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Abstract

The kernel density estimator (KDE) based on a radial positive-semidefinite kernel may be
viewed as a sample mean in a reproducing kernel Hilbert space. This mean can be viewed
as the solution of a least squares problem in that space. Replacing the squared loss with a
robust loss yields a robust kernel density estimator (RKDE). Previous work has shown that
RKDEs are weighted kernel density estimators which have desirable robustness properties.
In this paper we establish asymptotic L' consistency of the RKDE for a class of losses
and show that the RKDE converges with the same rate on bandwidth required for the
traditional KDE. We also present a novel proof of the consistency of the traditional KDE.
Keywords: Kernel Density Estimation, Robust Estimation, Reproducing Kernel Hilbert
Space, Consistency

1. Introduction

Let f:R?Y — R be a pdf and Xi,..., X, be iid samples from f. Let k, (x,2') be a radial
smoothing kernel of the form k, (x,2') = =% (||z — 2’|, /o) for some function ¢ > 0 such
that ¢ (||-||5) is a pdf on RY. Then

w1 n ‘
o= n;kg(.,Xz)

is the well-known kernel density estimator (KDE) (Silverman (1986), Scott (1992), De-
vroye and Lugosi (2001)). We additionally assume that k, is positive-semidefinite. Thus
ko (,2") = (P45 (), Po (7)), where H, is the reproducing kernel Hilbert space (RKHS)
associated with k, (Aronszajn, 1950), and ®, (z) := k, (-,x) is the canonical feature map
(Steinwart and Christmann, 2008). Some kernels satisfying these properties include the
multivariate Gaussian, Laplacian, and Student kernels. Note that for radial kernels we have

125 (@)1, =\/o |z — 2], /o)
=/4(0)0™/*

which does not depend on z. Because of this, we will abuse notation slightly and let
@55, = 15 (2)]l5, . Note that as o — 0, || @4l grows without bound, a fact we will
use frequently.
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With this notation, the KDE may be written as
_ 1<
ﬁznzmwm
1=

the mean of the mapped data. The sample mean is easily shown to be the unique solution
of a least squares problem
- 1

n
fr=argmin— Y |lg— 0o (X;)|7,, -
%%_ng; o (X3,

Replacing the squared loss with a robust loss p, yields a robust kernel density estimator:

RS
fy = argmin —> " p (|lg — P (X)ly,) - (1)
This construction was first introduced by Kim and Scott (2012) where they established
several properties including a representer theorem, a convergent iterative algorithm, and
the influence function. The representer theorem states that

f7=Y i, (X)),
=1

where o; > 0 and > | o; = 1.
In this paper we will establish consistency of the RKDE in the L' norm. Throughout
the paper o will implicitly be a function of n, such that ¢ — 0 as n — co. We will use fZ

to denote the RKDE for a general loss p and f? to denote the special case corresponding
to p(-) = ()2, i.e. the classic KDE.

1.1. Related Work

The consistency of kernel density estimators has been established under the L' norm with
very weak assumptions on distribution and kernel (Devroye and Lugosi, 2001). Necessary
conditions on n and o for L' consistency of the KDE are n — oo with ¢ — 0 and rate on
bandwidth no? — co. Sup-norm consistency has also been established for a less general class
of kernels and densities requiring more restrictive regularity conditions (Silverman (1978),
Stute (1982), Einmahl and Mason (2000), Deheuvels (2000), Giné and Guillou (2002), Gine
et al. (2004), Wied and Weissbach (2012)).

Consistency proofs tend to proceed by decomposing the error into a stochastic estimation
error and a non-stochastic approximation error, namely

Ife = £l < 177 = Foll + 1Fe = 11
where fy = [ko (-,2) f(x)dx = [®,(z) f(x)dx. The right summand is shown to go
to zero analytically and the left summand is shown to go to zero with techniques from
empirical process theory. We will show a simple proof of the consistency of the KDE using
this decomposition and Bennett’s inequality for Hilbert space to control the stochastic term.
However, this decomposition is less fruitful for the RKDE, for which f, does not have a
closed form expression (see Section 4). Instead, we use a completely different technique by

investigating the convergent iterative algorithm used to compute the RKDE in Kim and
Scott (2012).
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2. Novel KDE Consistency Proof

First we will introduce a construction that will be used frequently throughout the paper:
D, = {/ <I>U(x)dy(x)’1/ is a probability measure} .

Note that this and all Hilbert space valued integrals are Bochner integrals; see Steinwart
and Christmann (2008) for a basic introduction to Bochner integrals. For this paper these
integrals can be thought of as the convolution of the kernel with a measure. This in turn
implies that all elements of D, are pdfs. In fact all of the density estimators in this paper
will be an element of some D,,.

We will now present a novel proof of L' consistency of the kernel density estimator.

Theorem 1 Ifn — oo and o — 0 with no® — oo then Hﬁ; — le 20.
Proof Let f, = Ex~f[®, (X)]. By the triangle inequality we have
1F = F2ll < 1 = Folly + 105 = Foll,-

The left term in the sum goes to zero by elementary analysis (Devroye and Lugosi, 2001).
We only need to show that H fr— ngl 2, 0. First we show convergence in the RKHS.

Lemma 2 Let € > 0. For sufficiently small o,

2
(1l 2 2o { -2 )
| . 41143,

Therefore if n — oo and o — 0 with no® — co, then ch’;” - faHH 50.

