Distribution to Distribution Regression

Appendix
Lemma 12

El|lp; — pill1| Pi] < COn~—1/(2+k)
E[||p: — psll1] < Cn~1/@+R)

where C > 0 is appropriate constant defined in proof.

Proof. By assumption 213, the class Z is the set of dis-
tribution Hy,(1) with with densities that are 1-smooth
Holder functions, as in (Rigollet & Vert, 2009). Let
D3(P;, ;) = [(p(x) —p(x))*de, then E[D3(F;, ;)| P]
is the integrated mean squared risk for the density es-
timator p; for a fixed p;. Then it is well known that
E[DZ(P;, P)|Pi] < ¢3b? + ci(n;bf)~" for some con-
stants c;co > 0. Hence, by Jensen’s inequality

=

E[Dy(P;, P;)|Pi] <(¢1b7 + c3(nibf) ™)
1
<c1b; + Cg(nibi‘wié

Furthermore, since by 23, P;’s support is compact.

So for an appropriate constant ¢g > 0, [ |p; — pi| <
Co f(pz — ﬁ,)Z Thus:
E[D(P,, P;)|P] <coE[Ds(P;, P;)| P}
1
<co(e1b; + c2(n;bf)~2)
1
<co(e1 + c2)n; kT2
L]

Let
Ontn = {we (,...,

1

2+k

N‘H

Lemma 13 P (Qp,) > 1— (M + 1)e”

Proof. From McDiarmid’s inequality for e > 0 we have

777/62
that P(||p; — pills — E[llpi — pill1] > €) < e 2 (sce
section 2.4 of (Devroye & Lugosi, 2001)). Hence,

~ ~ _ 1 _l =
P([|ps — pilli — E[l|ps — pill1] > n~#2) <e™2" o
Thus, by the union bound, and since P; are i.i.d :
_Lloks
1—(M+1) 2
. _1
< P(Vi, |Ipi — pilly < E[llp: —pill ] n=wz)
< P(Vi, |5 —pilli < (1+C)n~w2)
P(VZ, D(Pi,Pi) S C*TL T) (Q]W,n)
O

Lemma 1

(Y m-0) <p(Ym<x)

i=1

- or® ()

Proof. Since if Ji s.t. D(Py, P;) <rh = > . K; >
K, we have that . K; < K = Vi, D(P, P;) > rh,
SO Zz K <K = Zz I{D(P@,Pj)ﬁ?"h} = 0. Hence,

M
P <Z K; < K)
i=1
M
<P (Z Iip(py,Py<rh} = 0)

:/ (i]w Po,P)<rh} = 0| P ) dP(Fo)
_ / <Vz D(Py, P,) > rh P0> dP(Ry)

P(P; € Bp(Py,rh)|P)]MdP(Py)  (24)

IN

<

/exp —M7P P1 S BD(PO,Th)'PO)]dP(PO) (25)
/exp —MP(Py € Bp(FPo,rh)|Py)]

(P1 S BD(P()7Th)|P0)
MP(P1 S BD Po,?"h)lP)

dP(P)

< maxuex / dP PO)

= p(-v) | 375 (P1 € Bp(Po,rh)|Py)
dP(P)

< 26

- /MP P e BD(Po,Th)lpo) ( )

= = ]

where (24) holds since {P;} are drawn iid, (25) holds
since for 0 < u < 1,1 < M, (1 —u)™ < e M and
(26) since max(uexp(—u)) = 1/e. O

Lemma 14
el < 5 (D(Bo, By) + D(P, )
Proof.
] = ‘K (2UA10) g (D(po,Pi)>’

< LTK ‘D(PO,Pi) — D(Py, P)
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D(Py, P,) — D(Py, P;)
< D(Py, Py) + D(Py, ;) +

= D(Py, By) + D(P;, P)

D(Py, P;)

Lemma 15
2L MC
P i P|l>1———n~

Proof. Markov’s inequality states that for r.v. XY
and constant w > 0,

1/(2+k)

_E[XY]

P(IX| < w|Y) > 1
w

Hence,

P(Zei|<w‘P> Zl—E[Ziwei”P]

2LKMC —1/(24k)
- 27
> 2LlC, (27)
where (27) holds due to Lemma 12, and Lemma 14.
O

Lemma 16

[z e

QLKMC —1/(2+k)

Proof.
M
E|> lal|P| <5 ZE[ (Po. o) +D(H,R)P]
i=1
< 2y

Lemma 2

M M
P (ZK :0> <P (Zf(i <K> < ((n, M)
i=1 1=1

Proof. First note that if Q7,7 holds then with 2(6:

D(P;,P) < D(P;, P;) + D(P, P) + D(P;, P)

h
<%+m&m

Hence,
rh L~
[D(PMP) <5 = D, P)< rh} —
1-P (D(H,P) < 7":) >1-P (D(R,P) < rh)
(28)
Thus,
M M ~
P (ZK 0) <P (ZK gK)
i=1 =1

And, using a similar argument to Lemma 1 and (28):

M
(ZK < K) = ZI{D<P0,P><NL} 0

i=1

<LE -
“em |Pp(rh/2)
]
Lemma 3
gz xsiy] 1+ /K 1
Yok [T MK |®p(rh)
Proof.
Iy, ki 1+1/K
(3, Ki<K} K
E|l——— | <E|—F—— D)
[ >, K }— [HZJQ} (29)
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_ { 1+1/K ]

= Y+ K3 Iip(py py<rhy

LUK, 1 ]
K L1/ K+ 3 I{p(py,py)y<rh}

1+1/K [ 1 ]

IN

E
K L1+ 22 Lip(po, Py<riy

1 N
+1/K]E E[ 1
K 1+ Ei I{D(Po,Pi)STh}
- 1+1/K]E 1
- MK _(I)p(’l“h)

(30)

IN

gl

(31)

where (29) holds since K <) . K; = 1+ . K; <
> K+, Ki/K, (30) since K < 1, and (31) since for

a binomial random variable B(M, p), E[m] <

1 1
[Esy e O

Lemma 4 E [Adolj, Tp,] < @E[ 1

} n—1/(2+k)
h @p(rh)
for a C7 > 0.

