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Abstract

We study the problem of online learning with a notion of regret defined with respect to
a set of strategies. We develop tools for analyzing the minimax rates and for deriving
regret-minimization algorithms in this scenario. While the standard methods for mini-
mizing the usual notion of regret fail, through our analysis we demonstrate existence of
regret-minimization methods that compete with such sets of strategies as: autoregressive
algorithms, strategies based on statistical models, regularized least squares, and follow the
regularized leader strategies. In several cases we also derive efficient learning algorithms.

1. Introduction

The common criterion for evaluating an online learning algorithm is regret, that is the
difference between the cumulative loss of the algorithm and the cumulative loss of the best
fixed decision, chosen in hindsight. While much work has been done on understanding no-
regret algorithms, such a definition of regret against a fixed decision often draws criticism:
even if regret is small, the cumulative loss of a best fized action can be large, thus rendering
the result uninteresting. To address this problem, various generalizations of the regret
notion have been proposed, including regret with respect to the cost of a “slowly changing”
compound decision. While being a step in the right direction, such definitions are still
“static” in the sense that the decision of each compound comparator per step does not
depend on the sequence of realized outcomes.

Arguably, a more interesting (and more difficult to deal with) notion is that of performing
as well as a set of strategies (or, algorithms). A strategy 7 is a sequence of functions m,
for each time period ¢, mapping the observed outcomes to the next action. Of course,
if the collection of such strategies is finite, we may disregard their dependence on the
actual sequence and treat each strategy as a black box expert. This is precisely the reason
the Multiplicative Weights and other expert algorithms gained such popularity. However,
this “black box” approach is not always desirable since some measure of the “effective
number” of experts must play a role in the complexity of the problem: experts that predict
similarly should not count as two independent ones. But what is a notion of closeness of two
strategies? Imagine that we would like to develop an algorithm that incurs loss comparable
to that of the best of an infinite family of strategies. To obtain such a statement, one
may try to discretize the space of strategies and invoke the black-box experts method.
As we show in this paper, such an approach will not always work. Instead, we present a
theoretical framework for the analysis of “competing against strategies” and for algorithmic
development, based on the ideas in (Rakhlin et al., 2010, 2012).
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The strategies considered in this paper are termed “simulatable experts” in (Cesa-
Bianchi and Lugosi, 2006). The authors also distinguish static and non-static experts.
In particular, for static experts and absolute loss, Cesa-Bianchi and Lugosi (1999) were
able to show that problem complexity is governed by the geometry of the class of static
experts as captured by its i.i.d. Rademacher averages. For nonstatic experts, however, the
authors note that “unfortunately we do not have a characterization of the minimax regret
by an empirical process”, due to the fact that the sequential nature of the online problems
is at odds with the i.i.d.-based notions of classical empirical process theory. In recent years,
however, a martingale generalization of empirical process theory has emerged, and these
tools were shown to characterize learnability of online supervised learning, online convex
optimization, and other scenarios (Ben-David et al., 2009; Rakhlin et al., 2010). Yet, the
machinery developed so far is not directly applicable to the case of general simulatable ex-
perts which can be viewed as mappings from an ever-growing set of histories to the space of
actions. The goal of this paper is precisely this: to extend the non-constructive as well as
constructive techniques of (Rakhlin et al., 2010, 2012) to simulatable experts. We analyze
a number of examples with the developed techniques, but we must admit that our work
only scratches the surface. We can imagine further research developing methods that com-
pete with interesting gradient descent methods (parametrized by step size choices), with
Bayesian procedures (parametrized by choices of priors), and so on. We also note the con-
nection to online algorithms, where one typically aims to prove a bound on the competitive
ratio. Our results can be seen in that light as implying a competitive ratio of one.

We close the introduction with a high-level outlook, which builds on the ideas of Merhav
and Feder (1998). Imagine we are faced with a sequence of data from a probabilistic
source, such as a k-Markov model with unknown transition probabilities. A well developed
statistical theory tells us how to estimate the parameter under the assumption that the
model is correct. We may view an estimator as a strategy for predicting the next outcome.
Suppose we have a set of possible models, with a good prediction strategy for each model.
Now, let us lift the assumption that the sequence is generated by one of these models, and
set the goal as that of performing as well as the best prediction strategy. In this case, if
the observed sequence is indeed given by one of the models, our loss will be small because
one of the strategies will perform well. If not, we still have a valid statement that does not
rely on the fact that the model is “well specified”. To illustrate the point, we will exhibit
an example where we can compete with the set of all Bayesian strategies (parametrized by
priors). We then obtain a statement that we perform as well as the best of them without
assuming that the model is correct.

The paper is organized as follows. In Section 2, we extend the minimax analysis of
online learning problems to the case of competing with a set of strategies. In Section 3,
we show that it is possible to compete with a set of autoregressive strategies, and that
the usual online linear optimization algorithms do not attain the optimal bounds. We
then derive an optimal and computationally efficient algorithm for one of the proposed
regimes. In Section 4 we describe the general idea of competing with statistical models that
use sufficient statistics, and demonstrate an example of competing with a set of strategies
parametrized by priors. For this example, we derive an optimal and efficient randomized
algorithm. In Section 5, we turn to the question of competing with regularized least squares
algorithms indexed by the choice of a shift and a regularization parameter. In Section 6,
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we consider online linear optimization and show that it is possible to compete with Follow
the Regularized Leader methods parametrized by a shift and by a step size schedule.

2. Minimax Regret and Sequential Rademacher Complexity

We consider the problem of online learning, or sequential prediction, that consists of T’
rounds. At each time t = {1,...,T} = [T], the learner makes a prediction f; € F and
observes an outcome z; € Z, where F and Z are abstract sets of decisions and outcomes.
Let us fix a loss function £: F x Z — R that measures the quality of prediction. A strategy
T = (ﬂt)gll is a sequence of functions m; : 2! — F mapping history of outcomes to a
decision. Let II denote a set of strategies. The regret with respect to II is the difference
between the cumulative loss of the player and the cumulative loss of the best strategy

T T
Regr = > U(fi,2¢) — inf Y 0(m(21:4-1), 2t).

t=1 mell =1
where we use the notation zy. = {21,...,2r}. Let @ = A(F) and P = A(Z) be the sets of
probability distributions on F and Z. We now define the value of the game against a set 11
of strategies as

Vr(II) 2 inf sup E ... inf sup E [Regr] .
@1€Q z1€Z fi~rqr  qreQzreZ fr~qr

It was shown in (Rakhlin et al., 2010; Abernethy et al., 2009) that one can derive non-
constructive upper bounds on the value through a process of sequential symmetrization,
and in (Rakhlin et al., 2012) it was shown that these non-constructive bounds can be used
as relaxations to derive an algorithm. This is the path we take in this paper.

Let us describe an important variant of the above problem — that of supervised learn-
ing. Here, before making a real-valued prediction ¢; on round t, the learner observes side
information z; € X. Simultaneously, the actual outcome y; € ) is chosen by Nature. A
strategy can therefore depend on the history x1.+-1,%1:¢-1 and the current z;, and we write
such strategies as (@14, y14-1), with m : X¥ x Y71 > Y. Fix some loss function £(g,%).
The value V2 (I1) is then defined as

T T
sup inf sup E ...sup inf sup E Z@(g}t,yt) — inf Zﬁ(m(ml;t,ylzt_l),yt)
1 q1eA(Y) y1€Y G1~q1 zr greA(Y) yreY dr~qr Lt=1 mell =1
To proceed, we need to define a notion of a tree. A Z-valued tree z is a sequence of
mappings {z1,...,zr} with z; : {£1}"! = Z. Throughout the paper, ¢; € {1} are i.i.d.
Rademacher variables, and a realization of € = (€1, ...,ep) defines a path on the tree, given
by z1:(€) = (z1(€),...,2:(€)) for any ¢ € [T']. We write z,(¢) for z;(€14-1). By convention,
a sum ZZ =0 for a > b and for simplicity assume that no loss is suffered on the first round.

Definition 1 Sequential Rademacher complezity of the set I of strategies is defined as

T
(L, 11) = supEcsup | Y el (me(wi(e). ... wir (€)) . ze()) (1)

W,z mell | ¢=1

where the supremum is over two Z-valued trees z and w of depth T.
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The w tree can be thought of as providing “history” while z providing “outcomes”. We
shall use these names throughout the paper. The reader might notice that in the above
definition, the outcomes and history are decoupled. We now state the main result:

Theorem 2 The value of prediction problem with a set Il of strategies is upper bounded as
Vr(IT) < 2R(¢,10) .

