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Abstract
In this paper, we develop a novel approach for
sparse uncorrelated linear discriminant analysis (ULDA). Our proposal is based on characterization of all solutions of the generalized ULDA. We incorporate sparsity into the
ULDA transformation by seeking the solution with minimum `1 -norm from all minimum dimension solutions of the generalized
ULDA. The problem is then formulated as
a `1 -minimization problem and is solved by
accelerated linearized Bregman method. Experiments on high-dimensional gene expression data demonstrate that our approach
not only computes extremely sparse solutions
but also performs well in classification. Experimental results also show that our approach can help for data visualization in lowdimensional space.

1. Introduction
Linear discriminant analysis (LDA) is a popular tool
for both classification and dimension reduction that
seeks an optimal linear transformation of the data into a low-dimensional space, where the data achieves
maximum class separability (Fukunaga, 1990; Hastie
et al., 2009). The optimal transformation is computed by solving a generalized eigenvalue problem. LDA
has been widely employed in numerous applications
in science and engineering, including microarray data analysis, information retrieval and face recognition.
Despite the simplicity and popularity of LDA, there
are two deficiencies that restrict its application in highdimensional data analysis, where the dimension of the
data space is usually thousands. One deficiency is that
the classical LDA can not be applied directly to undersampled problems, that is, the dimension of the data
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space is larger than the number of data samples, due
to singularity of the scatter matrices; the other is the
lack of sparsity in the LDA solution.
To overcome the first problem, many extensions
of the classical LDA have been proposed. These
extensions include uncorrelated LDA (ULDA) (Jin
et al., 2001; Ye, 2005; Chu et al., 2011), regularized LDA (Friedman, 1989), GSVD-based LDA
(LDA/GSVD)(Howland & Park, 2004), and least
squares LDA (Ye, 2007). Of these approaches, ULDA
has an advantage over other approaches, that is, the
feature vectors extracted by ULDA are mutually uncorrelated in the low-dimensional space. This property
is highly desirable for feature extraction in many applications in order to contain minimum redundancy (Ye
et al., 2004; 2006).
Sparsity in the LDA solution is generally desirable for
high-dimensional data analysis as it makes the interpretation of the extracted features much easier. For
LDA, each extracted feature in the transformed space
is a linear combination of all the features of original
data and the coefficients of such linear combination are
generally nonzero, which makes the interpretation of
the extracted features difficult. To overcome this problem, many attempts have been made to incorporate
sparsity into the LDA transformation, for instance,
the greedy algorithms ESLDA and GSLDA (Moghaddam et al., 2006), the Penalized LDA (PLDA) (Witten & Tibshirani, 2011), and the Sparse Discriminant
Analysis (SLDA) (Clemmensen et al., 2011). Almost
all existing sparse LDA algorithms introduce sparsity by adding `1 penalty (i.e., Lasso penalty (Tibshirani, 1996)) or its variants of the transformation matrix to objective functions, and thus, the computed
sparse transformation is not a solution of LDA but an
approximation. Besides interpretability, sparse LDA
may be motivated by robustness to the noise, or computational efficiency in prediction. Some significant
applications of sparse LDA can be found in (Dundar
et al., 2005; Fung & Ng, 2007; Wu et al., 2009).
In this paper we study sparse ULDA (SULDA) which
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extracts mutually uncorrelated features and computes
sparse LDA transformation, simultaneously. We first
characterize all solutions of the generalized ULDA via solving the optimization problem proposed in (Ye,
2005), then compute the sparse solution of ULDA by
finding the minimum `1 -norm solution from all the
solutions with minimum dimension. Finding minimum `1 -norm solution can be formulated as a `1 minimization problem, which is solved by Accelerated Linearized Bregman method (Yin et al., 2008; Cai
et al., 2009; Yin, 2010; Huang et al., 2011). Different from existing sparse LDA algorithms, our approach
seeks a sparse solution of ULDA directly from the solution set of ULDA, so the computed sparse transformation is a solution of ULDA, which further implies
that the extracted features by SULDA are mutually
uncorrelated.
This paper is organized as follows. We briefly review
LDA and ULDA in Section 2 and derive a characterization of all solutions of generalized ULDA In Section
3. Based on the characterization we develop a novel sparse ULDA algorithm SULDA in Section 4, then test
SULDA on real world data and compare its performance with existing sparse LDA algorithms in Section
5. Finally, we conclude this paper in Section 6.