Proof Sketch Observe that

B[] =E [jL "8y (X)| = Exay [B0 (X)) = Ji-
1

This fact combined with Bennett’s inequality for Hilbert space yields the inequality in
the lemma, after some trivial manipulations. The second part of the lemma is a simple
consequence of the inequality. [ |

The previous lemma follows from Bennett’s inequality for Hilbert space, but Hoeffding’s
or Bernstein’s inequality for Hilbert space would also suffice (Pinelis, 1994). For other
examples of simple proofs using concentration inequalities see Caponnetto and Vito (2007)
and Bauer et al. (2007). The next lemma allows us to bound L! norms over sets of finite
Lebesgue measure. Let A\ denote Lebesgue measure.

Lemma 3 Let S € R? be a set with finite Lebesque measure and g € Hy. Then

[ la@ldz < 20/5) gl
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Proof Sketch We will present a proof for the situation where g > 0. For the general case
we can split the following integral into two parts corresponding to the subsets of .S where ¢
is positive and g is negative. We have,

</Sg(w)dx>2 _ </S (s ()6 dx)2
_ (< [ @ dx,g>m>2

2
< H/ O, (z)dx
S Ho
_ / / (D (2), @, (2)),,, drda’||g]3,,
SJS
://k:a (z,2") dxd:r’||g||3{0
SJS

< / 1dz ||gll%,.
S

=X (8)llgll3,, -

2
91l

For pdfs embedded in RKHSs, Lemma 3 allows us to show that H, convergence implies
L' convergence.

Lemma 4 Let f : R — R be a pdf and g" and h? be sequences of (possibly random,)
densities in a sequence of spaces Dy (again o is implicitly a function of n). If ||lg% — fll, 20
and [|gy — hll3,, =0 then [lgy — by, 50 .

Proof Sketch Define B (y,r) to be the open ball centered at y with radius r and xg to be
the indicator function on the set S. Let & > 0. Choose r large enough that fB(O e f(x)dx <

/3 (this is possible by Lemma 11 in the appendix). Since B (0,7) and B (O,T)C partition
R? we have

loz = w2l = | (92 = 52 (xom +xsone ),
= l[ta2 = k) a0 |, + (65 = 5 X0, | - 2)

The left summand goes to zero in probability by Lemma 3 so it becomes bounded

by e/3 with probability going to one. Since H(f—gg)XB(Or)c ) 2,0 we have

< ¢/3. Since g} and hl} are densities and both of them

P
95X B0, ||, Hf XB(0,)° ||,
are converging to have the same amount of mass in B (0,r), their mass in B (0,7)¢ must

‘ be-
1 1 1

comes bounded by e/3 with probability going to one. Thus the right summand of (2)

also be converging. This means hZXB(O ) gQXB(O ) thB(O )

5030’




CONSISTENCY OF ROBUST KERNEL DENSITY ESTIMATORS

becomes bounded by 2¢/3 with high probability. Putting these results together we have
llgn — hZ|l; < e with probability going to one.
|

The previous lemma is a bit more general than is necessary for the current theorem, but it
will be handy later. In this case g7 in the last lemma is replaced by f, and h” is replaced
with f2, thus completing our proof of Theorem 1. |

It is worth noting that Lemma 2 also implies consistency with respect to L? and L
norms, assuming suitable conditions ensuring that the approximation error goes to zero.
L? consistency is implied as long as ko (-,z) € L? (R?) for all z € R?, (in particular, ky
need not be a reproducing kernel) because Lemma 2 holds for general Hilbert spaces. L>
consistency follows from the Cauchy-Schwarz inequality,

|75 (@) = fo @] =[( @0 (2), 5 = fo )y, |
<l@cla, (175 = folla,

Unfortunately the ||®,|,, term in the last line yields a suboptimal rate on the bandwidth,
no?? — oo.

3. RKDE Consistency
We begin by reviewing some results about the RKDE.

3.1. Previous Results

Before we prove consistency of the RKDE, we will introduce some additional technical
background on the RKDE from Kim and Scott (2012). First we will define some properties
p may have. Let p : [0,00) — [0,00), ¥ = o/, and ¢ (z) £ v (z) /z. Consider the following
properties:

(B1) p is strictly convex

(B2) p is strictly increasing, p(0) = 0 and p(z)/z — 0 as x — 0
(B3) ¢(0) := limy_s0 w( ) exists and is finite

(B4) ¢ is bounded

(B5) p” exists and is nonincreasing on (0, c0)

(B6) ¢ is nonincreasing.

