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Abstract

‘Distribution regression’ refers to the situa-
tion where a response Y depends on a co-
variate P where P is a probability distribu-
tion. The model is Y = f(P) + p where f
is an unknown regression function and p is a
random error. Typically, we do not observe
P directly, but rather, we observe a sample
from P. In this paper we develop theory and
methods for distribution-free versions of dis-
tribution regression. This means that we do
not make strong distributional assumptions
about the error term p and covariate P. We
prove that when the effective dimension is
small enough (as measured by the doubling
dimension), then the excess prediction risk
converges to zero with a polynomial rate.

1 Introduction

In a standard regression model, we need to predict a
real-valued response Y from a vector-valued covariate
(or feature) X € R? Recently, there has been in-
terest in extensions of standard regression from finite
dimensional Euclidean spaces to other domains. For
example, in functional regression (Ferraty and Vieu
[2006]) the covariate is a function instead of a finite
dimensional vector.

In this paper, we study distribution regression where
the covariate is a probability distribution P. This dif-
fers from functional regression in two important ways.
First, P is a probability measure on R rather than
a one-dimensional function. Second, and more im-
portantly, we do not observe the covariate P directly.
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Rather, we observe a sample from P, which means
that we have a regression model with measurement
error (Carroll et al. [2006], Fan and Truong [1993]).

A practical example where this framework can be use-
ful is as follows. Suppose that we need to classify
patients in a hospital and diagnose whether they are
healthy or suffer from a disease. Traditional machine
learning based approaches would make a couple of
medical tests, and using the results of these measure-
ments they would form a feature vector for each per-
son and then apply a standard classifier to predict the
class labels of the feature vectors. Suppose we have
m patients, and these feature vectors are denoted by
X; € Rd, 1 <4 < m. Our goal is to predict the class la-
bel Y € {‘healthy’, ‘diseased’} for a person. The prob-
lem with this approach is that our heart rate, blood
pressure, chemical concentrations in blood, and many
other medical conditions in our body are always chang-
ing, and therefore if we repeat these measurements a
couple of times, then each time we might get differ-
ent measurements and different feature vectors for the
same person. For the ith person, let the set of these
measurements be denoted by X; = {X;1,...,Xin, },
where X ,,, € R? indicates that we repeated the med-
ical tests n; times. Interestingly, traditional feature
vector based machine learning algorithms cannot han-
dle well such simple problems. They might construct a
new feature vector as the average of the measurements
(X; = n% 22;1 X j), but then they lose information.
If they want to keep all the measurements in a feature
vector, then they cannot just simply stack the fea-
ture vectors of each person to a larger vector, because
then each of these vectors could have different sizes
(dn;). In contrast to the approaches, in our frame-
work we simply say that each person is represented
by an unknown distribution P;, and those feature vec-
tors are samples from these distributions X; ; ~ P; for
j=1,...n;. Our goal is to classify these unknown P;
distributions.

The formal definition of the problem is as follows.
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Figure 1: Tllustration of the model - distribu-
tions Pi,..., P, Pny1 are unobserved, only the
Xy, ..., X, Xma1 sample sets are observable.

We consider a regression problem with variables
(P1,Y1),...,(Py,Y,,) where ¥; € R and each P; is a
probability distribution on a compact subset K C R¥.
We assume that

}/z:f(‘PZ)—i_uw i=1,...,m,

for some functional f, where p; is a noise variable with
mean 0. We do not observe P; directly; rather we
observe a sample

i.4.d

Xity. ooy Xin, ~ P (1)
Thus the observed data are
(X1, Y1), ..., (X, Yin) (2)

where X; = {Xi1,...,Xin, }- Our goal is to predict
a new Yp,41 from a new batch &,,;1; drawn from a
new distribution P,,4;. This model is illustrated in
Figure 1.

We model the unobservable probability distributions
Py,..., P, as follows. Let D denote the set of all dis-
tributions on KC that have a density with respect to the
Lebesgue measure. We assume that the distributions
P; are an i.i.d. sample from a measure P on D, that
ist,
Pla-~-aPm7Pm+1 li;dp.