2. Overview of LDA and ULDA
Given a data matrix A ∈ Rm×n consisting of n samm
A = [a1 a2 · · · an ] =
ples from R . We assume

A1 A2 · · · Ak , where aj ∈ Rm (1 ≤ j ≤ n),
n is the sample size, k is the number of class and
Ai ∈ Rm×ni with ni denoting the
Pknumber of data
in the ith class. So we have n = i=1 ni . Classical
LDA aims to compute an optimal linear transformation GT ∈ Rl×m that maps ai in the m-dimensional
space to a vector aL
i in the l-dimensional space
l
GT : ai ∈ Rm → aL
i ∈R ,

where l  m, so that the class structure in the original
data is preserved in the l-dimensional space.
In discriminant analysis (Fukunaga, 1990), the
between-class scatter matrix Sb , within-class scatter
matrix Sw and total scatter matrix St are defined as:
k

Sb =

Sw =

1X
ni (c(i) − c)(c(i) − c)T ,
n i=1
k
1X X
(aj − c(i) )(aj − c(i) )T ,
n i=1
aj ∈Ai

n
1X
St =
(aj − c)(aj − c)T ,
n j=1

where c(i) = n1i Ai ei with ei = [1 · · · 1]T ∈ Rni
denotes the centroid of class i and c = n1 Ae with
e = [1 · · · 1]T ∈ Rn denotes the global centroid. It follows from the definition that St = Sb + Sw . Moreover,
let
√
1 √
Hb = √ [ n1 (c(1) − c) · · · nk (c(k) − c)] ∈ Rm×k ,
n
1
Hw = √ [A1 − c(1) eT1 · · · Ak − c(k) eTk ] ∈ Rm×n ,
n
1
Ht = √ [a1 − c · · · an − c] = A − ceT ∈ Rm×n ,
n
then the scatter matrices can be expressed as
Sb = Hb HbT ,

Sw = Hw HwT ,

St = Ht HtT .

(1)

Trace of the scatter matrices can be used to measure the quality of the class structure, where Trace(Sb )
measures the distance between classes and Trace(Sw )
measures the closeness of the data within the classes
over all k classes.
In the low-dimensional space mapped by the linear
transformation GT ∈ Rl×m , the between-class, withinclass and total scatter matrices are of the forms
SbL = GT Sb G,

L
Sw
= GT Sw G,

StL = GT St G.

An optimal transformation GT should maximize
L
) simultaneously,
Trace(SbL ) and minimize Trace(Sw
which results in a common criterion for classical LDA:
G∗ = arg max{Trace((StL )−1 SbL )}.
G

(2)

In classical LDA (Fukunaga, 1990), the optimization
problem above is solved by computing all the eigenpairs
Sb x = λSt x, λ 6= 0,
and thus, the optimal G∗ consists of eigenvectors of
St−1 Sb corresponding to all nonzero eigenvalues, provided that St is nonsingular. Since rank(Sb ) ≤ k − 1,
the reduced dimension by classical LDA is at most
k − 1. Classical LDA can not be applied directly when
St is singular, which is the case for undersampled problems.
To deal with the singularity of St , many generalizations of classical LDA have been proposed. One popular generalization is the generalized ULDA (Ye, 2005;
Jin et al., 2001)
G∗ = arg
= arg

max

Trace((StL )(+) SbL )

max

Trace(SbL ),

GT St G=I
GT St G=I

(3)
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where (StL )(+) denotes the pseudo-inverse (Golub &
Loan, 1996) of StG . Due to the constraint GT St G = I,
the extracted features are mutually uncorrelated in
the l-dimensional space. An algorithm, based on the
simultaneous diagonalization of the scatter matrices,
was proposed in (Ye, 2005) for computing the optimal solution of optimization problem (3). Recently,
an eigendecomposition-free and SVD-free ULDA algorithm was developed in (Chu et al., 2011) to improve
the efficiency of the generalized ULDA. Some applications of ULDA can be found in (Jin et al., 2001; Ye
et al., 2004; 2006).