Some examples of losses satisfying all of these properties are p(z) = Va2 +1 — 1,
p(x) = xarctan (x), and p(z) = = — log (1 +x). It is easy to show that property (B1)
guarantees the existence and uniqueness of f)' (Kim and Scott, 2012). Let f be a pdf and
X1, -+, Xp beiid samples from f. Let J2 (-) be the empirical risk introduced in (1). Taking
the Gateaux derivative of the risk gives us

6J5 (g5 1) < Zs@ 196 (Xi) = gll3,) (Bs (Xi)—g),h>

Ho

If (B2) and (B3) are satisfied then a necessary condition for g = f2 is that the Gateaux
derivative at g is O for all directions h, which is equivalent to left term in the inner product
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being 0 (Lemma 1 Kim and Scott (2012)). A straightforward algebraic manipulation of the
last condition gives us

St (190 (X0) = glly,) ®o (X)) _
51 (190 (X5) = gl )

With this in mind we introduce the following functional,

" _ w T (I196(@) = gllyy,) ®ol(@)dpn()
fa :Ho = o g Rolg) = T (125(y) — glls,, ) drn(y)

= ai(9) ke (- Xi)
1

where
_ e (I12o(X3) = gllay,)
St e (19005 — gl )

and p, is the empirical measure corresponding to the sample. This function is the Iterated
Reweighted Least Squares algorithm (IRWLS) from Kim and Scott (2012), which is used
to compute the RKDE in practice. From Corollary 6 in Kim and Scott (2012) it is easy to
show that if (B1), (B2), (B3), (B5), and (B6) are satisfied (note that (B4) is used later), the
sequence {R (0), R (RZ(0)),...} converges in H, to f2, which is the unique fixed point
of R}.

@i (9)

3.2. Consistency Theorem and Proof

Theorem 5 Let f € L* (R%) and let p satisfy (B1)-(B6). If no’ — oo and ¢ — 0 as
n — oo then || f2 — fll, 0.

We know that ¢ is bounded by (B4). In the proofs that follow it will be assumed, for
simplicity, that sup, ¥ (z) = 1. Note that any loss with bounded v can be adapted such
that sup, ¥ () = 1. This is done by dividing p by sup,, ¢ () and does not affect the RKDE.
The longer and more technical proof sketches are contained in a subsection after this one.

The following lemma helps us establish the behavior of elements in D, with large norms.

Lemma 6 For all g € Dy, ||gll3,. < |19l
Proof By the definition of Dy, let g = [ ®,(z)dv(z), where v is a probability measure.

o2, = (0,6}, = < / ¢U<x>du<x>,g>H = [@ol@)., avta)

o

_ / o(2)dv(z) < / 9l dv() = 9]l -
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This lemma allows us to show that an element in D, with large norm will have most of its
mass concentrated around one point. An element of D, having most of the mass around
one point causes its general risk to be large. The Vapnik-Chervonenkis inequality allows us
to show that all such elements will, with high probability, have high empirical risk.

Lemma 7 Ifoc — 0 and n — oo then P (Hf?”?{g > % ||(I)ff||3{g> — 0.

The constant 1% was chosen simply for convenience, it could be replaced with any positive
value less than one.
The following result will be used to prove Lemma 9 and Theorem 5.

Lemma 8 | fyl,,. < I/l

Proof Using the Cauchy-Schwarz inequality and Young’s inequality (Devroye and Lugosi,
2001) we have

152, = < [ t@otaids, [ f(y)‘I’a(y)dy>H - [ 1@ <<I>g<x>, / f(y)%(y)dy>H da
= [ £ (5 k) @ = (7.7 by < 171 1 Kally < £ 111 Do, = 1715

Lemma 7 shows that f is, with high probability, in a ball of radius \/1% 1901, -
Lemma 9 shows that, on that ball, R is a contraction mapping.

Lemma 9 Let n — oo, 0 — 0, and no® — oo. There exists Cr such that, with probability
going to one, the restriction of Ry to By, (O, \/ 15 H(I)UHH(,) is Lipschitz continuous with

Lipschitz constant Cr ||<I>0||;é

This lemma is the final key to proving Theorem 5.
Proof of Theorem 5 Using the triangle inequality we get

1= £y <|1f = 2L+ 1= 22

We know the left term of the summand goes to zero in probability by Theorem 1, so it is
sufficient to show that the right summand goes to zero in probability. By Lemma 4 it is
sufficient to show that H fr— fgLHH goes to zero in probability.

Notice that R?(0) = f? and recall R? (f?) = f*. Using Lemma 7 and 9, with probability
going to 1, the following holds

177 = £, = 1B20) = Ry (f) 1,
< £ = 0llgy, 1 @6l Cr

/9 1
<\1o [Poll, 1P, Cr
9
=4/ —Cpg.
T
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Since || /7 — foHH %0 and Hﬁ,HH <||flly < oo (by Lemma 8), for arbitrary s > 0 we
have H fj}HH < || flly + s with probability going to one. Applying the contraction mapping
steps again we get, with probability going to 1, that

175 = 21l = 1REO) = RE (£,
< 1f2 = 0l 19615, Cr
< (2 = 2l + 1720, ) 1261152 Cr

9 _
< (\/ ECR + {1 fll; + 3) H@aHH}, Cg.