Note that f: D — R. If Q(-|P) denotes the law of ¥
given P, then the joint distribution of (Y, P) is given
by

P(Ye A, PeB)=Q(Y € A|[P € B)P(P € B)

Our main result is a theorem where we prove that
when the effective dimension of P measured by the

!There are some subtle technical difficulties with the
definitions of measurability. Using outer expectations these
issues can be resolved. In this paper, however, we ignore
this question.

doubling dimension is small enough, then the estima-
tor is consistent and the prediction risk converges to
zero with a polynomial rate. Our results are distri-
bution free, similar to the functional regression case
Ferraty and Vieu [2006], in the sense that we do not
make any strong distributional assumptions.

Outline. In Section 2 we discuss related work. We
propose a specific estimator for distribution regression
in Section 3. We call this kernel-kernel estimator since
it makes use of kernels in two different ways. In Section
4 we derive an upper bound on the risk of the estima-
tor. The proofs can be found in Section 5. In Section
6 we analyze the risk bound in terms of the doubling
dimension, which is a measure of the intrinsic dimen-
sion of the space. We present numerical illustrations
in Section 7. Finally, we give some concluding remarks
in Section 8. The details of the proofs can be found in
the Supplementary material [Péczos et al., 2013].

2 Related work

Our framework is related to functional data analysis,
which is a new and steadily improving field of statis-
tics. For comprehensive reviews and references, see
Ramsay and Silverman [2005], Ferraty and Vieu [2006].

A popular approach to do machine learning, such as
classification and regression, on the domain of distri-
butions is to embed the distribution to a Hilbert space,
introduce kernels between the distributions, and then
use a traditional kernel machine to solve the learning
problem. There are both parametric and nonparamet-
ric methods proposed in the literature.

Parametric methods, (e.g. Jebara et al. [2004], Moreno
et al. [2004], Jaakkola and Haussler [1998]), usually fit
a parametric family (e.g. Gaussians distributions or ex-
ponential family) to the densities, and using the fitted
parameters they estimate the inner products between
the distributions. The problem with parametric ap-
proaches, however, is that when the true densities do
not belong to the assumed parametric families, then
this method introduces some unavoidable bias during
the estimation of the inner products between the den-
sities.

A couple of nonparametric approaches exist as well.
Since our covariates are represented by finite sets, re-
producing kernel Hilbert space (RKHS) based set ker-
nels can be used in these learning problems. Smola
et al. [2007] proposed to embed the distributions to
an RKHS using the mean map kernels. In this frame-
work, the role of universal kernels have been studied by
Christmann and Steinwart [2010]. Recently, the repre-
senter theorem has also been generalized for the space
of probability distributions [Muandet et al., 2012].
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Kondor and Jebara [2003] introduced Bhattacharyya’s
measure of affinity between finite-dimensional Gaus-
sians in a Hilbert space. In contrast to the previous ap-
proaches, Péczos et al. [2012], Péczos et al. [2011] used
nonparametric Rényi divergence estimators to solve
machine learning problems on the set of distributions.

Although, there are a few algorithms designed for re-
gression on distributions, we know very little about
their theoretical properties. To the best of our knowl-
edge, even the simplest, fundamental questions have
not been studied yet. For example, we do not know
how many training distributions (m) and how many
samples (n;, i = 1,...,m) we need to achieve a target
prediction error. Our paper is providing an answer to
this question.

3 The Kernel-Kernel Estimator

In this section we define an estimator f for the un-
known function f. Let P; denote an estimator of P;
based on X;, and let X’ be a sample from a new distri-
bution P = P,,,+1. Accordingly, we denote with P an
estimator of P based on X. Our predictor for Y, 41 is

then )/}m—i-l = f(ﬁm-&-l)

Given a bandwidth A > 0 and a kernel function K
(whose properties will be specified later), we define

o~ o~ ~

F(P)=F(P;Py,...,Py)
. YL_K(D(IE}‘«;JS)

S i K (252 >0
ZiK(D(I;f’m) h

0 otherwise.

To complete the definition, we need to specify }/51-, p
and D. We will estimate P; — or, more precisely, the
density p; of P; — with a kernel density estimator

nq

o= (k) e

j=1 "

where B is an appropriate kernel function (see, e.g.
Tsybakov [2010]) with bandwidth b; > 0. Here ||z]|2
denotes the Euclidean norm of z € R*. Accordingly,
P; is defined by

~

for all Borel measurable subsets of RF. For any two
probabilities in P and @ in D, we take D(P, Q) to be
the Ly distance of their densities: D(P,Q) = ||lp—ql|| =
J Ip(x) — q(x)|dx. Hence,

o~ o~ ~

F(P)=f(P;P,,... P = == _

which we call the ‘kernel-kernel estimator’ since it
makes use of two kernels, B and K.