3. Characterization of all solutions of
generalized ULDA
We characterize all solutions of the optimization problem (3) explicitly in Theorem 1, which is based on
singular value decomposition (SVD) (Golub & Loan,
1996) and simultaneous diagonalization of scatter matrices. The detailed proof is given in the Appendix.
Theorem 1. Let the reduced SVD of Ht be
Ht = U1 Σt V1T ,

Corollary 2. G ∈ Rm×l is a minimum dimension
solution of the optimization problem (3) if and only if
l = q and
G = (U1 Σ−1
(7)
t P1 + M2 )Z,
where M2 ∈ Rm×q is any matrix satisfying MT2 U1 =
0 and Z ∈ Rq×q is orthogonal.
Another motivation for considering minimum dimension solutions of (3) is that results in (Chu et al.,
2011) show that among all solutions of the optimization problem (3), minimum dimension solutions maxL
imize the ratio Trace(SbL )/Trace(Sw
), which is also
an important measure of class discrimination in LDA
(Fukunaga, 1990).
From both equations (6) and (7), we see that the optimal solution G∗ of generalized ULDA
equals

 to the
P
M
summation of two factors, U1 Σ−1
Z in the
1
1
t
range space of St and M2 Z in the null space of St .
Since the factor M2 Z belongs to null(Sb ) ∩ null(Sw ),
it does not contain discriminative information. However, with the help of factor M2 Z we can construct a
sparse solution of ULDA in the next section.

(4)

4. Sparse ULDA

where U1 ∈ Rm×γ and V1 ∈ Rn×γ are column orthogonal, and Σt ∈ Rγ×γ is diagonal and nonsingular with
γ = rank(Ht ) = rank(St ). Next, let the reduced SVD
T
of Σ−1
t U1 Hb be

Note from Corallary 2 that G is a minimum dimension
solution of the optimization problem (3) if and only if
equality (7) holds, which is equivalent to

T
T
Σ−1
t U1 Hb = P1 Σb Q1 ,

T
U1T G = Σ−1
t P1 Z, Z Z = I.

(5)

where P1 ∈ Rγ×q , Q1 ∈ Rk×q are column orthogonal, Σb ∈ Rq×q is diagonal and nonsingular. Then
q = rank(Hb ) = rank(Sb ), and G is a solution of the
optimization problem (3) if and only if q ≤ l ≤ γ and



P1 M1 + M2 Z,
G = U1 Σ−1
(6)
t
where M1 ∈ Rγ×(l−q) is column orthogonal satisfying MT1 P1 = 0, M2 ∈ Rm×l is an arbitrary matrix
satisfying MT2 U1 = 0, and Z ∈ Rl×l is orthogonal.
A similar result as Theorem 1 has been established
in (Chu et al., 2011), where the optimal solution to
the optimization problem (3) is computed by means
of economic QR decomposition with/without column
pivoting.
When we compute the optimal linear transformation
G∗ of LDA for data dimensionality reduction, we prefer the dimension of the transformed space to be as
small as possible. Hence, we parameterize all minimum dimension solutions of the optimization problem
(3) in Corollary 2 which is a special case of Theorem
(1) with l = q.

(8)

The main idea of our sparse ULDA algorithm is to
find the sparsest solution of ULDA from all G satisfying (8). A natural way to do this is to find a matrix
G that minimizes the `0 -norm (cardinality). However, `0 -norm is non-convex and NP-hard. Therefore, in
our sparse ULDA, we replace the `0 -norm with its convex relaxation `1 -norm, which results in the following
optimization problem
G∗ = arg

min

G∈Rm×q

s.t.

kGk1
T
U1T G = Σ−1
t P1 Z, Z Z = I

where kGk1 is defined as kGk1 =

Pm Pq
i=1

j=1

(9)
|Gij |.

Note that Z ∈ Rq×q in (9) is orthogonal. However, on
one hand, there still lack numerically efficient methods for solving optimization problems over the set of
orthogonal matrices. On the other hand, it can introduce at most q 2 additional zeros in G by optimizing
Z over all q × q orthogonal matrices assuming the the
zero structure of the previous G is not destroyed; but,
usually, q < k << m, so the number of the additional
zeros in G introduced by optimizing Z is very small
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compared with mq. So it is acceptable that G∗ in (9) is
computed with a fixed Z (Z = Iq in our experiments).
When q = 1, the `1 -minimization problem (9) is reduced to the basis pursuit problem
x∗1 = arg min{kxk1 : x ∈ Rn , Ax = b},