While the statement is visually similar to those in Rakhlin et al. (2010, 2011), it does not
follow from these works. Indeed, the proof (which appears in Appendix) needs to deal with
the additional complications stemming from the dependence of strategies on the history.
Further, we provide the proof for a more general case when sequences zi,...,zr are not
arbitrary but need to satisfy constraints.

As we show below, the sequential Rademacher complexity on the right-hand side allows
us to analyze general non-static experts, thus addressing the question raised in (Cesa-
Bianchi and Lugosi, 1999). For real-valued strategies, we can “erase” a Lipschitz loss
function, leading to the sequential Rademacher complexity of I without the loss and without
the z tree: .

R(II) £ supR(II,w) = sup E. sup [Z etwt(wl;tl(e))]
w w mell | ¢=1
For example, suppose Z = {0,1}, the loss function is the indicator loss, and strategies have
potentially dependence on the full history. Then one can verify that

T
supE, sup [Z el {m(wi-1(€)) # Zt(ﬁ)}]

W,z mellk Lt=1

T
=sup E, sup [Z et(m(Wi-1(€)) (1 - 224 (€) ) + zt(e))] =R(1I) . (2)
The same result holds when F = [0,1] and ¢ is the absolute loss. The process of “erasing
the loss” (or, contraction) extends quite nicely to problems of supervised learning. Let us
state the second main result:

Theorem 3 Suppose the loss function £:) x Y — R is convex and L-Lipschitz in the first
arqument, and let Y = [-1,1]. Then

T
V;(H) < 2LsupEsup Z erme(x1:4(€),y1:4-1(€))
X,y € mell | =1

where (x1:4(€),y14-1(€)) naturally takes place of wi4-1(€) in Theorem 2. Further, if Y =
[_17 1] and f(g), y) = |Z) - y|; V;(H) 2 SUpy Ee SUP eIl [Zz;l Etﬂ-t(xlit(e)> 61;15,1)].

Let us present a few simple examples as a warm-up.
Example 1 (History-independent strategies) Letn/ €Il be constant history-independent

strategies 7'('{ =...= 7'['{—, = feF. Then (1) recovers the definition of sequential Rademacher
complexity in Rakhlin et al. (2010).
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Example 2 (Static experts) For static experts, each strategy 7 is a predetermined se-
quence of outcomes, and we may therefore associate each ™ with a vector in F'. A direct
consequence of Theorem 3 for any convex L-Lipschitz loss is that

T
V(IT) < 2LE, sup [Z etﬂt]
mell | ¢=1
which is simply the classical i.i.d. Rademacher averages. For the case of F = [0,1], Z =
{0,1}, and the absolute loss, this is the result of Cesa-Bianchi and Lugosi (1999).

Example 3 (Finite-order Markov strategies) Let II* be a set of strategies that only
depend on the k most recent outcomes to determine the next move. Theorem 2 implies that
the value of the game is upper bounded as

V(Hk) < 28Uy 5 Ee SUp eppr [ZtT:l etl(my(wi_g(€),. .. ,Wt_l(e)),zt(e))] .

Now, suppose that F = Z is a finite set, of cardinality s. Then there are effectively s strate-
gies w. The bound on the sequential Rademacher complexity then scales as \/2s%log(s)T,
recovering the result of Feder et al. (1992) (see (Cesa-Bianchi and Lugosi, 2006, Cor. 8.2)).

In addition to providing an understanding of minimax regret against a set of strategies,
sequential Rademacher complexity can serve as a starting point for algorithmic development.
As shown in Rakhlin et al. (2012), any admissible relaxation can be used to define a succinct
algorithm with a regret guarantee. For the setting of this paper, this means the following.
Let Rel: Z! — R, for each ¢, be a collection of functions satisfying two conditions:

T
Vt, inf sup{ E 0(fr,ze) + Rel(zlzt)} <Rel(z14-1), and —inf Y 0(m(214-1), ) < Rel(z17)
qreQ zteZ \ fr~aqe mell =1

Then we say that the relaxation is admissible. It is then easy to show that regret of any
algorithm that ensures above inequalities is bounded by Rel({}).

Theorem 4 The conditional sequential Rademacher complexity with respect to 11
T t
R, I|z1,...,2¢) 2sup E sup [2 Z esl(ms(21:, Wiis—t-1(€)), Zs—t(€)) — Z (s (21:5-1)5 2s)
Z,W €441.7 eIl s=t+1 s=1
s admassible.

Conditional sequential Rademacher complexity can therefore be used as a starting point for
possibly deriving computationally attractive algorithms, as shown throughout the paper.

We may now define covering numbers for the set II of strategies over the history trees.
The development is a straightforward modification of the notions developed in (Rakhlin
et al., 2010), where we replace “any tree x” with a tree of histories wy._1.

Definition 5 A set V of R-valued trees is an o-cover (with respect to £,) of a set of
strategies 11 on an Z-valued history tree w if

Vrell, Vee {£1}T, IveV st (7 S (w1 (€)) - Vt(e)|p)1/p <a. (3)

An a-covering number N, (I, w, o) is the size of the smallest a-cover.
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For supervised learning, (x1::(€),y1:+-1(€)) takes place of wy._1(e). Now, for any history
tree w, sequential Rademacher averages of a class of [-1, 1]-valued strategies II satisfy

R(II, w) < inf {aT +/2log N1 (T, w, a)T}

a0

and the Dudley entropy integral type bound also holds:

1
R(IT, w) < inf {4aT F12VT [ /log M(TLw,9) dé} . (4)
a0 «

In particular, this bound should be compared with Theorem 7 in (Cesa-Bianchi and Lugosi,
1999), which employs a covering number in terms of a pointwise metric between strategies
that requires closeness for all histories and all time steps. Second, the results of (Cesa-
Bianchi and Lugosi, 1999) for real-valued prediction require strategies to be bounded away
from 0 and 1 by § > 0 and this restriction spoils the rates.

In the rest of the paper, we show how the results of this section (a) yield proofs of
existence of regret-minimization strategies with certain rates and (b) guide in the develop-
ment of algorithms. For some of these examples, standard methods (such as Exponential
Weights) come close to providing an optimal rate, while for others — fail miserably.

3. Competing with Autoregressive Strategies

In this section, we consider strategies that depend linearly on the past outcomes. To this
end, we fix a set © c R¥, for some k > 0, and parametrize the set of strategies as

Ilg = {7‘1’6 : Wf(zl,.. Sy Zt-1) = Zfz_ol 0iv12t—k+is, 0=(01,...,0k)¢€ @} .

For consistency of notation, we assume that the sequence of outcomes is padded with zeros
for t < 0. First, as an example where known methods can recover the correct rate, we
consider the case of a constant look-back of size k. We then extend the study to cases
where neither the regret behavior nor the algorithm is known in the literature, to the best
of our knowledge.

3.1. Finite Look-Back

Suppose Z = F ¢ R? are £ unit balls, the loss is ¢(f,z) = (f,z), and © c R* is also a unit
{2 ball. Denoting by W ;_p,_1) = [Wir(€),..., Wi-1(€)] a matrix with columns in Z,

T T
R(¢,Tg) = sup E sup [Z € (7T9(Wt_k;t_1 (e)), zt(e))] = supE. sup [Z etzt(e)TW(t_k:t_l) -0
W,z 0e® t=1 W,Z 0e® t=1

T
Z EtZt(€)TW(t—k:t—1)
t=1

=supE.

W,Z

<VET (5)

In fact, this bound against all strategies parametrized by © is achieved by the gradient
descent (GD) method with the simple update ;41 = Projo(0: — 02—k, - .-, 2t-1]" 2t) Where
Projg is the Euclidean projection onto the set ©. This can be seen by writing the loss as

<[zt7k7 v ,Zt_l] : 0157 Zt) = (0t7 [Zt,k, ey Zt—l]T Zt)-

The regret of GD, L (0s, [2i-k - - - zt-1]" 2¢) —infpeg Sbe1 (0, [Zioks - - -, 26-1]" 2¢), is precisely
regret against strategies in ©, and analysis of GD yields the rate in (5).
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2. Full Dependence on History

The situation becomes less obvious when k£ = T and strategies depend on the full history.
The regret bound in (5) is vacuous, and the question is whether a better bound can be
proved, under some additional assumptions on ©. Can such a bound be achieved by GD?

