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For readability, let us first recall the definition of the joint distribution
1
P(x,h) = Eexp{—E(w,h)} (1)

2
E(x,h) = Z <ac21 — (i + Wieh) xz> —~'h (2)

i
where Z = >}, [exp {—E(x, h)} dx is the normalising constant and E(x, h) is the model energy,
and {o;}Y |, W = {wir},y = {7} are free parameters.
1 Inference

1.1 Estimating the Partition Function

For convenience, let us re-parameterise the distribution as follows

2
oi(x;)) = exp {—g;l + Oéﬂ?i} 3)

Yig(xi, hy) = exp{Wipx;hi}
or(he) = exp{yhi}

The model potential is then the product of all local potentials

¥(z,h) = [H ¢i(l‘z’)] [H Yik(@i, hk)] [H ¢k(hk)] )
% ik

k

The partition function can be rewritten as

Z = U(x, h)dx
).
= > Qh)
h

1



where Q(h) = [, U(x, h)dx. We now proceed to compute (h):

h) = 1;[ (b / [H @(m»] [1;[ e m)] dz
= 1;[ ¢k(hk): H /x exp {—9”22 + (a; + Zk: Wikhk)xi} dz;
- 1;[ ()] [Ciy/2m0?

where

K
pi(h) = g+ Wichi
k=1

- i)}

Now we can define the distribution over the hidden layer as follows

1
P(h) = 0(h)

Now we apply the Annealed Importance Sampling (AIS) Neal [2001]. The idea is to introduces
the notion of inverse-temperature 7 into the model, i.e., P(h|T) < Q(h)7.

Let {TS}SSZO be the (slowly) increasing sequence of temperature, where 79 = 0 and 7¢ = 1, that
is g < 71... < T75. At 79 = 0, we have a uniform distribution, and at 7¢ = 1, we obtain the desired
distribution. At each step s, we draw a sample h® from the distribution P(h|7s_1) (e.g. using some
Metropolis-Hastings procedure). Let P*(h|7) be the unnormalised distribution of P(h|7), that is
P(h|T) = P*(h|T)/Z(T). The final weight after the annealing process is computed as

L PR PrREm) P (RS
P (RTro) P(B2|r) " P (175 1)

The above procedure is repeated 7" times. Finally, the normalisation constant at 7 = 1 is computed
as Z(1) =~ Z(0) (Zz;l w(t)/T> where Z(0) = 2%, which is the number of configurations of the
hidden variables h.



1.2 Estimating Posteriors using Mean-field

Recall that for evidence e we want to estimate posteriors P(h | €) = 3 o) Pae)(h, @ | €).
Assume that the evidences can be expressed in term of boxed constraints, which lead to the following
factorisation

P(x|eh) HP (z; | e, h)

This factorisation is critical because it ensures that there are no deterministic constraints among
{x;};_,, which are the conditions that variational methods such as mean-fields would work well.
This is because mean-field solution will generally not satisfy deterministic constraints, and thus may
assign non-zeros probability to improbably areas.

To be more concrete, the mean-field approximation would be Q(h,x) ~ P(h,x | €)

[T @x(h) [ Qi)
k i
st. € Qe)
The best mean-field approximation will be the minimiser of the Kullback-Leibler divergence

pIP) = 3 Y 0 hmlog]fﬂﬂ

h xcQ(e) ( ’ 6)
= Z Z Q(h,x)log P(h,x | e) 5)
h xeQ(e)

where H [Q(h, x)] is the entropy function. Now first, exploit the fact that () is factorisable, and thus
its entropy is decomposable, i.e.,

H(Q(h,@)] =Y HI[Qu(h)] + D H Qi) (©6)
k %
Second recall from Eq. (11) that
1
P(h,x |e) = 70 exp{—FE(x,h)}
and thus
ZZthlogth|e ZZth yh) —log Z(e)
h zcQ(e) h zeQ(e)

Since log Z(e) is a constraint w.r.t. Q(h, x), we can safely ignore it here.
Now since E(x, h) is decomposable (see Eq. (2)), we have

YN Qha)Bh) = (DY Qia)Ei) | + [ D0 Qulhw)Eilhy) | +

h xzeQ(e) i xz;€Q(e;) k  hy

SN Y Qilen)Qulhw) Balwi, ha)

