosing h optimally leads to R(M,n) =

O(n−
β

(k+2)(β+d+1) ).

Proof. Suppose: i) n
−

1
2+k

hd+1 = Ω(
√

1
nMhd ), ii)

n
−

1
2+k

hd+1 =

Ω( 1
Mhd ), then R(M,n) = O(hβ + n

−1
2+k h−(d+1)).

The optimal choice of h is h = Θ(n−
1

(k+2)(β+d+1) ),

leading to R(M,n) = O(n−
β

(k+2)(β+d+1) ). Here, i)

implies n
k(β+d+1)+d+2
(k+2)(β+d+1) M = Ω(1), which is always

true, and ii) implies M = Ω(n
β+d

(k+2)(β+d+1) ); hence,

i) and ii) implies M = Ω(n
β+d

(k+2)(β+d+1) ). More-

over, h = Θ(n−
1

(k+2)(β+d+1) ) and n−
1

(k+2)(β+d+1) =

Ω(n−
1

k+2 ) so A6 holds. Note that this case in-

voked when M = Ω(n
β+d

(k+2)(β+d+1) ); thus, in order
to prevent M from growing too fast in this case,

and not having (M + 1)e−
1
2n

k
k+2

= O(n−
β

(k+2)(β+d+1) ),
assumption A5 was slightly extended as follows:

M = O(n−
β

(k+2)(β+d+1) en
k

k+2
). Then, R(M,n,m) =

O(n−
β

(k+2)(β+d+1) ). This rate is again intuitive since
n is slow growing in this case, so it should drive the
rate.

Lemma 10 If one is chooses h optimally it can not be

that
√

1
nMhd = Ω(n

−

1
2+k

hd+1 ) and
√

1
nMhd = Ω( 1

Mhd ).

Proof. If
√

1
nMhd = Ω(n

−

1
2+k

hd+1 ) and
√

1
nMhd =

Ω( 1
Mhd ), then R(M,n) = O(hβ +

√
1

nMhd ). Here,

the optimal choice of h is h = Θ((nM)−1/(2β+d)).

Then
√

1
nMhd = Ω(n

−

1
2+k

hd+1 ) =⇒
√
nMhd =

O(n
1

2+k hd+1) =⇒ n
k

2+kM = O(hd+2) =⇒
n

k
2+kM = O((nM)−

d+2
2β+d ), contradiction.