For simplicity, consider the case of F = Z = [~1,1], and assume that © = B,(1) c RT is
a unit £, ball, for some p > 1. Since k =T, it is easier to re-index the coordinates so that

T (214-1) = L1 032
The sequential Rademacher complexity of the strategy class is

T
R(,Tle) = SupEsup[Zem (Wia-1(6)) - zt<e>] —supEsup[z(ze wz(e>)etzt<e>]

w,z Qe 0eO [t=1

Rearranging the terms, the last expression is equal to

T-1 T T
sup [E sup [ Z Orwi(e) - ( Z Ez‘Zi(€))] <supE |:|w1;T_1(e)||q - max Z €:%i(€) ]
wz 0O | ¢=1 i=t+1 2 1<t<T |, 54

where ¢ is the Hélder conjugate of p. Observe that

t-1
supE sup Zezzl( ) <5upE|: Zezzz(e) + sup Zezzz ]< 2supE sup Zezzl
z 1<t<T z i=1 1<t<T |;=1 z 1<t<T |4=1

Since {ez¢(€) :t =1,...,T} is a bounded martingale difference sequence, the last term is
of the order of O(/T). Now, suppose there is some 3 > 0 such that lwir-1(e)|, < 17 for
all e. This assumption can be implemented if we consider constrained adversaries, where
such £,-bound is required to hold for any prefix wy.(e) of history (In Appendix, we prove
Theorem 2 for the case of constrained sequences). Then R({,Ilg) < C - TP+ for some
constant C. We now compare the rate of convergence of sequential Rademacher and the
rate of the mirror descent algorithm for different settings of ¢ in Table 3.2. If |0, <1

and |wl|, < T? for ¢ > 2, the convergence rate of mirror descent with Legendre function
F(0) = %H@H% is \/q = 1T7*1/2 (see (Srebro et al., 2011)).

e Wi.T sequential Radem. rate Mirror descent rate
Bi(1)  |wir-1]le <1 JT Tlog T
q22 By(1)  |wir_1]q< T TB+1/2 \/q—_1T5+1/2
32(1) lezT—l ”2 < TB T5+1/2 Tﬁ+1/2
1<q<2 Bp(l) Iwir_1 Hq <Th TB+1]2 TB+1]q
Boo(1)  |wig-1]1 <T? TB+1[2 T

Table 1: Comparison of the rates of convergence (up to constant factors)

We observe that mirror descent, which is known to be optimal for online linear opti-
mization, and which gives the correct rate for the case of bounded look-back strategies, in
several regimes fails to yield the correct rate for more general linearly parametrized strate-
gies. Even in the most basic regime where © is a unit ¢; ball and the sequence of data is
not constrained (other than Z = [-1,1]), there is a gap of \/logT between the Rademacher
bound and the guarantee of mirror descent. Is there an algorithm that removes this factor?
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3.2.1. ALGORITHMS FOR O = B;(1)

For the example considered in the previous section, with F = Z = [-1,1] and © = B;(1),
the conditional sequential Rademacher complexity of Theorem 4 becomes

T t
Rp(M|z1,...,2) =sup E sup [2 > esms( 21, Wiis—t-1(€)) - 2s(€) = Y mo(21:5-1) - 23]

Z,W €17 mell s=t+1 s=1

T t
<sup E sup [2 Z 657T5(21:t,W1;3_t_1(6)) - Z Zsﬂ's(zlzs—l):l
s=1

W €17 mwell s=t+1

where the z tree is “erased”, as at the end of the proof of Theorem 3. Define as(€) = 2¢4 for
s>t and —zs otherwise; b;(€) = w;(¢) for i > ¢ and z; otherwise. We can then simply write

sup E sup Zas(e)ZGb(e)]—sup E sup[Z@b (¢) Z az(e)]< E max Zaz(e)‘

W €417 0O W €417 0O i=s+1 erri 1S8<T
which we may use as a relaxation:

Lemma 6 Define a'(¢) = 2¢, for s >t, and —zs otherwise. Then,

Rel(z14) = ]EeMTmax1<S<T|ZZ s Z(e)‘
1s an admaissible relaration.

With this relaxation, the following method attains O(\/T ) regret: prediction at step ¢ is

}

where the sup over z; € [-1,1] is achieved at {1} due to convexity. Following (Rakhlin
et al., 2012), we can also derive randomized algorithms, which can be viewed as “randomized
playout” generalizations of the Follow the Perturbed Leader algorithm.

Za (€)

@ = argmin  sup {E Jt- Zt—"_]EGprlT [nax
qe[-1,1] zie{£1} \fi~q

Lemma 7 Consider the randomized strategy where at round t we first draw €g4q,...,€p
uniformly at random and then further draw our move f; according to the distribution

qi(€) = ar[gmu]l SUD.,e(-1,1} {Efth fi- 2t +max1<s<T‘Zl s O e)‘}
qe[-1,1
1

= —( max {maxs_l

2 Zt-_l G+ 14286, maXera, 7|28, 6l

— max {maXs 1,...,t |_ Z zz -1+2 27, =t+1 62‘ ,  IMaXg=t41,..,T ‘2 sz;s 61‘})

The expected regret of this randomized strategy is upper bounded by sequential Rademacher
complexity: E[Regy] < 287 (I1), which was shown to be O(VT) (see Table 3.2).

The time consuming parts of the above randomized method are to draw T —t¢ random bits
at round ¢ and to calculate the partial sums. However, we may replace Rademacher random
variables by Gaussian N'(0,1) random variables and use known results on the distributions
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of extrema of a Brownian motion. To this end, define a Gaussian analogue of conditional
sequential Rademacher complexity

T t
Gr(Ilz1,...,2) =sup E sup|v2r > GSK(WS((zM,Wl;s,t,l(e)),zs,t(e))—Z:/(ws(zl;s,l),zs)

Z,W 0417 well s=t+1

where o, ~ N'(0,1), and € = (sign(o1),...,sign(or)). For our example the O(v/T) bound
can be shown for G (II) by calculating the expectation of the maximum of Brownian motion.
Proofs similar to Theorem 2 and Theorem 4 show that the conditional Gaussian complexity
Gr(I|z1, ..., 2) is an upper bound on Ry (Il|z1,...,2) and is admissible (see Theorem 11
in Appendix). Furthermore, the proof of Lemma 7 holds for Gaussian random variables,
and gives the randomized algorithm as in Lemma 7 with ¢; replaced by o;. It is not difficult
to see that we can keep track of the maximum and minimum of {— il zz} between rounds
in O(1) time. We can then draw three random variables from the joint distribution of
the maximum, the minimum and the endpoint of a Brownian Motion and calculate the
prediction in O(1) time per round of the game (the joint distribution can be found in
Karatzas and Shreve (1991)). In conclusion, we have derived an algorithm that for the case
of © = B1(1), with time complexity of O(1) per round and the optimal regret bound of
(’)(\/T ). We leave it as an open question to develop efficient and optimal algorithms for the
other settings in Table 3.2.

4. Competing with Statistical Models

In this section we consider competing with a set of strategies that arise from statistical
models. For example, for the case of Bayesian models, strategies are parametrized by the
choice of a prior. Regret bounds with respect to a set of such methods can be thought of
as a robustness statement: we are aiming to perform as well as the strategy with the best
choice of a prior. We start this section with a general setup that needs further investigation.

4.1. Compression and Sufficient Statistics

Assume that strategies in II have a particular form: they all work with a “sufficient statis-
tic”, or, more loosely, compression of the past data. Suppose “sufficient statistics” can take
values in some set I'. Fix a set II of mappings 7: ' » F. We assume that all the strategies
in IT are of the form m(z1,...,2-1) = 7(7y(21,...,2-1)) for some 7 € II and v : Z* ~ T.
Such a bottleneck I' can arise due to a finite memory or finite precision, but can also arise
if the strategies in II are actually solutions to a statistical problem. If we assume a certain
stochastic source for the data, we may estimate the parameters of the model, and there is
often a natural set of sufficient statistics associated with it. If we collect all such solutions
to stochastic models in a set 1I, we may compete with all these strategies as long as I' is not
too large and the dependence of estimators on these sufficient statistics is smooth. With the
notation introduced in this paper, we need to study the sequential Rademacher complexity
for strategies II, which can be upper bounded by the complexity of IT on I'-valued trees:

T
R(I) < supEesup | Y- el(7(gi(e)), ze(e))
82z el Lt=1
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This complexity corresponds to our intuition that with sufficient statistics the dependence
on the ever-growing history can be replaced with the dependence on a summary of the data.
Next, we consider one particular case of this general idea, and refer to Foster et al. (2011)
for more details on these types of bounds.