7 k xiGQ(ei) hg
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where

2
Ez(xz) = % — ;T4
Ep(he) = —vrhe

Eip(xi, hy)) = —Wigaihg,

Combining this decomposition and Eq. (6), we have completely decomposed the Kullback-Leibler
divergence in Eq. (5) into local terms:

DEIP) = > > Qz zi)Ei(zi +ZZQk hue) B (i) +

i x;€Q(e hi

(ZZ Z > Qi) Qu(hi) Bk 3317hk) ZH )] = > H [Qx(hy)]
k

ik x;€Q(eq) hi

Now we wish to minimise the dlvergence with respect to the local distributions {Q;(z;), Qr(hx)}
fori=1,2,...,N andk = 1,2, ..., K knowing the proper distribution constraints

[ Q) =
z;€Q(e;)
> Qr(hi) = 1
h

By the method of Lagrangian multiplier, we have

L) =D(QIIP)+ Y A\ (/ o )Qi(%‘)—l) + ) mk [ D Qi) — 1
i rieiiles k Ry

e Let us compute the partial derivative w.r.t. Q;(x;):

00,z L(A) = logQi(xi) + 1+ Ei(z;) + Z Qr(hy) Bir(wi, hy,) + Ai
k

where h}C is a short hand for h; = 1 and we have made use of the fact that E;x(x;, hy = 0) = 0.
Setting this gradient to zero yields

Qi(z;) = exp {— <Ei(1’z’) +> Qi(h}) Ei(ws, hi)) -1- /\i}
K
2
= exp —% (m — <ai - ZQk(h,ﬁ)Wik» —1-N (7)
k

for x; € Q(e;). Normalising this distribution would lead to the truncated form of the normal
distribution those the mean is

=a; + Z Qi (hy) Wikhi ®)



e In a similar way, the partial derivative w.r.t. Qx(hx) would be

0 LX) =1og Qi) = hye [ ve + > Wi Y Qilwi)as | + 1+ kg
i z;€Q(e;)

Equating the gradient to zero, we have

Qi(hi) o exp {hk <’7k +) Wikﬂi) }
i
where [i; is the mean of the truncated normal distribution

fi; = Z Qi(x;)w;

2,€Q(e;)

Normalising Q (hy) would lead to

Qr(hy) =

-1
L+ exp {—vk - Wku}] ©)

e Finally, combining these findings in Egs. (7,8,9), and letting 2(e;) = [b;, ¢;] be the boxed
constraint, and using the fact that the mean of the truncated distribution is

P(bi — i) — p(ci — i)
D(ci — pi) — P(bi — i)

we would arrive at the three recursive equations

i = i +

1
L+exp{—m — > ; Wirit:}
pi oG+ ZWika
2
X B(b; — ;) — o(ci — pi)
Hi < pi+
D(ci — pui) — P(bi — 1)

where gy, is a short hand for Qx(hi) and¢(z) is the normal probability density function, and
®(z) is the cumulative distribution function &

qdk

1.3 Seeking Modes and Generating Representative Samples

Once the model has been learned, samples can be generated straightforwardly by first sampling the
underlying Gaussian RBM and then collect the true samples that satisfy the inequalities of interest.
For example, for binary samples, if the generated Gaussian value for a visible unit is larger than the



threshold, then we have an active sample. Likewise, rank samples, we only need to rank the sampled
Gaussian values.

However, this may suffer from the poor mixing if we use standard Gibbs sampling, that is the
Markov chain may get stuck in some energy traps. To jump out of the trap we propose to periodically
raise the temperature to a certain level (e.g., 10) and then slowly cool down to the original temperature
(which is 1). In our experiment, the cooling is scheduled as follows

T+ nT

where 1 € (0, 1) is estimated so that for n steps, the temperature will drop from 75,44 t0 Tyip. That

is, Tnin = 0" Tinag, leading t0 1 = (Tmin/Tinaz) ™

To locate a basis of attraction, we can lower the temperature further (e.g., to 0.1) to trap the
particles there. Then we collect & successive samples and take the average to be the representative
sample. In our experiments, &k = 50.