The last line goes to zero as ¢ — 0, completing our proof. [ |

3.3. Proof Sketches

Proof Sketch of Lemma 7 We know that f)' € D,, so to prove this lemma we will
show that as n — oo and o — 0, all vectors in D, with H,-norm greater than or equal to
\/ 5 [®s |4, Will have empirical risk greater than the zero vector. Define J3' : H, — R as

the empirical risk function

n

7 (g) = %Zp (195 (Xi) = glly,, ) -
1

Let g} be the minimizer of J7' when restricted to vectors in D, with H,-norm greater than

or equal to \/% |®s |5, - By Lemma 6 there must exist 2* such that g (z*) > 75 @a”ia,
this causes most of of the mass of g} to reside near z*. It is possible to show that, given
any r > 0 and € > 0, for sufficiently small o, that sup . .o 95 () < 23—0 ||(I>o||§{g +e. As
n gets large, J' becomes well approximated by J, where

I2(6) = [ 0120 @)= glh,) £ @) )
We will substitute J, for J? (in the formal proof we work with J? and invoke the VC

inequality to relate it to the population risk). Since p is increasing, the following holds for
sufficiently small o,

Tz [ (1 @) - ) § @) e

> /B( ) )Cp(\/lfbal\ig —2(g2, 5 ()4, + ||g§|310> f(x) da

3
> [ oy f1eelB, -2 ( 182, +s) g2, ) £ () d.
B(m*,r)c 20
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Since € can be set to be arbitrarily small and Hgﬁ”ig > % ||<I‘g||id the last term has an
approximate lower bound of

6 9
> 2 Y 2 2
2 /B(z*m)c p (\/H%IIHU 50 12713, + 15 \|<1>0\|Ha> f(z)dz

32 .
2[)(!%!% 20) Hylf/B( )Cf(w)dz-
y"r

Finally r can be chosen to be sufficiently small so that inf, |’ Byr)© f (z) dzx is arbitrarily
close to one. Thus as n — oo and o — 0, with probability going to one

32
Jo (95) Z P (\%\HU 20) :

Now, notice that

77 (0) = % > o (195 (X:) —0ll5,.)

=p (H(I)UHHU) :

It then follows that, with probability going to one, J (¢%) > JZ (0). [ |

g
Proof Sketch of Lemma 9 Let g, h € By, <0, \/ 5 ||<I>a||HU>. We have

IRG (9) — Ry (M)l
J o (195 () = gllgy,) @ (@) dpn (z) [ @ (195 (&) = hllyy,) @ (2) dpn (')
o (195 () — gllay, ) din (v) Jo (195 () = hllyg,) dpn (¥)

(4)

Ho

Note that all integrals are over the same measure. Consider the situation if the integrals
were evaluated at one point,

0 (120 @) = gllw,) _ ¢ (1% () = bl -
2 (12, )~ gln.) @ (12 )~ hl,)
2 (120 @) = glln,) © (120 (8) = Bll,) = (120 (&) = blly,) ¢ (126 () = ls,)

% (126 (9) = glla,) ¢ (1196 (4) = k3, )

We will now find a lower bound on the denominator. Note that since g and h live in

By, (0, ol \/%>, that ||, (y) — gll5, and [[®s (y) — gll5, grow without bound as

o — 0. Since p is convex 1 must be increasing and since 1 has a supremum of 1, ¢ (z) is
well approximated by 1 for large z. Thus we have, for small ¢ that the denominator is well



VANDERMEULEN SCOTT

approximated as follows

(126 (1) = gll2,) © (196 () = hllyy,)

@6 (4) = gll, [P0 (¥) = hlly,
1

TP (¥) — gl @6 () — All4y,
1

>
- 2
613, (1+/9710)

-2
=Cp (%o ll5,

o (1% (1) — gl ) & (190 () — Blly,) =-

-2
where Cp = (1 + \/9/10> . We will now find an upper bound on the numerator. By the
triangle inequality
|0 (125 (2) = gll, ) @ (196 (v) = Rl ) =@ (196 (2) = hllay, ) @ (16 (1) = glly, )|

<o (I1®s () = gllag,) @ (196 (1) = Bllag,) — @ (P06 (2) = gllay, ) @ (190 () = gllg,)|
+ o (126 () = glla,) @ (1P6 () — gllyy,) — @ (|86 (2) = Rllyy, ) @ (196 (¥) = glla, ) |-

Consider the second summand,
o (180 () = gll3,) @ (1P (1) = gllar,) — ¢ (126 (2) = Bllyy, ) @ (196 (v) = gllz,, )| (6)
= ¢ (125 (1) = glla,) o (126 () = gllag,) = @ (126 (y) = hll, )|
1
< RO o (10 () = gll3,) — @ (1o () = hll, )|
- 1
1@lln, (1= 1/35)

Just as ¢ (z) becomes well approximated by % for large z, ¢’ (z) becomes well approximated
by ;—21 Using this it can be shown that there exists C';, > 0 such that, for sufficiently small

o, ¢ (195 (y) — - |l ) is Lipschitz continuous on By, (0, \/ 1% HCIDUHHU) with Lipschitz con-

stant H‘chf”;{i Cr. Now we have

0 (1126 () = gllzy, ) — @ (126 (x) — hlly,, )|

|2 (126 (2) = gllzi,) = @ (126 (2) = Bllzy, )| < llg = hlly, 196157 Cr-

It now follows that (6) is less than or equal to ||<I>U||;;; Cy for some Cy > 0. Returning to

2o 7 Cn e
m = H(I)O—HHO_ Tg ThlS gen_

erally describes the behavior of the values found in (4). To take care of the [ @, (x) dpy, (x)
terms, note that by Theorem 1 Hf O, (z) dpy, () — f”HH 20 if no? - co. By Lemma

8, Hﬁ,HH < | flly so || ®o () dpn (x)HH becomes bounded with high probability, thus
completing our proof sketch. |

(5), we can now show that it has an upper bound of

10
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4. Discussion

In this work we have shown that the limit of the RKDE, as n — oo and ¢ — 0, is the
distribution f. Therefore the robustness of the RKDE is not manifested in its asymptotic
limit, at least for the class of strictly convex losses we study. Rather, the robustness of the
RKDE is manifested for finite sample sizes as demonstrated by Kim and Scott (2012).