4.2. Bernoulli Model with a Beta Prior

Suppose the data z; € {0,1} is generated according to Bernoulli distribution with parameter
p, and the prior on p € [0, 1] is p ~ Beta(a, ﬁ) Given the data {z,..., 21}, the maximum
a posteriori (MAP) estimator of pis p = (X1 zi+a—1)/(t-1+a+/5-2). We now consider
the problem of competing with IT = {7®#:a > 1,5 ¢ (1, Cg]} for some O3, where each s
predicts the corresponding MAP value for the next round:

7P (21, z) = (S s+ a-1)/(t-1+a+5-2) .

Let us consider the absolute loss, which is equivalent to probability of a mistake of the
randomized prediction! with bias Ty B Thus, the loss of a strategy #®? on round t is
‘ﬂ'ta B (z1:4-1) — zt‘ . Using Theorem 2 and the argument in (2) to erase the outcome tree, we
conclude that there exists a regret minimization algorithm against the set II which attains

regret of at most

Yol Wi 1
2supy, E. supaﬁ[Zt let%] .

To analyze the rate exhibited by this upper bound, construct a new tree with g (¢) = 1 and

Y wl(e)+a 1

gi(e) = ==—o—— € [0,1] for £ > 2. With this notation, we can simply re-write the last
expression as twice

Supg]E SUp,, B [Zt 1 Etgt(e) t+o¢+ﬂ 3]

The supremum ranges over all [0, 1]-valued trees g, but we can pass to the supremum over
all [-1,1]-valued trees (thus making the value larger). We then observe that the supremum
is achieved at a {+1}-valued tree g, which can then be erased as in the end of the proof of
Theorem 3 (roughly speaking, it amounts to renaming ¢; into ¢,g;(e1:4-1)). We obtain an
upper bound

T (B
s BD | (G VT (6)

et(t+a 2)
II) < E, _
R Supz St+a+pB-3

+ E, su
afigt+ra+f- 3 b

o,

where we used Cauchy-Schwartz inequality for the second term. We note that an experts
algorithm would require a discretization that depends on T" and will yield a regret bound
of order O(+/TlogT). It is therefore interesting to find an algorithm that avoids the dis-
cretization and obtains this regret. To this end, we take the derived upper bound on the
sequential Rademacher complexity and prove that it is an admissible relaxation.

1. Alternatively, we can consider strategies that predict according to 1{p >1/2}, which better matches
the choice of an absolute loss. However, in this situation, an experts algorithm on an appropriate
discretization attains the bound.
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Lemma 8 The relazation

T ¢

sS+a—2
Rel(z14) = E,,,. sup[2 E €5 —E
( e a, s=t+1 Ts +ta+p-3 s=1

s—1
i=1 i

s+a+ﬁ—3_

S

|

1s admaissible.

Given that this relaxation is admissible, we have a guarantee that the following algorithm
attains the rate (\/Cs + 1)v/T given in (6):

T t s—1
sS+a—2 Yoz
=arg min max Er.|f -z +E. . ..sup|2 €g———— — L) e
a gqe[&l]zte{(),l}{ sralf =2+ Ber aé’[ S:Zt;rl P sta+f-3 Zls+ta+p-3 °
In fact, ¢; can be written as
1 L s+a—-2 =1 =12 il
=—X!E sup|2 €er —mm 1-22z.)- i=1 “t + =1~
@ 2{ T QE[ s:zt;d fs+a+B-3 3:21( s) s+a+f-3 t+a+pB-3
T -1 s-1 -1
s+a—-2 o2 Yioi %
_E su 2 €+ —m——————— — 1_22; . i=1 ~1 — i=1 %1
et a};[ 3:21 P sta+f-3 S;( 2 sta+pB-3 t+a+p-3

For a given realization of random signs, the supremum is an optimization of a sum of
linear fractional functions of two variables. Such an optimization can be carried out in time
O(T'logT) (see Chen et al. (2005)). To deal with the expectation over random signs, one
may either average over many realizations or use the random playout idea and only draw
one sequence. Such an algorithm is admissible for the above relaxation, obtains the O(v/T)
bound, and runs in O(7T'logT') time per step. We leave it as an open problem whether a
more efficient algorithm with O(y/T) regret exists.

5. Competing with Regularized Least Squares

Consider the supervised learning problem with ) = [-1,1] and some set X. Consider the
Regularized Least Squares (RLS) strategies, parametrized by a regularization parameter A
and a shift wg. That is, given data (z1,y1),..., (x¢y;), the strategy solves

argming Y0_; (yi — (i, w))? + Mw —wo|? .
For a given pair A and wy, the solution is

Wi = wo + (XTX + A TEXTY,

where X € R”? and Y € R*! are the usual matrix representations of the data z1.4, y14.. We
would like to compete against a set of such RLS strategies which make prediction (w;\ffo , l‘t>,

given side information x;. Since the outcomes are in [—1,1], without loss of generality we
clip the predictions of strategies to this interval, thus making our regret minimization goal
only harder. To this end, let c(a) =a if a € [-1,1] and ¢(a) = sign(a) for |a| > 1. Thus, given
side-information x; € X, the prediction of strategies in IT = {7*™0 : X > Ayin > 0, |wol2 < 1}
is simply the clipped product

Awo _ Aswo
Ty (Il:tu yl:t—l) =c (<wt_1 755t>) .

Let us take the squared loss function ¢(9,y) = (9 - y)2.

11
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Lemma 9 For the set 11 of strategies defined above, the minimaz regret of competing against
Regularized Least Squares strategies is

Vr(Il) < ey/Tlog(TA;L )

Observe that )\I_nlin enters only logarithmically, which allows us to set, for instance, Apmin =
1/T. Finally, we mention that the set of strategies includes A = co. This setting corresponds
to a static strategy 7Tt)\ (214, y1:0-1) = (wo, ) and regret against such a static family
parametrized by wg € B2(1) is exactly the objective of online linear regression (Vovk, 1998).
Lemma 9 thus shows that it is possible to have vanishing regret with respect to a much
larger set of strategies. It is an interesting open question of whether one can develop an
efficient algorithm with the above regret guarantee.

for an absolute constant c.

6. Competing with Follow the Regularized Leader Strategies

Consider the problem of online linear optimization with the loss function ¢( f;, z¢) = (fi, 2¢)
for f; € F, z, € Z. For simplicity, assume that F = Z = By(1). An algorithm commonly
used for online linear and online convex optimization problems is the Follow the Regularized
Leader (FTRL) algorithm. We now consider competing with a family of FTRL algorithms
70 indexed by wp € {w : |w] < 1} and X € A where A is a family of functions A : R* x [T] =
R* specifying a schedule for the choice of regularization parameters. Specifically we consider
strategies 70 such that w”’ (21,--+,2t-1) = wy where

) Jwl*} (7)
)|z =l

Lemma 10 For a given class A of functions indicating choices of the reqularization param-
eters, define a class I' of functions on [0,1] x [1/T,1] specified by

. a/(b-1)
I'=3~:Vbe[l/T,1 0,1 b) = 1, eA
frovenmanaeton s =min {1 Do) aeal
Then the value of the online learning game competing against FTRL strategies given by
Equation 7 is bounded as

wy = wo + argmin {Zf;ll (w, z;) 1)\ (HZ 1%
wiw|<1

This can be written in closed form as wy; = wo — (X2} zl)/max{)\ (sz 1 %

Vr(TTy) <4 VT +2 Rp(T)
where R (I') is the sequential Rademacher complexity (Rakhlin et al., 2010) of T'.

Notice that if |A| < oo then the second term is bounded as Rp(I") < /T log|A|. However,
we may compete with an infinite set of step-size rules. Indeed, each v € I' is a function
[0,1]? = [0,1]. Hence, even if one considers I' to be the set of all 1-Lipschitz functions
(Lipschitz w.r.t., say, o norm), it holds that Ry (') < 2¢/T'logT . We conclude that it is
possible to compete with set of FTRL strategies that pick any wg in unit ball as starting
point and further use for regularization parameter schedule any X : R? —» R that is such that
% is a 1-Lipchitz function for every a,be [1/T,1].