2 Learning

2.1 Gradient of the Likelihood

The log-likelihood of an evidence is

L = logP(e logz P(h,z)dx
Q(e)

= logZ/ exp{—E(x,h)}dx —logZ
h Q(e)
= logZ(e) —logZ

where Z(e) =5, fﬂ exp {—E(x, h)} dx. The gradient of log Z(e) w.r.t. the mapping parameter
Wik reads

—1
Ow,, log Z(e) =

exp {-E(x,h)} 0w, E(x, h)dx

_ —Z/ P(z,h | €)0w,, E(x, h)dz (10)

where we have moved the constant Z~1(e) into the sum and integration and make use of the fact that

P(xz,h)
Ple)  Z(e)

P(x,h|e) = exp{—E(x,h)} (11)

where the domain of the Gaussian is constrained to € €2(e).



From the definition of the energy function in Eq. (2), we know that the energy is decomposable,
and thus the gradient w.r.t. W;;, only involves the pair (x;, hy). In particular

8WikE(:B, h) = —xihk

This simplifies Eq. (10)

Ow,, logZ(e) = — o )P(wi,hk | e)ow,, E(x, h)dz;
h; €

= Epnle) [©ilu]
A similar process would lead to
Ow,, log Z = Ep(y, n) [wihi]
and finally:

Owi L = Ep,hyle) [Tilk] — Ep, hy) [Tihe] &

2.2 Regularising the Markov Chains

One undesirable feature of the MCMC chains used in learning we have experiences so far is the ten-
dency for the binary hidden states to get stuck, i.e., after some point they do not flip their assignments
as learning progresses. We conjecture that this phenomenon may be due to the saturation effect inher-
ent in the factor posterior:

1
Py =1]z) 1+ exp (= — > Wikzi)
i.e., once the collected value to a node (v, + > ; Wira;) is too high or too low, it is very hard to over
turn.
Fortunately, there is a known technique to regularise the chain: we enforce that at a time, there
should be only a fraction p of nodes which are active, where p € (0,1). One way is to maximise the
following objective function

Ly = £+>\/ >3 () log P(hy | ) | P(x | e)da
k  hg

where A > 0 is the weighting factor, p(hy) = p if hy = 1 and p(hy) = 1 — p otherwise.
The gradient with respect to g, = (v + >_; Wixx;) is then



g Lo = 8gk£+)\/ 8gk2p(hk)logP(hk | )| P(x|e)dx
hi

9L+ [ [~ Pk | @)] Plale)da
1
~ O L+ gAY [p — P(h | a,-<8>)}

where S is the number of samples and P(h} | ) is a shorthand for P(hy = 1 | ). Using the chain
rule, we have:

0Ly ~ 0Lt gAY [o— P 2®)

Ol = Oupult gh > [0 = P(1L | &)

2.3 Online Estimation of Posteriors

For tasks such as data completion (e.g., collaborative filtering) we need the posteriors P(h | e) for
the prediction phase. One way is to run the Markov chain or doing mean-field from scratch. Here
we suggest a simple way to obtain an approximation directly from the training phase without any
further cost. The idea is to update the estimated posterior h at each learning step t in an exponential
smoothing fashion:

> (1)

i r (1)

— nﬁ(til) +(1—=n)h

for some smoothing factor n € (0,1) and initial fz(o)

sampled Gaussian at time ¢.
As learning progresses, early samples, which are from incorrect models, will be exponentially
weighted down. Typically we choose 7 close to 1, e.g., n = 0.9.

, Where 71,(5) = P(h} | ®,e) and  is the

2.4 Monitoring the Learning Progress

It is often of practical importance to track the learning progress, either by the reconstruction errors or
by the data likelihood. The data likelihood can be estimated as

Ple) ~ %Z P(a | h®)da

S
s=1 Q(e)

where h(*) are those samples collected as learning progressed in the data-independent phase, and the
integration can be carried out using the technique described in the main text.



3 Extreme Value Distributions

Extreme value distributions are a class of distributions of extremal measurements Gumbel [1958].
Here we are concerned about the popular Gumbel’s distribution.

3.1 Gumbel Distribution for Categorical Choices

Let us start from the Gumbel density function

P(z) = iexp{_ (f:ﬂ +€_m;u>}

where 1 is the mode (location) and o is the scale parameter.

T—p

Using Laplace’s approximation (e.g., via Taylor’s expansion of (% +e o ) using the second-
order polynomial around (), we have

P(x)oclexp{—w}

eo 202

Renormalising this distribution, e.g., by replacing e ~ 2.7183 by V27 ~ 2.5066 we obtain the
standard Gaussian distribution. Thus, we can use the Gumbel as an approximation to the Gaussian
distribution.