A key feature of our work is our nonstandard analysis. Standard analysis proceeds by
the decomposition, ||f — 2|, < |If — folly + | fo — f2l;, where fo is the minimizer of J,
(defined in Eqn. (3)). Using proof techniques from Kim and Scott (2012) it is easy to show
that there exists a pdf, p,, satisfying

fo= /p(7 (2) Dy (z) dx
and

_ 2% (2) = folla,) f (@)
To (195 () = folla,) £ () dy

In the case of the classic KDE, ¢ is a constant so p, = f. For a robust loss however, ¢ is a
non-constant function so p, does not have a closed form expression. The fact that f, and
f2 do not have closed form expressions makes the standard analysis difficult.

The function R} is of some interest of its own. It is mentioned in Kim and Scott
(2012) that the IRWLS algorithm converges to the RKDE after very few iterations. This
phenomenon may be explained by the small contraction constant exhibited by R} in
Lemma 9. It is also worth noting that the density estimator generated by applying
the IRWLS algorithm a fixed number of times is also consistent. More precisely, let
mwk — Rn(...R"(R"(0))---), where R” is applied k times, then, given the same con-
sistency requirements for the RKDE, Hf;lk — le 0.

The last line of the proof for Theorem 5 allows us to say something about the RKDE rate
of convergence. From the proof, if no® — oo, there exists C' > 0 such that, with probability
going to one, || f7 — ngHU < Co?2. Letting 0%/ = % gives us Hff; — ngHa % <,
a rate of convergence of the RKDE to the KDE. We anticipate that this result can be
extended to L' convergence of the RKDE to f and will be a focus of future work.

We also note that just as f? is a robust version of f? so is f, a robust version of f,. To
see this consider the expression for p,. For the traditional KDE ¢ is a constant, yielding
po = f. When using a robust loss ¢ is a decreasing function causing p, () to be smaller
for more outlying x. We can consider p, to be a robust version of f since it suppresses low
density regions of f.

po (2)

Appendix A. Proofs of Lemmas

For convenience the proofs have been split up into two subsections, one for proofs from the
KDE section and the other for proofs from the RKDE section.

11
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A.1. KDE Consistency Proofs

The following lemma is a Hilbert space version of Bennett’s inequality (Smale and Zhou,
2007) and will be used in the proof of Lemma 2.

Lemma 10 Let H be a Hilbert space and {&}7, be m (m < o0) independent random
variables with values in H. Also, assume that for each i, ||&]ln < B < oo almost surely.

Let 62 =Y E[||&]3,]. Then
B
> 6) < exp{—;nélog <1 + 7%2&7) } ,Ve > 0.
H

'

Proof of Lemma 2 We will apply Lemma 10. From the lemma statement let §; = ®,(X;)
and m = n yielding, for all e > 0

o e %o 5, ¢
P(|Ifz = Folly, 2 2) Sexpd —ort—log [ 14 — ==
1z = Folly, = € —exp{ %0l °g< S

R G )
=expy — == 1lo — | .
2(|®o |5, 1P ll3,

As 0 — 0 then 1+ m — 1 so for sufficiently small o

1
m

> (& —El&))
=1

€ €
log <1 + ) >
1952, / — 211Polly,
and

2

,n_* —L
P([|f2 = Folly, = 2) fexp{ 4u<1>guig}

which goes to zero as — 00, or equivalently no? — co. So Hfg — fUHH 0.

n
2
®oll3,

Proof of Lemma 3 Let ST = {s|s € S,g(s) > 0} and S~ = S\ S*. We have

[la@lde= [ gda+ [ —garas
:/# (9, @ (), d:z+/ (=g, Bo(&)),, o’

_ <g,/s+ <I>U(x)d:c>HU v <—g, /_ q)o—(x’)dx’>%o
<lgl, (H P e e H) o

12

l

Ho
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Now consider

‘ i _ < /S (), /S ) <I>U(:r’)d:r’>Ho

/S @ (a)dr

and a similar result can be shown for S™. Plugging back into (7) we get

[ la@ldz < lglh, (VA +VAE)
< llgly, 2V/X(S).

Lemma 11 Let f be a pdf, € > 0, and y € R?. There exists r > 0 such that

/ fx)dx >1—e.
B(y,r)

or equivalently

/ f(x)dx < e.
B(y,r)©
Proof We will prove the second statement. Consider the following, where i € N,
/ L d = [ oo @) £ (@) do
Clearly as ¢ — o0, XB(y i)cf — 0 pointwise. Since XB(y Z.)cf is dominated by f,

fXB(y i) () f (x)dz — [0dz = 0 by the dominated convergence theorem. Thus there
exists n € N where fB(y me [ (@) de <e. |

Proof of Lemma 4 Let ¢ > 0; by Lemma 11 let » > 0 such that HfXB(O,r)C

< g/3.
1 Z

From Lemma 3 we have

(g2 = h)xBon |, 20.