Beyond the finite and Lipschitz cases shown above, it would be interesting to analyze
richer families of step size schedules, and possibly derive efficient algorithms.
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Appendix A. Proofs

Proof [of Theorem 2]

Let us prove a more general version of Theorem 2, which we do not state in the main text
due to lack of space. The extra twist is that we allow constraints on the sequences z1,..., 27
played by the adversary. Specifically, the adversary at round ¢ can only play x; that satisfy
constraint Ci(z1,...,2¢) =1 where (C1,...,Cr) is a predetermined sequence of constraints
with C; : 2%+ {0,1}. When each C; is the function that is always 1 then we are in the
setting of the theorem statement where we play an unconstrained/worst case adversary.
However the proof here allows us to even analyze constrained adversaries which come in
handy in many cases. Following (Rakhlin et al., 2011), a restriction Py on the adversary is
a sequence P4y, ..., Pr of mappings P; : 2171 v 27 such that P;(z14-1) is a conver subset of
P for any z14_1 € 2171, In the present proof we will only consider constrained adversaries,
where Py = A(C(21:4-1)) the set of all distributions on the constrained subset

Ct(Zl:t—l) = {Z €eZ: Ct(Zl, cen ,Zt_l,Z) = 1}

defined at time ¢ via a binary constraint Cy : Z' + {0,1}. Notice that the set C;(21.4_1) is the
subset of Z from which the adversary is allowed to pick instance z; from given the history
so far. It was shown in Rakhlin et al. (2011) that such constraints can model sequences
with certain properties, such as slowly changing sequences, low-variance sequences, and so
on. Let C be the set of Z-valued trees z such that for every e e {+1}7 and t € [T],

Ci(z1(€),...,ze(e)) =1,

that is, the set of trees such that the constraint is satisfied along any path. The statement
we now prove is that the value of the prediction problem with respect to a set II of strategies
and against constrained adversaries (denoted by Vp(II,Cy.7)) is upper bounded by twice
the sequential complexity

T
sup Ecsup Y el(mi(wi(e), ..., wi-1(€))), ze(€)) (8)
weC,z mell $=1

where it is crucial that the w tree ranges over trees that respect the constraints along all
paths, while z is allowed to be an arbitrary Z-valued tree. This fact that w respects the
constraints is the only difference with the original statement of Theorem 2 in the main body
of the paper.

For ease of notation we use ( ))thl to denote repeated application of operators such
has sup or inf. For instance, <<supat€A infy, g Erth»til [F(ay1,b1,71,...,a7,bp,r7)] denotes
SUpPy eainfy cpEppup ... sUP, . cainfy g E,,.p[F(a1,bi,r1,...;ar, by, r7)].
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The value of a prediction problem with respect to a set of strategies and against con-
strained adversaries can be written as :

Vr(IL,Cy.7) = << inf sup >> [21 (fe,2t) — i?rflg(m(zu_l)’ zt)]

qt€Q piePi(z1:4-1) e~ qt’ZtNPt

(s » sup 32 it By ) - (1), )|

ptePy(z1:-1) “t~P 41 eIl

T
S<< sup >> sup [ZE K(m(zl;t_l),zg)—E(m(zl;t_l),zt)]

ptePy(z1:-1) “t~Pt mell | ¢=1

T T
< << sup E >> sup[ZE(wt(zm1),2{)—5(7Tt(21;t1),zt)]

ptE'Pt(th 1)Zf7zt t= 17TEH t=
Let us now define the “selector function” y: Z x Z x {1} —» Z by

2 ife=-1

z ife=1

x(z,2',€) ={

In other words, y; selects between z; and z; depending on the sign of e. We will use the
shorthand x;(e;) = x(zt, 21, €) and x1(ere) = (x(21,21,€1),s -+, X (21, 2, €)). We can then
re-write the last statement as

T T
<< sip E E>> sup[zet (ﬁ(m(xlzt_lmzt_l)),xt<—et>>—ewrt(xlzt_l(eu_l)),xtm)))]
pt€Ps(x1-1(€1:6-1)) 26,2 €t ], _q mell Li=1

One can indeed verify that we simply used x; to switch between z; and z] according to €.
Now, we can replace the second argument of the loss in both terms by a larger value to
obtain an upper bound

T T
<< Sup E sup E» SUP[ZQ(E(Wt(Xlzt—l(Elzt—l))vZ;’)—5(%()(11-1(61:::—1))7Z;”))]

peePr(X1:e-1(€1:-1)) 2t,2; 2¢ 52 €tll ,_q well Li=1

T T
s2<< sup E supE>> sup [Z etl(me(x1-1(€1:-1) ), 24 )]
t=1

PrePr(x1:t-1(€1:4-1)) 21,2, 2, €|l ,_, mell

since the two terms obtained by splitting the suprema are the same. We now pass to the
suprema over z, z;, noting that the constraints need to hold:

T T
2 << sup sup E>> sup [Z erl(me(x1:-1(€1:4-1)), z{')]

zt,2,€Co(X1e-1(€1:6-1)) 2 el ) mell L¢=1

T
=2 sup supEsup[Zetm(x(zl,z'l,el),...,X(zt_l(e),z,'f_l(e),et_l))jz”(e)]:(>e)

(z,2')eC’ 2" € well | ¢=1

where in the last step we passed to the tree notation. Importantly, the pair (z,z’) of trees
does not range over all pairs, but only over those which satisfy the constraints:

= {(z,z') Vee {£1}T,Vt € [T], zi(e),z}(€) € Ce(x(21,2],€1), .. .,X(zt,l(e),zg_l(e),q,l))}

15



HAN RAKHLIN SRIDHARAN

Now, given the pair (z,2z’) € C’, define a Z-valued tree of depth T as:
w1 =0, Wwi(e)=x(z-1(¢),2z_1(€),e-1) forall t>1

Clearly, this is a well-defined tree, and we now claim that it satisfies the constraints along
every path. Indeed, we need to check that for any € and ¢, both Wy (€1:4-2,+1), We(€1:4-2,-1) €
Ci(W1,...,Wy_1(€14-2)). This amounts to checking, by definition of W and the selector y,
that

zi-1(€1:-2), 21 (€1:-2) € Cro1(x (21,21, 1), - -, X(Z-2(€), 245 (€), €1-2)) -

But this is true because (z,z’) € C’. Hence, w constructed from z,z’ satisfies the constraints
along every path.
We can therefore upper bound the expression in (*) by twice

T
sup sup E sup [Z el (mi(wy(e),. .. ,Wt_l(e)),z"(e))] .
weC z'" € qell | ¢=1

Define w* = w(-1) and w** = w(+1), we can expend the expectation with respect to €; of
the above expression by

T
% sup sup E sup [—K(m(-),z'l'()) +t_226t€(7rt(w*(e)),z"(e))]

w*eC z exr mell

T
+% sup sup E sup |:€(7r1(-),z'1'(-)) +getﬂ(m(w**(e)),z"(e))].

w**eC z eap mwell

With the assumption that we do not suffer lose at the first round, which means ¢(7;(+), 2} (-)) =
0, we can see that both terms achieve the suprema with the same w* = w**. Therefore, the
above expression can be rewrite as

T
sup sup E Sup[z Etﬁ(m(W(E)),Z"(e))]
weC z'" e mwell | t=1

which is precisely (8). This concludes the proof of Theorem 2.