(10)

which has been studied extensively (Yin et al., 2008;
Cai et al., 2009; Yin, 2010; Huang et al., 2011). This
means that the numerical methods for solving (10) can
be automatically extended to solve (9).
The linearized Bregman method (Yin et al., 2008; Cai
et al., 2009; Yin, 2010) is considered as one of the
most powerful methods for solving problem (10), and
it has been accelerated in a recent study (Huang et al.,
2011). The accelerated linearized Bregman method for
(10) is:
 k+1
= δSµ (ṽ k ),
 x
k+1
v
= ṽ k − τ AT (Axk+1 − b), k ≥ 0,
(11)
 k+1
ṽ
= αk v k+1 + (1 − αk )v k ,
0

0

T

where ṽ = v = τ A b, δ, µ and τ are positive parameters, αk = 2k+3
k+3 and Sµ (·) is the componentwise
soft-thresholding operator
Sµ (x) = sign(x)

max{|x| − µ, 0}.

Extending the accelerated linearized Bregman method
(11) to the optimization problem (9), we get an analogue as follows:
 k+1
= δSµ (Ṽ k ),
 G
k+1
(12)
V
= Ṽ k − τ U1 (U1T Gk+1 − Σ−1
t P1 Z),
 k+1
Ṽ
= αk V k+1 + (1 − αk )V k ,

Algorithm 1 Sparse ULDA (SULDA)
Input: data A ∈ Rm×n and tolerance  > 0
Compute the reduced SVDs (4) and (5)
Let Z = Iq , Ṽ 0 = V 0 = τ U1 Σ−1
t P1 Z
repeat
Compute Gk+1 by (12)
error = kU1T Gk+1 − Σ−1
t P1 ZkF
until error ≤ 
Output: Gk+1
that is,
lim kGk − G∗µ kF = 0.

k→∞

Moreover, we have
lim kG∗µ − G∗ kF = 0.

µ→∞

In particular, for any fixed δ, there exists a finite µ∗
such that
G∗µ = G∗ , ∀µ ≥ µ∗ .
Theorem 3 shows that the sequence {Gk } generated
by accelerated linearized Bregman method converges
to the unique solution of (13). Moreover, if µ is large
enough, then the limit point of {Gk } is the solution of
(9) that has the minimal Frobenius norm.
We are now ready to present our sparse ULDA algorithm, which is described in Algorithm 1. In Algorithm
1, we adopt the following stopping criterion
kU1T Gk − Σ−1
t P1 ZkF ≤ ,

(14)

where  > 0 is a tolerance parameter. Let
∆k = U1T Gk − Σ−1
t P1 Z,
then U1T Gk = ∆k + Σ−1
t P1 Z, k∆k kF ≤ , and

where Ṽ 0 = V 0 = τ U1 Σ−1
t P1 Z.

(Gk )T St Gk = Iq +∆Tk Σt P1 Z+Z T P1T Σt ∆k +∆Tk Σ2t ∆k .

The convergence of the accelerated linear Bregman
method is given in the following theorem which is a
natural extension of results in (Cai et al., 2009; Yin,
2010; Huang et al., 2011).

The deviation of GT St G from Iq at the kth iteration
can be measured by

Theorem 3. Assume that 0 < δ <
1
δ,

∗

1
k(U1T )(U1T )T k2

= 1,

0<τ <
and denote G as the solution of optimization problem (9) that has the minimal Frobenius norm
among all solutions, that is
G∗ = arg min{kGkF : G solves (9)}.
Then the sequence {Gk } generated by (12) converges
to the unique solution of the optimization problem
G∗µ = arg min{µkGk1 +

k(Gk )T St Gk − Iq kF
√
q

1
kGk2F : Σt U1T G = P1 Z},
2δ
(13)

≤

k∆Tk Σ2t ∆k kF + 2kZ T P1T Σt ∆k kF
√
q

kΣt k22 k∆k k2F + 2kΣt k2 k∆k kF
√
q
kΣt k2 k∆k kF (2 + kΣt k2 k∆k kF )
=
√
q
kHt k2 (2 + kHt k2 )
≤
= O().
√
q
≤

(15)

Thus, it is expected that the extracted features are
well uncorrelated if the tolerance  is small enough.
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5. Experimental Results

‘# Variable’ denotes the number of selected variables.

This section presents some experimental results comparing SULDA with other two sparse LDA algorithms,
PLDA (Witten & Tibshirani, 2011) and SLDA (Clemmensen et al., 2011). PLDA applies a Lasso penalty
in Fisher’s LDA framework, where the within-class scatter matrix is approximated by its diagonal. SLDA
applies an elastic net penalty to the Optimal Scoring problem. The codes of PLDA1 and SLDA2 are
publicly avaiable from the authors in R and MATLAB,
respectively.