13
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Since || g7 — fl; 20, we have Hg(,XB 0,r) H1 HfXB(O,r){ ,» and therefore

H = (1= Wxstonll) - (1 Drxstonl)

= |Wexmonl, = Ixzonl

< H(hZ - f) XB(o,r)H1
< H(hZ - gg)XB(O,r)Hl + H(g? - f) XB(o,r)Hl

2.

hZXB(O,r)C

s,

Thus, ’ < ¢/3, we have

, LN HfXB(O,r)C . Since HfXB(O,r)C .

?(]

thB(O,r)C

> 55/12) 0. (8)

hZXB(O,r)C ‘ 1

Now to finish the proof,

>)

<P (H n_ ga)XB(OJ“)Hl > 5/4) +P (H o 90) XB(OJ‘)C‘ 1

P(lhy = g5l > ¢) (H (hy — 9 xsom ||, + H (hs = 95) XBOm© |,

> 3¢/ 4)
We’ve already shown the left summand goes to zero, now we take care of the right term

> 35/4) <P (’

- (

The left summand goes to zero by (8). Since

(H ~ 95) XB(0.r)C heXB(0,r)c 95 XB(0,r)C ) > 35/4)

1

haX B(0,r)C == 55/12> + ]P( 95 XB(0,r)C

> 5/3)

M — d
95Xp(0,)° ~ Xponel||, =0 an

gf,‘XB(OT)cHl < ¢/3 and the

FXpon©
right summand goes to zero. This completes our proof.

) < 5, with probability going to one, we have

A.2. RKDE Consistency Proofs

Lemma 12 Let [ : RY - R be a pdf. For all € > 0, there exists s > 0 such that
fB(z 5) f(z)dz < e for all z € RY.

Proof We will proceed by contradiction. Let {z;}{° be a sequence in R? such that
fB(a:i 1/4) f(z)dz > e. Clearly the sequence must be bounded or else f would not be a

pdf. Let z;; be a convergent subsequence and let 2’ be its limit. Let {rj}cl’o be a sequence
in RT converging to zero with B (z;;,1/i;) C B (a',7;). So we have fB(m',rj) f(x)dx > e,
for all j. We know

[ @ = [ @) @

14
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and fy B(a,r;) — 0 pointwise. Since fx B(«/,r;) is dominated by f, the dominated convergence
theorem yields

lim f(x)dx = lim [ f(2)XBr,) (z)dz
j—o0 B(a!,r;) j—o0 I
= / hm f(x) XB(a/,r;) (l‘) dx
j—o0
= /de
=0
but g, vy J () dz > €, a contradiction. |

Corollary 13 Let f : RY — R be a pdf with associated measure p, € > 0 and r > 0. There
exists s > 0 such that for all v € RY, y (B (z,7+s)\ B (x,7)) < €.

Proof We will omit a full proof; the general strategy is the same as the previous proof.
Find a series of annuli with width decreasing to zero that have probability greater than e.
Next find a convergent subsequence of annuli centers, let its limit be z’. Finally construct
a series of annuli centered at x’ with probability measure greater than e and width going
to zero and arrive at the same contradiction. |

Lemma 14 Let s > 0. If o — 0 then 0~ % (s/c) — 0.

Proof We will proceed by contradiction. Suppose o~%¢ (s/o) does not converge to zero,
then there exists C' > 0 such that we can find arbitrarily small ¢ satisfying

o4 (s/o) > C. 9)

It is well known that there exists Cy such that the Lebesgue measure of a ball in R? of
radius r is Cyr?. Since g is nonincreasing (Scovel et al., 2010) this along with (9) implies
that there exists arbitrarily small o satisfying

—d —d
/B o0l /o) dr 2 / o~ (s/0) dz

B(0,s)
>Cys?C

where the last term must be less than or equal to 1. Now, by Lemma 11, there exists r > 0
such that

_ CystC
[ allelyde= [ omty(aly fo)ar > 1 - S5
B(0,r) 2

(0,ro)

15
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For sufficiently small o we have
12 [ o (aly fo) do
B(0,ro)

> [ (o], o) da'+ [ g (|2l /o) da
B(0,ro)

B(0,s)\B(0,ro)
d
>1- 22 | o~q (2], /o) d.
2 B(0,5)\B(0,r0)

Because ¢ is nonincreasing this is greater than or equal to

1— CdeC

+Cq (sd — (’I“O')d> o4 (s/o).

Aso =0, Cy (sd — (ra)d) — Cys%, so by (9) we can find some o where the last term is
greater than or equal to

1— CdeC

2

The last line is greater than 1, a contradiction.

Proof of Lemma 7 Let conv be the convex hull operator. Define

C
Q= conv (s (X1),...,P,(Xy)) mBHG (0, \/EH‘I)UHHU> .

Clearly Q7 C D, since @, (X;) is a density for all . By the representer theorem in Kim and
Scott (2012), f € conv (P, (X1),..., D5 (X,)). We also know that f2 is the minimizer of
J}}, where J! : H, — R is the empirical risk function

n

7 (g) = %Zp (126 (X3) = gllp,, ) -

=1

From these facts if we can show
P(J7(0) < J7(9),Yg € Qy) =0

then we have proven the lemma.