Proof [of Theorem 3] By convexity of the loss,

T rr T
<<Sup inf sup E » [Zﬁ Uts Yt) _infZg(ﬂ't(xlztvylzt—l)ayt)]

e qreA(Y) Yted Ji~qe mell $=1

g<<sup inf sup E >> sup[ZE(yt,yt)(yt (X1t Y1:e— 1))]

zt€X qreA(Y) yteY Je~qe mell

T
S<<SUP inf sup E sup >> 5up|:25t(gt_Wt(xl:taylzt—l)):l

21 €X qeeA(Y) Yt 9e~qr see[-L,L]|[ ,_q mell L¢=1

where in the last step we passed to an upper bound by allowing for the worst-case choice
s¢ of the derivative. We will often omit the range of the variables in our notation, and it
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is understood that s;’s range over [-L, L], while y;, ¢ over ) and x;’s over X. Now, by
Jensen’s inequality, we pass to an upper bound by exchanging E; and sup,,.y:

T T
<<sup inf  [E sup sup>> sup [Z se(gr — me (@1, yl:t—l))]

Tt qeA(Y) Gr~aqr Yt St =1 well | =1

T T
= <<sup inf sup>> sup [Z st(9e — (21, yl:t—l)):|

Tt ey Yt,5tf[ g mell Lt=1

Consider the last step, assuming all the other variables fixed:

T
supinf sup sup [Z s5¢ (G — me (21, yu-l))]

rr g y7,8T TEll [ =1
T
= supinf sup E sup [Z se(gr — me( @1, yl;t_l))]
7 gr preA(Yx[-L,L]) (yr,s7)~pr 7l Li=1

where the distribution py ranges over all distributions on Y x [-L,L]. Now observe that
the function inside the infimum is convex in gr, and the function inside sup,, is linear in
the distribution py. Hence, we can appeal to the minimax theorem, obtaining equality of
the last expression to

T T
sup sup inf E [Z $¢1¢ — inf Z sy (w1, ylzt_l))]
1 preA(Yx[-L,L]) 91 (yr,s7)~pr Li=1 mell {=1

T-1 T
= Z s¢y; +supsupinf K [sTy)T — inf Z 3t7Tt($1:t,y1:t—1)):|
Tr pr yr (yr,ST)~PT mell ¢=1

. -
= Z S¢J + sup sup 1nf E 7 g1 - E inf Z $¢ (T, Y1:6-1) )
rr pr |9 (yT7ST)~pT (yr,s7)~pr mell =1

T
= Z S¢l + sup sup E [inf( E ST) yr — inf Z $¢me (X1, Y1:6-1))

zr T (yr,st)~pr | 97 \(yr,s7)~pT mell ¢=1

We can now upper bound the choice of g7 by that given by mp, yielding an upper bound

T-1 T
> st + sup E  sup [iﬂf ( E ST) g — > simi (T, yl:t—l))]

t=1 z7.PT (yr,s7)~pr T | 97 \ (y7,57)~pPT t=1

T-1 T-1
= > s+ sup E  sup [( E  sp- ST) (@1, Yrr-1) = . Stﬁt($1:t7y1:t—1))]

t=1 1,1 (yr,87)~pr T | \ (Y7 ,87)~pT t=1
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It is not difficult to verify that this process can be repeated for T'— 1 and so on. The
resulting upper bound is therefore

T T
V(M) < <<Sup E >> sup Z( E s - St) T (T 14, Y1:4-1)
TPt (ye,se)~pell oy Tl [ t=1 \ (v},57)~pe

T T
sup >> sup [Z (s;5 - st) (21, y1;t1):|

<

Tt,Pt (yt,St)Npt mell | ¢=1
(y},54)~pt

<<
fow s >> an[$ s

Tt,Pt (yi,S¢)~pt €t mell | ¢=1
(y}.51)~pt

<<sup sup IE>> sup[iet (Sg—st)ﬂt(mlznyl:t—l)]

Tt (yg,s5¢) €t mell [ ¢=1

(fsp) =1

T T
< <<sup sup E» sup [Z € (51,5 - St) Wt(xlztaylzt—l)]

Tt,Yt s},5¢ €t -1 mell | ¢=1

T T
<2 << sup sup E>> sup [Z ers¢m (21, yl:t—l):|
-1

Te,Yt sge[-L,L] €t ] ,_q mell Le=1

Since the expression is convex in each s;, we can replace the range of s; by {-L, L}, or,
equivalently,

T T
V2(II) < 2L << sup sup IE>> sup [Z EtStTFt($1;t,y1;t_1):| 9)

Ty sge{-1,1} €t [ ,_q well L¢=1
Now consider any arbitrary function 1 : {£1} » R, we have that
1
sup Ec[¢(s-€)] = sup - (¢(+8) +(=s)) = 5 ((+1) +4(-1)) =Ec [¢(e)]
se{+1} sE{:tl}

Since in Equation (9), for each ¢, s; and €; appear together as €;-s; using the above equation
repeatedly, we conclude that

T T T
Vfﬁ(l’[) <2L << sup E>> sup [Z e (1.4, ylzt_l):| =supEsup [Z e (x1:4(€),y1:4-1(€))

Tt,Yt €t [ =1 well Lt=1 X,y € mell | ¢=1
The lower bound is obtained by the same argument as in Rakhlin et al. (2010).
[

Proof [of Theorem 4] Denote L;(7) = ¥.t_; £(7s(21:5-1), 2s). The first step of the proof is
an application of the minimax theorem (we assume the necessary conditions hold):

T
inf Sup{ E [4(ft,2t)]+sup E sup[2 > esﬁ(ws((zlzt,wlzs_t_l(e)),zs_t(e))—Lt(w)]}

e A(F) z€2 fr~at z,W €117 mell | s—f+1

= sup inf{ E [E(ft,zt)]+ E sup E sup[2 Z esl(ms((21:4, Wis—t-1(€)),2s-¢(€)) — Lt(w)]}

pteA(Z) freF Zt~pe Pt z,w €1 well s=t+1
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For any p; € A(Z), the infimum over f; of the above expression is equal to

T
E sup E sup|2 Z Esg(ﬂ-s((zlztaWl:s—t—l(e))>zs—t(5))_Lt—l(ﬂ')

Zt~pt Z,W €17 mell [ s=t+1

+inf E [E(ft,zt)]—E(Wt(zu—l),zt)]
ftE]:ZtNPt

T
< E sup E SHP[2 Z esl(ms((21:t, Wiis—1-1(€)), Zs-1(€)) = Ly—1 ()

z2t~pt Z,W €r41.7 TEIL s=t+1

: E [@(m(zw),zt)]—am(zlzt_l),zt)]

Zt~Pt

T
< E sup E sup[Q Z 656(71-5((2117VVl:s—t—l(f))aZs—t(e))_Lt—l(ﬂ')

zt,2y~pt ZW €17 Tell s=t+1
+0(m(21:4-1), Z;) —U(m(21:6-1)5 Zt)]

We now argue that the independent z; and z; have the same distribution p;, and thus we
can introduce a random sign €¢;. The above expression then equals to

T
E Esup E SUP[2 Z esl(ms((Z1:-1, Xt (1), Wiis—t-1(€) ), Zs—¢(€)) = Ly—1 ()

z¢,2,~pt €t Z,W €1 mell s=t+1

+er(U(me(21:e-1), xe (=€) = €(me(z1:-1), xe(€r))) ]

T
< E supEsup E sup[2 > olmy (21t Xe(e0)s Wis—i1(€)), Z-4(€)) = Lot ()

zt,zp~pe 27,2 €6 Z,W g mell | s=t+1

+e(U(mi(21e-1), 2 ) = €(me(214-1), 22”))]

Splitting the resulting expression into two parts, we arrive at the upper bound of

I 1 "
2 E supEsup E sup[ Y esl(ms((21:-1, Xt (€), Wiis—t-1(€)), Zs—¢(€)) = = Le-1(m) + el (me(21:4-1), 24 )]

zt,zp~pe 2" €t 2,W €y mell [ s=t+1 2

T
< sup Esup E sup[ Z 2656(7r5((21;t_1,Xt(et),wlzs_t_l(e)),zs_t(e))—Lt_1(7r)+et€(7rt(21:t_1),z£')]

2,2',2" €t 2,W €pp1.7 well | s=t+1

<Rp(Hlz1,. .0 26-1).

The first inequality is true as we upper bounded the expectation by the supremum. The
last inequality is easy to verify, as we are effectively filling in a root z; and z; for the two
subtrees, for €; = +1 and ¢; = —1, respectively, and jointing the two trees with a @ root.
One can see that the proof of admissibility corresponds to one step minimax swap and
symmetrization in the proof of Rakhlin et al. (2010). In contrast, in the latter paper, all T
minimax swaps are performed at once, followed by T" symmetrization steps. |
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Proof [of Lemma 6 | The first step of the proof is an application of the minimax theorem
(we assume the necessary conditions hold):

Za (e)

For any p; € A(Z), the infimum over f; of the above expression is equal to

Za (e)], Zat(e)}
Zat( )+ E zt}

Z aﬁ(f) + (2 - zt)

1>8,1#t

Za

inf sup{ E fi-zz+ E max

@eA(F) zteZ \ fe~aqe €r1. 1S8<T

}: sup inf {ft E z+ E E max
preA(Z) freF Z¢~pt Zt~Pt ey yq,p 1<8<T

}

Ezt

2t~Pt

max

+ E E max{max

Zt~Pt €4y 1.1

< E E max{max Za max

Zt~Pt egy1.