We can observe from Table 2 that the overall performance of SULDA is better than the other two algorithms. In particular, SULDA achieves the highest
classification accuracy for all data sets, followed by
SLDA which achieves higher accuracy than PLDA. Regarding sparsity and the number of selected variables,
SLDA and SULDA compute solutions with much higher sparsity than PLDA and select less variables, and
SULDA achieves slightly higher sparsity than SLDA.
An important advantage of SULDA over the other two
algorithms is that the extracted features in the lowdimensional space are mutually uncorrelated. We see
from the ‘Orthogonality’ column of Table 2 that for
kGT St G−Iq kF
√
= O(), which is consistent with
SULDA
q
error bound (15). However, for the other two algo-

In the implementation of SULDA, we selected tuning
parameters δ = 0.9, τ = 1 (< 1δ ) and  = 10−5 .
The tuning parameter of PLDA was selected by 10fold cross-validation, while the tuning parameters of
SLDA were selected so that the computed transformation has comparable spasity with SULDA.
We performed our experimental studies using five gene
expression data sets: Colon, Leukemia, Prostate, SRBCT and Brain. Each data set was randomly split
into training and test data using the following algorithm: within each class with ni data, we randomly
select d0.5ni e of them as training data and the rest
as testing data. The splitting was repeated 10 times.
The statistics of the data sets are listed in Table 1.
Table 1. Data stuctures: data dimension (m), training size
(n), the number of classes (k) and the number of testing
data (# Test).
Data set
Colon
Leukemia
Prostate
SRBCT
Brain

m
2000
3571
6033
2308
5597

n
31
37
51
32
21

k
2
2
2
4
5

# Test
31
35
51
31
21

The results are summarized in Table 2, where ‘Accuracy’ denotes the classification accuracy obtained by
1NN classifier for SLDA and SULDA, ‘Sparsity’ denotes the percentage of zero entries in the solution G,
that is,
Sparsity =

the number of zeros in G
× 100%,
m∗q

‘Orthogonality’ measures the difference between
GT St G and Iq which is defined as
Orthogonality =

kGT St G − Iq kF
,
√
q

1
http://cran.r-project.org/web/packages/
penalizedLDA
2
http://www2.imm.dtu.dk/pubdb/views/
publication_details.php?id=5671

kGT S G−I k

t
q F
√
rithms
is relatively large, which implies
q
that the extracted features are far away from uncorrelated.

A 2-dimensional visualization of the SRBCT data is
shown in Figure 1, where the sample data were projected onto the first two sparse discriminant vectors (i.e.,
l = 2) computed by PLDA, SLDA and SULDA. We
can see from Figure 1 that SULDA has the best class
discrimination quality in the 2-dimensional space. For
PLDA, class 1 and 4 intersect, while for SLDA, class
3 and 4 intersect. However, for SULDA, classes are
well separated from each other and data points in the
same class are close (training data from the same class
were projected to the same point). In fact, when the
training data consists of n linearly independent data,
which is the case in our experiments, we can prove
that γ = rank(St ) = n − 1, q = rank(Sb ) = k − 1
and rank(St ) = rank(Sb ) + rank(Sw ). In this case, the
minimum dimension solutions G of ULDA belongs to
range(Sb ) ∩ null(Sw ), which implies that GT Hw = 0,
and
GT aj = GT c(i)

∀aj ∈ Ai (1 ≤ i ≤ k),

that is, all training data form the same class (class i)
are projected to the same point (GT c(i) ).

6. Conclution and Future Work
In this paper, we develop SULDA, an efficient algorithm that performs sparse uncorrelated LDA, based on
the characterization of solutions of generalized ULDA.
Specifically, we characterize all solutions of the optimization criterion (3) of generalized ULDA. Based on
the characterization we incorporate sparsity into the
transformation matrix by selecting the solution with
minimum `1 -norm from all minimum dimension solu-
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Table 2. Numerical results for gene data over 10 training-test set splits: mean (and standard deviation) of classification
accuracy, sparsity, orthogonality and the number of selected variables.