For simplicity, n will denote the size of the sample X,
and b will be the bandwidth in the estimator of p.

In what follows we will make the following assumptions
on f7 K7 7)’ M and Y;.

Assumptions

e (A1) Hélder continuous functional. The unknown
functional f belongs to the class M = M(L, 8, D)
of Holder continuous functionals on D:

M = {f L f(P) - f(P)] < LD(Pi,PjW},

for some L > 0 and 0 < 8 < 1, where D is the
above specified L; metric on D. In the § = 1
special case this means that f is Lipschitz contin-
uous.

o (A2) Asymmetric bozed and Lipschitz kernel. The
kernel K satisfies the following properties: K :
[0,00] — R is non-negative and Lipschitz contin-
uous with Lipschitz constant Lg. In addition,
there exist constants 0 < K <land 0 <r < R <
oo such that, for all z > 0, it holds that

Klzeno.ry < K(®) < Izeo,r))-

e (A3) Holder class of distributions. The distribu-
tion P is supported on the set of distributions
with densities that are 1-smooth Hélder functions,
as defined in Tsybakov [2010], Rigollet and Vert
[2009] for example.

o (A4) Bounded regression. We will assume that
suppep|f(P)| < fmax for some frax > 0. Also,
u; has mean 0 and P(|Y;| < By) = 1 for some
By < oc.

o (A5) Lower bound on minj<;<m+1m;. Let n =
. ko
ming<;<m+1 7. We assume that n2+ > 31lnm.

o (A6) Requirements on regression kernel bandwidth

h. Assume that C’*nfz”%k < rh/4 where C, is
defined in (9), and h < H where H > 0 is a
constant.

o (A7) Requirement on density kernel bandwidths
{b;}7,. Assume the bandwidths b; = b := noEE

4 Upper Bound on Risk

We are concerned with upper bounding the risk

~

R(m,n) =E||f(P; P1,...,Pn) = f(P)]|,
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where the expectation is with respect to the joint
distribution of the sample (X1,Y7),..., (Xm, Ym), the
new covariate P = P41 and the new observation
Xm+1. Note that the absolute prediction risk is
E[Y — Y| < R(m,n) + ¢, where ¢ = E(|u|) is a con-
stant. So bounding the prediction risk is equivalent to
bounding R(m,n), which we call the excess prediction
risk. In what follows, C, ¢, co, ... represent constants
whose value can be different in different expressions.

Let B(P,h) = {P € D : D(P,P) < h} denote the L,
ball of distributions around P with radius h. We will
see that the risk depends on the size of the class of
probabilities D. In particular, the risk depends on the
small ball probability

®p(h) == P(B(P,h)),

where P is a fixed distribution and ®p(h) is a function
of P.

Our first result, Theorem 1, provides a general upper
bound on the risk. In our second result (Section 6)
we show that when the effective dimension measured
by the doubling dimension is small, then the risk con-
verges to zero. We also derive an upper bound on the
rate of convergence.

Theorem 1 Suppose that the assumptions (A1)-(A7)
stated above hold. Then

R(m,n) < E [W] " T 4 Cyhf
* 03\/7\/ rh/2 :h/Z)}
+(m+1)e —3nE )

where the constants C;’s are specified in the proof.

5 Proof of Theorem 1

In this Section we prove our main result, Theorem 1.
The main idea of the proof is to use the triangle in-
equality to write

R(m,n) =E|f(P; P1,...,Py) — f(P)|
<E|f(P;Py,...,Pn)— F(P;Py,...,Pn)|  (5)
+E|f(P;P1,...,Pn) — f(P)]. (6)

In Sections 5.2 and 5.3 we will derive upper bounds
for (5) and (6), respectively. Section 5.1 contains a
series of technical results needed in our proofs.

Throughout, K (@)7 K; =
K(%) and ¢; :Ki—l?i,fori: 1,...,

that, for ease of readability, we have omitted the de-
pendence on h.

we let [A(l =

m. Note

5.1 Technical Results

5.1.1 L; Risk of Density Estimators

In this section we bound E[D(P, P) |P E[[ [p—pl|P],
the Ly risk of the density estimator p of p, uniformly
over all P in . To this end, suppose that n; > n for
allt=1,2,....m—+1, and let b; = b = n~F 2. In
this case, the following lemma provides upper bound
on the L; risk of the density estimator. Its proof can
be found in the supplementary material.