Proof.

E [Adolp, I5,)

1
< 2maE |E | Y [6]|P| =gy e
: (5, K5)

2L, M
WM 1@

< 20max

1
— 7T ;
(X, K" ]
1/(2+k)1+1/K]E ].
MK ®p(rh)]’

having used Lemma 3 and Lemma 16. O

Lemma 5 E[|u|| < \/E[ud[2] < em~3

By Jensen’s inequality:

2L, M
§ 2<pmaan7

2] < \/E[(0a(Q1) — 0a(Q:))?

1
E Z Qoa(}/;j)
J=1

E[lu®l) <y/E(u)

<y/ Var[aa(@i)] = | Var

m;

<E ZE Saa Z] < o V ml(pmax

<cim™ 2.

()
Lemma 6 E H ZZ# ”KiKl

1
:| <cC rrLM |:<I>p(’r'h):|

Proof.
> Kl S K| -
E||[=——|I|=E|E ||=—— I‘P
Zz’Ki ZZKz
Z'NS)Ki ’ -
<E| |E ifK P|I

<E ZilmJE[;(“g)K")QP !

<E|eym™2 Z1IK’1’21'1<clmé [ZKQ }
m—*, [E Z i m—* IR

= z ) z K
—1 1+1/K

<o [k E[whﬂ

where we used Lemma 5, Jensen’s inequality, K; < 1,
and Lemma 3 O
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Lemma 8 If 7 = Q(/-5m2) and 557 =

Q(%) then R(M,n) = O(hﬁ%—ﬁ) and choosing
h optimally leads to R(M,n) = O(M‘ﬁ),

Proof. Suppose: i) 1z = Q\/=555a)s 1) 350 =

Q(%rr), then R(M,n) = O(h® + 12). The

optimal choice of h is h = O(Mﬂ+d), leading to
R(M,n) = O(M~7%). Note that i) implies that

8 (8+d-+1) (k42)
n = Q(MW) and ii) implies n = Q(M~ #+d );
since M = Q(M7+d), i) and ii) imply n =
(B+d+1)(k+2) (B-+d-+1)(e+2)
Q(M~#+a ). Furthermore, n = Q(M ~— #+d )
—1 1
implies h = O(MFA) = Q(n” FFEFUGFEFD) and
1
n~ BFaFDEFD) = Q(n_k%r?) thus assumption 26 is not
IV 2844
violated. Moreover, ez """ = Q(MFTT) =
s PLICESEEY
M~ = QMe =M 7T ) — (M +
e 8 o
e zn R O(M™7+2), where the last impli-
(B+d+1)(et2)
cation follows by n = Q(M — #f¢< ). Hence,

R(M,n,m) = O(R(M,n)) = O(M#1). Note that
since M is slow growing in this case, it makes sense

that the rate be driven by it. O
Lemma 9 If "hdzflk = Q(\/=5752) and "hditk =
Q(572), then R(M,n) = O’ + n7eE p=(d+1))

and choosing h optimally leads to R(M,n) =
O(n~ TP ),

Proof. Suppose: 1) % = Q(\/ 575 )- 1) ”;ffﬁ =
Q(572), then R(M,n) = O’ + naFE p=(d+1)),
The optimal choice of h is h = ©(n~ <k+2><ﬂ+d+1)),
leading to R(M,n) = O(nfm). Here, i)

k(B4dt1)+dt2

implies n &G0 M = (1), which is always
true, and ii) implies M = Q(nm); hence,
i) and ii) implies M1: Q(n%).1 More-
over, h = O(n” FFFEFHFD) and n~ FOEFEFD =
Q(nik%z) so A6 holds. Note that this case in-
voked when M = Q(nm); thus, in order

to prevent M from growing too fast in this case,
s _ 8

and not having (M + 1)e~ 2" = O(n~ GroGTarn ),

assumption 25 was shghtly extended as follows:

M = O(n (k+2)(5+d+1)e”k+2)_ Then, R(M’n’m) =

O(nf(k+2>(ﬁ+d+1>). This rate is again intuitive since
n is slow growing in this case, so it should drive the
rate. O

Lemma 10 If one is chooses h optimally it can not be

1
1 T 2+k 1 1
that \/ nhMRd = Q(%arr) and /oy = Qg5a)-

Proof. If

Q(+42), then R(M,n) = O(h” +

Mhd

the optimal choice of h is h

_1
nMhe

1
_ n 2tk 1
= Q%) and /g

n]th )

Then |/ —ts = Q(%A7) =  VaMhd

O(n=r po+1y

nTE M = O((nM

=  nTFM = O(hit?)

_ a2 L
)~ 26+4), contradiction.

Here,
= O((nM)~1/(@B+d),

—
O]