Colon
PLDA
SLDA
SULDA
Leukemia
PLDA
SLDA
SULDA
Prostate
PLDA
SLDA
SULDA
SRBCT
PLDA
SLDA
SULDA
Brain
PLDA
SLDA
SULDA

Accuracy (%)

Sparsity (%)

Orthognality

# Variable

79.68 (4.82)
80.97 (5.15)
83.87 (4.81)

71.06 (8.41)
97.94 (6.00e-4)
98.49 (2.42e-4)

37.60 (8.86)
9.47 (1.64)
3.38e-6 (2.51e-6)

578.9 (168.2)
41.1 (1.2)
30.3 (0.5)

91.43 (9.62)
94.00 (2.84)
94.86 (2.95)

75.94 (8.50)
98.95 (4.01e-4)
98.99 (8.86e-5)

81.40 (29.24)
26.97 (6.35)
2.46e-6 (2.12e-6)

859.3 (303.4)
37.5 (1.4)
36.1 (0.3)

76.67 (14.95)
90.20 (3.20)
91.37 (3.94)

83.24 (11.29)
97.97 (2.10e-4)
99.17 (1.17e-16)

66.57 (44.87)
15.42 (1.54)
4.69e-6 (4.27e-6)

1,011.4 (681.2)
122.5 (1.3)
50 (0)

95.48 (4.35)
97.74 (2.18)
99.35 (1.36)

82.71 (6.14)
97.92 (2.26e-4)
98.65 (7.61e-05)

30.65 (9.47)
36.34 (5.03)
3.91e-6 (1.59e-6)

962.8 (324.8)
139.8 (2.7)
79.6 (3.7)

45.24 (35.23)
79.05 (8.16)
80.00 (6.66)

86.33 (18.30)
98.99 (6.40e-5)
99.64 (5.07e-5)

36.96 (47.17)
6.57 (0.49)
7.49e-6 (2.47e-6)

1,762.7 (2292.7)
223.7 (2.3)
77.4 (2.6)

SLDA

PLDA

SULDA

12

15

0.4

class 1
class 2
class 3
class 4

10
8

5

0

−5
class 1
class 2
class 3
class 4

−10

−15
−14

−12

−10

class 1
class 2
class 3
class 4

0.3

6

2nd discriminant vector

2nd discriminant vector

2nd discriminant vector

10

4
2
0
−2

0.2

0.1

0

−0.1

−4
−0.2

−6
−8

−6
−4
−2
1st discriminant vector

0

2

4

6

−8
−5

0

5
10
1st discriminant vector

15

20

−0.4

−0.3

−0.2

−0.1
0
0.1
1st discriminant vector

0.2

0.3

0.4

Figure 1. 2D visualization of the SRBCT data: the samples are projected onto the first two sparse discriminant vectors
obtained by PLDA (left), SLDA (middle) and SULDA (right), respectively.

tions of ULDA. The resulting `1 -minimization problem
is solved by accelerated linearized Bregman method.
Different from existing sparse LDA algorithms,
SULDA seeks a sparse solution directly from the solution set of ULDA. Thus, the computed sparse transformation is a solution of ULDA, instead of an approximation. This implies that features extracted by
SULDA are mutually uncorrelated, which ensures minimum redundancy in the low-dimensional space.
Computationally, SULDA is easy to implement as it
requires only matrix factorization (SVD) and multiplication. The effectiveness of SULDA is supported by
experimental results using gene expression data. In
our experiments, SULDA consistently outperformed

its competitors in terms of both classification accuracy and interpretability (sparsity and number of used
variables). The resulting sparse transformation can also be used to visualize observations and inspect class
discrimination in the low-dimensional space.
In the derivation of SULDA, we fixed the orthogonal
matrix Z. One future focus is to consider arbitrary
orthogonal Z and select the sparse solution of ULDA
from a larger solution set. Another potential extension
is to consider sparse kernel LDA using similar idea.
Moreover, it is well-known that LDA tends to give undesired results if samples in a class form several separate clusters (i.e., multimodal), and many extensions
of LDA have been proposed to deal with this problem
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(Hastie & Tibshirani, 1996; Sugiyama, 2007). In the
future, we plan to extent the idea of SULDA to discriminant analysis approaches that can handle multimodal labeled data.
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we get that G ∈ Rm×l is a solution of optimization
problem (3) if and only if

Appendix
A. Proof of Theorem 1
Proof. Let U2 ∈ Rm×(m−γ) , V2 ∈ Rn×(n−γ) , P2 ∈
Rγ×(γ−q) and Q2 ∈ Rk×(k−q)
be column
orthogonal




U1 U2 , V = V1 V2 ,
matrices
such
that
U
=




P = P1 P2 and Q = Q1 Q2 are orthogonal,
respectively. Then, it is obvious that



 Σt 0 
T
V1 V2 ,
Ht = U1 U2
0 0

GT1 G1 + GT2 G2 = Il ,

Trace(GT1 Σ2b G1 ) = Trace(Σ2b ).