Lemma 2

where B
C = Co(cl + CQ), (8)

with cg, ¢1 and ¢1 constants specified in the proof.

Next, we show that the terms D(P;, P;) are uniformly
bounded by a term of order O(h), with high probabil-

ity.
Lemma 3 With probably no smaller than 1 — (m +

_k ~
De=2"™", D(P, P) < foralli=1,...,m+1.

Notice that by

k
1,951k
De 27" 1.

Assumption (A5), 1 — (m +

Proof. From McDiarmid’s inequality, for any ¢ > 0
we have that

—ne?/2

P(||ps — pill1 — El|pi — pill1 > €) <e

(see, for example, section 2.4 of Devroye and Lugosi
[2001]). Thus,

2+k

~ ~ 1 1
P(||p; — pill > El|ps — pil|1 + n~ %) <e 2" )

n=% . This implies that

since nn~ Ik =
~ ~ o
P( max [[pi = pilly > El[pi — pills +n7777%))
< (m+ 1)675"2? — 0,

by assumption (A5). Therefore,

1—(m+1)e ~ynke
~ ~ 1
S]P(K?gfﬂﬂpi—piﬂl < E||p; — pill1 +n~FF))
1
<P _max [P = pilly < (1+coler + ez))n” %)

This implies that with

C* = (1 + 00(61 + 02)) (9)
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and using assumption (A6), we have that

D(P, P) < C.n ﬁg% for alli  (10)

(m+ 1)6*%"m

denotes the complement of €, ,,. O

on an event Q, ,, where P(Qy, ) <
Here Q7

5.1.2 Other Lemmata

Throughout this section we will make use of the con-
stant C, defined in (8). In what follows, we will need
a few lemmas that we list below. Their proofs can be
found in the supplementary material.

The following lemma provides an upper bound on
P(>"", K; = 0) with the help of small ball proba-
bilities.

Lemma 4

P(é[@ :0) gp(gm <L() -

1 1
—E .
em | DPp(rh)
We will also need the following lemma.

Lemma 5

1 1+1/K 1
E|\l=—1 . < E .
[§ K {ZiK’)K}} - mK LI)p(rh)]

The following lemma provides an upper bound on |e;]|.

Lemma 6 Assume that the kernel function K is Lips-

chitz continuous with Lipschitz constant Ly. We have
that
Ly
‘67| < T(D(P’P)JFD(PMPZ))
By definition, |e;| |K; — [?2| \K(@) _

K (@)L which is a deterministic function of ran-

dom variables P, P;, 18, and ﬁl We will denote this
deterministic relationship as ¢; = ¢;(P, P, P;, P;). The
following lemma shows that for any x > 0,

P(Y lei(P, P, Py, B)| < nH{P}L,, P)
can be lower bounded by a non-trivial quantity that

does not depend on P and {P;},.

Lemma 7 For any k > 0 we have that

P(Y_ le(P. P, P, B)| < K{P}2y, P) 2,

i

2LKmC 515

where n = n(k,n,m) =1 — ==0=n E

K}, E,

The following lemma provides an upper bound on the
expected value of Y " |e;].

Lemma 8
i 2L C

E Z‘g” shgbm o1
=1

P? {Pl}?ll — h/ TR

PR

The next lemma shows that ]P’(Z?il IA(Z < K) can be

upper bounded by a small quantity as well. We assume
that n; = n and b; = b for all 7. Define

1 1 1, 7%k
C:C(n’m):emE<fI)P(T2h)>+(m+l) an itk

Lemma 9
m R m R
P(Zlg - 0) < P(Zm < K) <¢
=1 =1

5.2 Upper bound on Equation 5

Let Af = |f(P; Pr,...,Bn) — F(P; P,
goal is to provide an upper bound on E[Af].

Introduce the following events: = {3, K; = 0},
Elf{0<ZK <K} ng{K<ZK} Sim-
ilarly, EO = {3 K, = O} E = {0 < > K; <
{K < 3. K;}. Obviously, E[Af] =
Zi:oleo [AfIEk El]'

Based on the sign of ). K; and S K;, there are four
different cases. (i) If Y, K; > 0 and >, K; > 0, then

P,,)|. Our

)
~

Af = \Z YiKi - L (i) If Y, K > 0 and
S.K; =0, thenAf_|ZYK (i) IF S, K =0

and ), K; >0, then Af = |ZZY}(& |, and finally (iv)

if >, K; =0and ), [A(l =0, thén Af: 0. From this
it immediately follows that E[A fIg, I | = 0.