Za (e)],

=5

rnax

< E E max{matx

2t,2(~Pt €141:T

|

We now argue that the independent z; and z; have the same distribution p;, and thus we
can introduce a random sign €¢;. The above expression then equals to

Now, the supremum over p; is achieved at a delta distribution, yielding an upper bound

IE E max {ma%x

Za (e)], max Z aﬁ(e) +er(z) — 21)
2t,2,~Pt e i=s < i>8,1#t
T
< E E max max Zal(e) max| > ai(e) + 262
Zt~Pt ep >t i=s ss i>8,1#t

T
sup [E max max Za (e),max| > ai(e) +2e2
zee[-1,1] €T = |is,ixt
T
< E max{max | al(e)|,max| Y al(e)+2¢
€T >t iss Sl
]E t 1
|
Proof [of Lemma 8] Denote
iz
Lt(aﬁ) 2 s+a2 — 2.
s+a 2

The first step of the proof is an application of the minimax theorem:

@eA(F) zeZ | frrar er1r o, | s=t+l

inf sup{ E |fi—-z|+ E sup[Z Z es-#—Lt(a,ﬂ)]}

s+a—2

1
= Ssup lnf{ |ft_Zt|+ ]E E Sup[? Z €g - 1T—Lt(a,ﬁ)]}
Zt~Pt

pteA(Z) freF FPter af | s=t+l Sta—o
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For any p; € A(Z), the infimum over f; of the above expression is equal to

Zl 1Z1
1 . 72
E E,,,.,sup |:2 Z €' 51 Li1(a,B) + ;rgl_g:ztlEpt | fe = 2e| - % -z ]

2t~Pt
t a,B s=t+1 Ra—" t t a2
T 1 Zl 17 23;11 2
t+a—2 / t+a—2
< zt1~Ep Eet+1T sup | 2 Z €s - 1 51 Ly 1(0475) + E 1 A1 2|~ 1 B-1 2t
o, s=t+1 t sra-2 Ll B t a2
T 1 ZZ 1% Zz 1%
tra—2 l tra—2
< E Eq,ppsupf2 ) - P = Lia(o, B) + | =95 — 2| - T, L #
26,20~ =
©EPe o, s=t+1 + s+o—2 t+o-2 + t+o-2

We now argue that the independent z; and 2] have the same distribution p;, and thus we
can introduce a random sign ¢;. The above expression then equals to

T 1 Ytz Ytz
t+a=2 / t+a=2
H’:: E6tE€t+1:T sup | 2 Z €s - 1 51 Lt—l(aa B) + €t -1 Ze| — 1 5-1 Zt
2t,20~ i
tEPe B[ s=t+l t sra-2 t a2 t a2
T 1 Zz 1% Zf;ll %
< sup Ee sup|2 > e — - Liq(a,B) + & —“O‘Bfl -zl - —”O‘ﬁ__Ql -2
!
1,242 B | s=t+l ) 1 t+a-2 L+ t+a-2

where we upper bounded the expectation by the supremum. Splitting the resulting expres-
sion into two parts, we arrive at the upper bound of

T 1 1 L
2sup E,.,. sup €s-—————Li1(,B) + & —tress T T2t
z21€Z “r B s:zt;-l 1+ sfaiQ 2 ’ 1+ tfa12

T 1 1 Zz 121
=2sup E, . sup| ) €s'T——Lt71(a75)+€t'1tL(1 221) — €2

21€Z a,f | s=t+1 1+ P 2 t a2
T 1 1 T
=2E, , sup Z € 51 §Lt71(aa B)+e Lﬁ?l
af |s=tv1 1+ =5 I+

where the last step is due to the fact that for any z; € {0,1}, (1 — 22;) has the same
distribution as ¢;. We then proceed to upper bound

a
2sup EqpEe,.,- sup Z €s " — - —Lt 1, B) + e 51
D a,ﬁ | s=t+1 1 + 5+a_2 t+a-2 |
[ 1 1 a
<2 sup E,,sup Z . sLi1(a,B) + e PR
ae{+1} a,B | s=t+1 L+ s+a—2 2 t a2 ;
I 1 1
<2Ec,,.sup | € 51 L1 (. 8)
af | s=t 1+ s+a—2 2
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The initial condition is trivially satisfied as

Rel(zlzT) = —inf Z 8+aﬂ_31 — Zs
aBs=1|1+ s+ta—2

Theorem 11 The conditional sequential Rademacher complexity with respect to 11
T ¢
gT(E, H‘Zl, cey zt) 2sup E sup [ V2T Z Use(ﬂ's((zltty Wl:s—t—l(G))a Zs—t(e)) - Z 6(775(31:3—1)7 ZS)
Z,W O¢y1.7 TElL s=t+1 s=1

1s admissible.

Proof [of Theorem 11] Denote Li(m) = ¥!_; €(7s(21:5-1), 25). Let ¢ =E_|o| = \/2/7. The
first step of the proof is an application of the minimax theorem (we assume the necessary
conditions hold):

T
inf sup{ E [l(ft,2t)]+sup E sup[2 Z Usg(ﬂ's((zlzt,Wl:s—t—l(e))vzs—t(e))_Lt(ﬁ)]}

qteA(F) zteZ Jt~aqe z,w o171 Tell | € g=¢+1

pteA(Z) freF PPt #Pt 2w oppnr well | € s=t11

. 2 &
- s i { B (G0 B s £ sl Y oG () () - L) |
For any p; € A(Z), the infimum over f; of the above expression is equal to

2 T
E sup E sup [_ Z Usg(ﬂ-s((zlzty Wl:s—tfl(e))a Zsft(e)) - Lt (ﬂ')
2t~pt z,W o1 well | € g1

+inf E [f(ft,Zt)]_E(ﬂ't(zlzt—l)azt)]
freF #t~Pt

2 T
< E sup E sup[— Z osl(ms((21:4, Wiis—t-1(€) ), Zs—t(€)) = L1 ()

zt~pt 2,W opy1.7 mell | C g=f41

Zt~Pt

. E [ﬁ(m(zu_n,zt)]—£<m<zl:t_1>,zt>]

2 T
< E sup E sup[— Z O-sg(ﬂ-s((zl:taWl:s—t—l(ﬁ))vzs—t(e))_Lt—l(ﬂ')

zt,2y~pt Z:W Ogy1.7 mell s=t+1
+f(7Tt(21:t71),Zt') - é(ﬂ't(zlztfl),zt)]

We now argue that the independent z; and z; have the same distribution p;, and thus we
can introduce a gaussian random variable o; and a random sign ¢ = sign(oy). The above
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expression then equals to

T
E Esup E Sup[g Z O-SE(WS((Zlit—17Xt(et)7W128—t—1(€))7zs—t(e))_Lt—l(ﬂ-)

zt,24~pt Ot Z,W o1 well | € =11

+er(U(me(21:0-1), Xt (=€) = €(me(21:0-1), Xt (1)) ]

T
< E Esup E SUP[E Z o (s ((z1:-1, Xt (€t), Wis—¢-1(€) ), Zs—¢ (€)) = Lg—1 ()

zt,zy~pt Ot Z,W O 1.7 mell s=t+1

%‘ (U(me(21:6-1), Xt (—€t))) — ﬁ(ﬂt(zlzt—l),Xt(Et)))]

+€¢ E
Ot

Put the expectation outside and use the fact e|oy| = oy, we get

T
E Esup E sup|:2 > osl(ms((z1e-1, Xe (€1), Wizs—t-1(€) ), Zs—¢ (€)) — Ly—1 ()

Zt,Zz'vpt ot 2,W opr well | € s=t+1

+%(5(7Tt(21:t—1)»Xt(—Et))) —U(me(214-1), Xt(ﬁt)))]