Since Q7 is compact and JJ' is continuous (Kim and Scott, 2012), arg mingegn J7'(g)
contains at least one element. Let g be an arbitrary minimizer of J}' restricted to Q7.
Let p be the measure associated with f. From Lemma 12 we can choose r > 0 such

that p (B (z,7)) < 15, for all z € R% Choose s > 0 such that p (B (x,r+s)c) > 1
for all x € RY The previous statement is satisfied by finding s such that, for all z,
(B (z,7+ )\ B(z,r)) < 15, which is possible by Corollary 13 . By Lemma 6 we know

16
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there exists 2* such that g% (z*) > 15 HCDUHE_LO (z* is implicitly a function of n). By the defi-
nition of Q7, let g% = Y7 | Bi®,(X;) with 8; > 0and 7 8; = 1. Since g2 (z*) > % H<I>C,H§[(r
and ¢ is nonincreasing we have

9 “ .
0 19613, < Biko(Xi,z%)
i=1

= Z ﬂikg(Xi,x*) + Z /Bjka(Xjax*)

:X;EB(z*,r) J:X;€B(z*,r)¢
= > Bke(Xux)+ Y Bio g (IIX; — 7|, /o)
©:X;€B(x*,r) J:X;€B(z*,r)¢

< Y BilElE, o (r/o)

:X;€B(x*,r)

The last line is due to the fact ¢ must be nonincreasing (Scovel et al., 2010). From Lemma
14 we know that 0~ %(r/o) — 0 as ¢ — 0 , so for sufficiently small o we have

17
2*0||‘I>o||3{a< > Billell3,
: X, €B(x*,r)
and thus
17
%< > B (10)
©:X;€B(z*,r)

Again, since ¢ nonincreasing, for sufficiently small o

n
sup  gr(y) = sup > Bike (Xi,y)
YEB(a* 1-+5)C yeB(a* r+3)C (=

= sup Z Biks (Xi,y)

* C
yeB(z*,r+s) :X;€B(x*,r)

Y B0 ). B (X)),

Jj:X;€B(z*,r)¢

<olq(sj)+ Y Bil%alE, -

J:X;€B(z*,r)¢

o

From this, (10) and because 0~ %(s/o) — 0 as 0 — 0, for arbitrary ¢ > 0 we have, for
sufficiently small o,

3
sup g, (y) <e+ 20 @[3, -
yeB(z*,r+5)¢

17
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Recall that we assumed that sup, 1(x) = sup, p’ () = 1 and p (0) = 0. Because p is strictly
increasing, for sufficiently small o,

1 n
T2 = 3 o (196(X0) = 931,

1 1

D 201260 = ) + > (120X - g2y, )
:X;€B(x*,r+s Jj:X;EB(z*,r+s)¢

DS p(ucba ~4il.)
P I (U Ry

p (\/ @[3, 2 (20 2[5, + <) + g5 12, ||HU>
J:X;€B(z*,r+s)¢
= e (B4 5)° (W@ B, 2 )
Zirxlfun< (z,7 +5)° <\/\|¢> I3, 50 )

Since p is strictly convex we know that 1 is strictly increasing. Because ¢ has a supremum
of 1 and is strictly increasing we know that for any 1 > e, > 0 there exists by such that for
all © > by, ¥(x) > 1 — ey. Then, for sufficiently small o,

\/ 90113, 55 —2¢
o, —
19013 55 -2 ) = |

19113, 55 —2¢
> / Y (x) dx

> (1—¢y) (\/Il@ [ 20—25—%> (11)

Y

v
3\*—‘
M

For sufficiently small o we have

32 32
2
1ol 2 e > oy, /22 -2z

Since the complements of all open balls, in this case, all balls with radius r + s, have a finite
shattering dimension (Devroye and Lugosi, 2001), and by our choice of r and s we know,

with probability going to one, that inf, pu, <B (a:,r+s)0> — inf, u (B (x,r—i—s)C) >
0.8. Because of this for any eg > 0 we have, with probability going to one, that

18
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infy py (B (z,7 + s)c) > 0.8 — ep. Since %wg—g > 1, we can choose £y, and g such that

(2—ep)(1—cy) \/% > 1. Using these facts with (11) we have, for sufficiently small o,
with probability going to one

T2 (g) = inf i (B (2,7 +5)7) (1= 24) ( 1203, 55 — 22 - w)

)
> (3-e0) 0-e0) (rcb I, \ 50 - 2e—b¢>

> (@53, -

Now consider

ZP @0 ( OH%)
=p (H(I)JH’HU)

19013,
=/0 b () di + p (0)

1251l
< / ldx
0

= [[®slly, -
So as n — oo and ¢ — 0 we have
P(J7(g5) < J5(0)) =0,
thus finishing the proof. |

Proof of Lemma 9 Let g, h € H, such that [|gl|3, < % |3, and [[R]3, < 5 [|P6l7,, -
Cross multiplication gives us

IRy (9) — Ry (R)ll4,
(196(2) — gll,) Po(@)dpn(z) [ o (1Po(2') = hlly,, ) Po(a’)dpin ()
o (195 (y) = gllag, ) dpn(y) [ (19(y") = hlly,) dun(y’)

_|4
=13,

where

Ho

A= [ o001 o) @y )] [ o (102 61 Y )
_[/¢<\\¢U(x’)—hum) ') dpn (2 H % (I1®o ( g!\m)dﬂn(y)]
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and

B- [ [ (2 —hHHa)dun@')} [ [ 01200) = glh,) (o).