Now we turn to the categorical model using Gumbel variables. We maintain one variable per
category, which plays the role of the utility for the category. Assume that all utilities share the same
scale parameter o. The existing literature McFadden [1973] asserts that the probability of choosing

the m-th category is
eNM/"

Ple=cm) = S enilo

where (1 is the location of the [-th utility.

When we choose a the m-th category we must ensure that z,,, > max;, ;.

Let y; = exp (—%) or equivalently z; = u; — o logy;. Thus x; < x,, means y; — ology; <
fim — 0108 Yy, OF Yy > Yy exp (HLL™ ).

The CDF of the [-th Gumbel distribution is

_Tm—H]

Fan) = exp(—e 7"
_Tm—pm HlI—HmM
= exp (—6 o e o )

Kl —Hm
= exp <—ym6 o >




Thus choosing category c,, would mean

Ple=cy) = / Pla) 1171 /mp(xl)dxl drm

= /P(:Um) H Fi(zp)dx,
l#m

We rewrite the Gumbel density function by changing variable from x,,, to y,:
1
P(Ym) = —Ym exp {~Ym}

for y,,, > 0. Thus

1 Kl —Hm
Plan) T] Fin) = Sexp (=g {14 30 ¢
l#m l#m

Now, by changing variable under the integration from x,,, to y,,, we have

> 1
Ple=cn) = o [ Plum) T] Ao

l#m
o0 —Hm
= / exp | —ym 4§ 1+ Z e dym
0 I#m
_ 1
- Hy—Km

ekm /U
Zl eﬂl/a
3.2 Gumbel Distribution for Rank

We now extend the case of categorical evidences rank evidences. Again we maintain one Gaussian
variable per category. Without loss of generality, for a particular rank m we assume that we must
ensure that 1 > x2 > ... > xp. This is equivalent to

I:.%'l > maxa:l} N I:xg > maxa:l} n..N [xD_l > I'D]
>1 1>2

The probability of this is essentially

P ({em=m}B_y) = Pler =1) [] P (e =m | {ea =1}77")

m>2
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In words, this offers a stagewise process to rank categories: first we pick the best category, the
pick the second best from the remaining categories and so on (see also Fligner and Verducci [1988]).
The probability of picking the best category out of a subset is already given in Appendix 3.1:

et/
N Ve
m— eﬂ/m/o—
P (6[ =m | {ed = l}lzll) = W
>m

This gives us the Plackett-Luce model Luce [1959], Plackett [1975] as mentioned in Stern [1990].

4 Global Attitude: Sample Questions

e Q4 (Ordinal): [...] how would you describe the current economic situation in (survey country)
— {very good, somewhat good, somewhat bad, or very bad}?

e Ql1la (Binary): How do you think people in other countries of the world feel about China? —
{like, disliked}?

o Q35,35a (Category-ranking): Which one of the following, if any, is hurting the world’s envi-
ronment the most/second-most {India, Germany, China, Brazil, Japan, United States, Russia,
Other}?

e Q76 (Continuous): How old were you at your last birthday?

e Q85 (Categorical): What is your current employment situation {A list of employment cate-
gories}?

5 Other Supporting Materials

5.1 Laplace Approximation

Laplace approximation is the technique using a Gaussian distribution to approximate another distribu-
tion. For the univariate case, assume that the original density distribution has the form

P(z) o exp{—f(z)}

First we find the mode p of P(z) or equivalently the minimiser of f(z) given it exists. Then we apply
Taylor’s expansion
(z — )’

flx) = f(p) + (1) 5
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The Gaussian approximation has the form

N2
P%w)aexp{—f%u%x:;”}

where 1/f”(u) is the new variance.

5.2 Some Properties of the Truncated Normal Distribution

For a normal distribution P(x|u, o) of mean p and standard deviation o truncated from both sides,
ie., a < x < (3, the new density reads

- _ Q(z")
P bt 0) = S 1650 —a(a)
where
IL‘* — I'—,U’ a*:a_ﬂ; B*:B_M
g g g

and Q(-) and ®©(-) are the probability density function and the cumulative distribution of the standard
normal distribution, respectively. In particular, we are interested in the mean of the distribution P, g):

a* _ *
e QM) Q8
(5*) — ()
Some special cases:

e When o = §3, this distribution reduces to the Dirac’s delta.

e When o« = —o0, we have a one-sided truncation from above since ®(a*) = 0.

e When 3 = 400, we obtain a one-sided truncation form below since ®(5*) = 0.
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