9 T
< E supEswp E sup[— 5 el (1o xi(e0) Wiisi1(6)), Zo4(€)) - Lus ()

zt,2p~pt 21,2 0t 2,W o well | € g=p41
(X
+?t(€(7rt(zl‘t*1)’ z) = (i (21:4-1), Z;”))]

Splitting the resulting expression into two parts, we arrive at the upper bound of

1 & 1
2 E supEsup E sup[— > O'sg(ﬂ's((zlztflaXt(et)awlisftfl(e)%Zsft(e))_§Lt*1(7r)

zt,zp~pe 2" Ot Z,W 01T mell s=t+1

(o}
+ff(7t(21:t—1 ) Zé')]

T
< sup Esup E SUP[E Z osl(ms((21:0-1, Xt (€), Wiis—1-1(€) ), Zs-t(€)) = Li-1(m)

2,2! 2" ot 2,W o1 well | C s=p11

20
+Tt€(ﬂt(21:t—1)722’)]
< gT(E)H|Zlv ceey Zt—l)’

Proof [of Lemma 7] Let ¢; be the randomized strategy where we draw €1, ..., ep uniformly
at random and pick
} (10

T
Y al(o)

qi(€) = argmin  sup { E f;- 2 + max
qe[-1,1] zee{-1,1} \fi~q 1<s<T
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Then,

sup { E f- zt+E€t+1T max
zee{-1,1} fe~q

Za (€)

}

= sup 1Eq.,, E fi-z+E.,,  , max
ZtE{—l,l}

T
> ai(e)

Fi~ai(e) T Is<T | =

j

Zat(e

|

<Ee,,.r|sup E fi -z + max
zt ftNQt(E) 1<s<T

Z i(e)

=E6t+1:T|: inf sup{ E fi- 2z + max
ateA(F) 2t fi~ar 1<s<T

1

where the last step is due to the way we pick our predictor fi(e) given random draw of €’s

in Equation (10). We now apply the minimax theorem, yielding the following upper bound
on the term above:

Z i(€)

Ee, .| sup inf{ E fi-zz+ E max
pteA(Z) fr \ze~pe zg~py 1<8<T

This expression can be re-written as

Ee,.,.| sup E inf{ E f;- zt+max Ea
pteA(Z) zt~pt fr | z;~pt 1<

]

E z

Zt ~Pt

+ max
1<s<T

Za

< E€t+1:T sup E {
-pteA(Z) z2t~pt

T
<E¢..r| sup E max{max Z ai(e)+ E 2z , max Z e)
_pteA(Z) Zt~pt s<t =8 thpt

T
<E¢,p| sup  E max max > ai(e) + (21— z)|, ,max Za (€)
| pteA(Z) zt,2;~pr 5= izs it ics

We now argue that the independent z; and 2] have the same distribution p;, and thus
we can introduce a random sign ¢;. The above expression then equals to

T
Eeor| sup E Emax{max| Y al(e)+e(z -2, max Z at(e)
PteA(Z) zt,2,~pt €t SSU s ikt
< E  sup Emax|Y a'(e)|= E max |Y al™(e)
€417 zpe{—1,1} € 18T Z ep 1$8<T Z
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Proof [of Lemma 9] Given an X-valued tree x and a Y-valued tree y, let us write X;(e)
for the matrix consisting of (x;(€),...,x4-1(¢)) and Y, for the vector (yi(e),...,yi-1(€)).
By Theorem 3, the minimax regret is bounded by

T
4supE. sup [Z EtTFt)"wO (x1:¢(€),y1:6-1 (6))]

X,y ahwoell Li=1

T
= 4sup E, sup [Z €¢C (((Xt(E)TXt(G) + M) Xy (€)Y (e), Xt(€)> + <w0,Xt(€)>)]

X,y Awo Lt=1

Since the output of the clipped strategies in II is between —1 and 1, the Dudley integral
gives an upper bound

R, (x,y)) < inf {4aT+ 12\/?/1 Viog No(I, (x,y), 6) d5}
a0 a

Define the set of strategies before clipping:
I = {7 7{(@1a, yra-1) = (wo + (XX + AI) ' XY, 2¢), Jwol €1, A> Amin}

If V is a d-cover of II' on (x,y), then V is also an d-cover of IT as |c(x) — c(z)| < |z -yl
Therefore, for any (x,y),

NQ(Hv (X7y)75) < NQ(H,7 (va)76)

and

R(IL, (x,y)) < inf {4aT+ 12\/?/1 Vieg No(IT, (x,y),6) dé}.
a0 o'

If W is a §/2-cover of the set of strategies IL,,, = {{wo,x¢(€)) : [wo| <1} on a tree x, and
A is a 0/2-cover of the set of strategies

I = {7 m (e, 1) = (XX + M) XTY, 24) 0 A > Ain
then W x A is an d-cover of II'. Therefore,
N2(H,a (Xv Y)a 5) < N2(Hw07 (Xa Y)v 5/2) X NQ(H)\a (X> y)a 5/2)

Hence,

R(TT, (x,y)) < irig{4aT+ 12V7T fa " fiog No(Thun . (%,3),5/2) + Tog Mol (%,7).5/2) da}

< inf {4aT+ 12VT fal Viog No(Ily,, (x,y),0/2) d5}

a0

1907 [ ' Vlog Na(Tiy, (x,3),6/2) o

The first term is the Dudley integral of the set of static strategies II,,, given by wg € Ba(1),
and it is exactly the complexity studied in Rakhlin et al. (2010) where it is shown to be
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O(\/Tlog(T)). We now provide a bound on the covering number for the second term. It
is easy to verify that the following identity holds

(XX + 20l = (XTX +M1) 7 = (A = M) (XX + ML) HXTX + \oIy)™?

by right- and left-multiplying both sides by (XX + \oI;) and (XX + A1), respectively.
Let A1, A9 > 0. Then, assuming that ||z¢|2 <1 and y; € [-1, 1] for all ¢,

(XX + XaIg) ' XTY = (XTX + M) ' XY,

= o = M| [(XTX + ML) N (XTX + ML) ' XTY |, < (Ao - /\1|

HXTYH2 <t -agft

Hence, for [A;' = A3Y| < 6/T, we have [(XTX +Xolg) ' XTY — (XX + M) ' XY, < 6,
and thus the discretization of A™! on (0, )\mm] gives an f..-cover, and the size of the cover
at scale ¢ is )\mmTé 1. The Dudley entropy integral yields the bound of,

R(IL (x,y)) < 12@/01\/10g(2m;}m5—1)d53 12ﬁ(1+ log (2T A, )).

This concludes the proof. |
Proof [of Lemma 10] Using Theorem 2,
Vr(Ily) < 2R(4,11,) =2 supE sup [ie (W Eizt 2(c) Z'(e)>:|
T{A) s yUa) =28 € 3 t\Wo ~ , )
z,z’ wo:l|[wo || <1, eA | t=1 max {)\ (”ZZ 1 Z’L( 7t) ) Zf:ll Zi(6)| } !

which we can upper bound by splitting the supremum into two:

T T tflz (6)
2 supE. sup [ € (wo,z; (€ ]+2 supEEsup[ € < NAG >
P a2 B 2 e NS @) Te o)
The first term is simply
T
2 supE || &z (e) <2VT.
z’ t=1

The second term can be written as

I Tizie) ) szﬂ zi(c) | ]
2 supE,su €t 1—,zt € =
o AEE[Z <HZ-- 2O | max ([ w@].0). [50 = (@]

|>i Zi(e)H ]
sup sup E. su €rse(€
<2 supsuplEe p[z x5 2 (O]L0). [EE 2]}
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and the tree s can be erased (see end of the proof of Theorem 3), yielding an upper bound

T e |Tid 7o) ]
2 E.
" ?\1:}\)[; max { (|25 zi(e)| 1) . [ 2t zi(e)] }
[ L Gtat(€) ]
<2 E.
<2 s Eesup | ) R @ (0.0).a0)

€
<2 supE¢sup t

T
P e (1)

=2 supE¢sup Zetmm{ ai(c) 1}]

a XeA Lt=1 A(ag(e),t)’

T
=2 sup Ecsup Z ey (be(e), 1/t)]
b vel' [t=1

<2 Rp(D)

where in the above a is a R*-valued tree such that a; : {+1}™! = [0,#-1], b is a [1/T,1]-
value tree and I = {7 :Vbe[1/T,1],a€[0,1],7v(a,b) = min{%, 1},)\ € A}. |
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