Note that A € H, and B € RT. We will now find a lower bound on B. As shown in the
proof for Lemma 7 there exists b > 0 such that ¢ (x) > 1/2 for all x > b. By the reverse
triangle inequality

190 () = Blly,. > [1@alls, — ll, |

9
> @l (1 - 10)

which grows without bound as ¢ — 0. So for sufficiently small o

¥ ([ (y') — Rlls,)
o (120~ ], ) = %00~ il
1
=y Do (y') — Rlly,
1

~ 2(I126ll, + 1Bll4,)
1

> )
1@l 2 (1+/55)

A similar result can be shown for ¢ (||®4(y) — g||Ho), so there exists Cp > 0 such that, for
sufficiently small o,

B > ||]l32 Co.
Now we will focus on A. To make the following manipulations simpler we will let
¢ (126 (2) = Elly,) = T (2,k) -

A is equal to

[ [ Tr 0.9 e @ >] [ [ 7w dun<y/>} - [ [ T 1) @i ] [ [ T (0.9) >]
:/{Tg (z,9) By () [/To (v, h) dun(y’)] =T, (z,h) @p(z) [/T Y, 9) dun(y ]}dun
—/%(m) T, (w,g)[ Ty (', h) dun(y)] 15 (z,h) [/ o (Y, 9) dpn(y )} ]dun(w)

T.

- / / B, (2) [T (2, 9)

(
o (y’ h) —T5 (x’ h) T, (y, g)] dﬂn(y)dﬂn(x)
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CONSISTENCY OF ROBUST KERNEL DENSITY ESTIMATORS

We will now bound the inner term. Using the triangle inequality we have

Ty (2,9) Ty (y, h) — Ty (2,h) Ty (y, 9)| (12)
<|\To (2,9) Ty (y, h) = Ty (2,9) T (v, 9)| + |To (2,9) T5 (y,9) — T (2,h) T (y, 9)|

=T, (2,9) | T5 (y,h) = To (v, 9)| + To (v, 9) | To (2, 9) = Tor (¢, h)|.

We will bound the second summand in the last equality; a similar technique can bound the
first summand.

(126 () — glly, )

o (180(y) — gl ) = &

o (y) — gllgy,
- 1
%6 (y) = glly,
1
<
~ 1oy, — gl |
1

< :
12olls, (1= 1/5%)
A similar result can be shown for ¢ ([|®,(z) — g||HU).
Consider z > ||®, ||, (1 - ./1%), then

o) = |(H2)
| () =9 ()

22

29 ()| + ¥ (2)]

22

<

We will now analyze the behaviour of 1)/, specifically, there exists sufficiently large r such
that ¢ (z) < % for all z > r. We will proceed by contradiction. Suppose this is not the
case. Then there exist positive numbers t1,t2 and t3 such that ¢’ (¢;) > % and tﬁl < %
We know ¢ is nonincreasing by (B5) and nonnegative; we also know 1) is bounded above
by 1 so

12/0w¢'(x)dx

to t3
> [ @ (x)de+ | ¢ (y)dy

t1 to
Lottt
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a contradiction. From this we have that for sufficiently large z,

2 (D) + 9 ()] _ 2341

22

Thus, for sufficiently small o, on the space[(l - \/%) Dol ,oo), ¢ is Lipschitz contin-

-2
uous with Lipschitz constant 2 (1 - 1%) H<I>0H7f7 Therefore we have

-2
o (126 (x) = gll) = ¢ (@ (2) = Al <[[|Ps () = gllay, — 96 (x) = hll, |2 (1— 190> @415

-2
9 -
<llg = Ally, 2 (1 - 10) |90l

Combining the last inequality with (13) we have that for sufficiently small o, (12) is less

than or equal to
5 -3
-3
Allg — hll, (1— 10) o5

Using this bound we can do the following. Let 7 £ [T, (2, 9) T, (y, h) — Ty (x, ) > (1,9)],
& [T, (@) Ty (1) — To (@) T (0 9)] and 2 4 g — Bl (1= \/5) 1972,

we have
12, —H [ [ #oteran o)

(] o] [oiororan),
/ / / / 77 (@0 (@), R (2'))5, dptn(y)dpn(y') dptn () dpin ().

Since (5 (), Py ('))4, > 0 for all z,2’, for sufficiently small o, the last line is less than or

equal to
/ / / / 52 (R (), o (1)), dpan (0)dpin (4 )dpan () dpan (')
= / / K2 (86(2), Bo(a'))yy, dpn(@)dpin ()

/‘I)g (x) dpy, (x) ’

2

:,‘QQ

Ho
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Returning to the original notation, this means, for sufficiently small o

-3
9 _
41, < | [ @0 @ ain)] allg= i, (1— 10) ol
Ho

From our proof of the consistency of the KDE we know that H [ ®o(z)dpn () fUH " 20
and from Lemma 8 HfUHH < | flly so ||f ®o(z)dpn(x HHU is bounded by some constant
with probability going to one. Note that this is the only probabilistic step, which does not
depend on g or h, so the result holds over the whole ball in H,. So there exists C'4 > 0
such that

-3
[Allyy, <llg =Pl [®5ll3, Ca

with probability going to one (we can omit “for sufficiently small ¢” since 0 — 0 as n — o0).
Finally we get with probability going to one as no? — oo

‘ ||A”H

< g = hly, 2ol
- " Cp |07

=g - h”Ho Cr ||(I)a||7-[(, .
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