GT1 G1 + GT2 G2 = Il implies that l ≤ γ, and there
q×(γ−l)
exist G1 ∈
and G2 ∈ R(γ−q)×(γ−l) such that

 R
G1 G1
is orthogonal, which gives that G1 GT1 = Iq −
G2 G2
G1 G1T . Thus, we obtain
Trace(GT1 Σ2b G1 ) = Trace(Σ2b )

and

⇔ Trace(Σ2b G1 GT1 ) = Trace(Σ2b )


St = Ht HtT = U1 Σt


 Iγ
U2
0



0 
U 1 Σt
0

U2

T

⇔ G1 = 0

.

Note that St = Sb + Sw , St , Sb and Sw are all symmetric and positive semi-definite, and Sb = Hb HbT , so
Sb U2 = 0 and it holds that



 Sb 0 
T
U
Σ
U
U1 Σt U2 ,
Sb = 1 t
2
0 0
where
−1 T
T
T
Sb = (Σ−1
t U1 Hb )(Σt U1 Hb )

= (P1 Σb QT1 )(P1 Σb QT1 )T



 Σ2b 0 
T
P1 P2 .
= P1 P2
0 0


So, let Q = U1 Σt P1 U1 Σt P2 U2 , we have

 2


Σb 0 0
Iq
0
0
St = Q  0 Iγ−q 0 QT , Sb = Q  0 0 0 QT ,
0 0 0
0
0
0


2
Iq − Σb
0
0
Iγ−q 0 QT ,
Sw = St − Sb = Q  0
0
0
0

⇔ G1 GT1 = Iq ,
which, in return, implies q ≤ l ≤ γ, and
G ∈ Rm×l is a solution of optimization problem (3)
 
 T  
G1
G1
G1
⇔ G = Q−T G2  , G1 GT1 = Iq ,
= Il
G2
G2
G3

 
  

G1


G1
Iq 0

−T 


G2 ,
=
Z,
 G=Q
G2
0 G3
G3
⇔


q ≤ l ≤ γ, G3 ∈ R(γ−q)×(l−q) is column



orthogonal and Z ∈ Rl×l is orthogonal



P1 P2 G3 + U2 G3 Z,
⇔ G = U1 Σ−1
t
where in the last equality we used

−1
Q−T = U1 Σ−1
t P1 U 1 Σt P2


U2 .





Since P1 P2 and U1 U2 are orthogonal, it follows
that for any M1 ∈ Rγ×(l−q) and M2 ∈ Rm×l
M1 is column orthogonal, and MT1 P1 = 0

which yield q = rank(Sb ) = rank(Hb ), and
 2

Σb 0 0
(+)
St Sb = Q−T  0 0 0 QT .
0 0 0

and


T
For any G ∈ Rm×l , let QT G = GT1 GT2 GT3
where G1 ∈ Rq×l , G2 ∈ R(γ−q)×l and G3 ∈ R(m−γ)×l .
We have

Therefore, we have that G ∈ Rm×l is a solution of
optimization problem (3) if and only if q ≤ l ≤ γ and



P1 M1 + M2 Z,
G = U1 Σ−1
t

GT St G = GT1 G1 + GT2 G2 ,

⇔ M1 = P2 G3 , for some column orthogonal G3 ,

MT2 U1 = 0 ⇔ M2 = U2 G3 , for some G3 ∈ R(m−γ)×l .

GT Sb G = GT1 Σ2b G1 .

Since it has been shown in (Ye, 2005) that
(+)

max Trace((StL )+ SbL ) = Trace(St
G

Sb ) = Trace(Σ2b ),
(16)

where M1 ∈ Rγ×(l−q) is column orthogonal satisfying
MT1 P1 = 0, M2 ∈ Rm×l is an arbitrary matrix satisfying MT2 U1 = 0, and Z ∈ Rl×l is orthogonal.