When Zi K; >0,

et

l%‘ < By. Therefore,

IEI + IEz)

< ByE [I{Z K;>0NY, fcfo}}

—ByIPZK >OZK =0)

217

< ByP(> K; =0) < By((n,m).
i=1
Similarly,
Y K; dP(P)
E Ig,(Iz + 15 — .
[Z:ZiKz mlle, +15,)| < em ) ®p(rh)
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It is also easy to see that

E |AfIg, (I, + I,)|

o[ o5

<E [2BYIE1 (I, + Iﬁz)] < 2ByE [IE}

Y K;

Zifé ) Ip,(Ig + IEZ)]

=
5 A1

“ 2By
=2ByP(0< > K;<K)< —

i=1

dP(P)
@p(rh) '

Similarly,

DT

i=1

E [Affﬁl (I, + IEQ)} < 2ByP(0

< 2By((n,m).

All that left is to upper bound E {Af[ o EQ] The
next lemma provides an upper bound for this.

Lemma 10

—~ 1 1 1
}E{AI IA}<C—]E7 —o
sz Ey| = lh [@p(rh)}n 2
The proof can be found in the supplementary material.

Finally, putting the pieces together we obtain the fol-
lowing theorem.

Theorem 11
E|f(P; Py,...,Pn) — f(P;Pr,..., Py
1 1
<Cy= E -
=G pr h2) } [%(m/z)]
+ (m+1)e —gn?tE

The proof can be found in the supplementary material.

5.3 Upper bound on Equation 6

In this section we show that under the above specified
conditions E|f(P; Pi,...,Pyn) — f(P)| can be upper
bounded by

C1(hP) + Oy <\/IE [MD - %E |:®P(:h/2):|

where the expectation is with respect to the random
probability measure P in P.

We have to bound E|f(P; Py, ...
that ¥; = f(P;) + s, and

s Pr) = £(P)]

,Pm) — f(P)|. Note

EIf(P; P, ...

LYK
ZK
,E’E

=E I{z K;>0} — f(P)’

i)+ i) K
Z K;

H (P)) K

+E[If(P) |I{E K—O}\
c [LIR)- 1P

M

We will bound each of the three terms next. For the
first term, since f is Holder-5 we have

Iy, k;>0) — f(P)'

Eﬂz
ZK

\ /\

s, K¢>0}}

Its, Ki>0}}

I{Z K; >0}:| +fmax ZK —0)

{Z F(P) — J(P)IK; |
> K {>, Ki>0}

where in the last step we used the fact that
D(P;, P
D P’ = ()i (P ) < i

since supp(K) C B(0, R).
We now bound the second term.

Z il I

Z K; {>; Ki>0}
(1> K > i K 7

Z K; Z K; {K>>,; K;>0}
> K

K,
SR, | Kizg}} +ByP(K > ZKi)

(|3, ks } v [ 4P(P)
<E L I —
SES R (S, Ki>K) | T Dp(rh)’
(A4) implies that P(Ju;] < By) = 1, i.e. By is
a bound on the noise. The last step follows from
Lemma 4. For the first term in the above expression,

we use the following lemma. Its proof can be found in
the supplementary material.

]{2K>K)}<B \/1+1/K / )

Finally, we bound the third term using Lemma 4:

_ oy o Jmax [ dP(P)
fmaxﬂ”(g: Ki=0) < em | ®p(rh)

=E

f{zi K>k} +

<E

Lemma 12

=

Putting everything together, we have

E|f(P;P,...,Py) — f(P)|
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< L(hR)“BY\/ ILZK / 5:(%32)
By [ dP(P) | fmax [ dP(P)
em | ®p(rh) — em | ®p(rh)
1 1 Cs 1
< clh“CM = [remm] o o

Note that ®p(rh/2) < ®p(rh) < ®p(Rh).

6 Doubling Dimension

The upper bound on the risk in Theorem 1 depends
1

<I>p(rh/2)]' In future work, we will

on the quantity E[

show that, without further assumptions, this quantity
can be quite large which leads to very slow rates of
convergence. This is because the covering number of
the class Hy(1) is huge. For this paper, we concentrate
on the more optimistic case where the support of P has
small effective dimension.

One way to measure effective dimension is to use the
doubling dimension. Following Kpotufe [2011], we say
that P is a doubling measure with effective dimension
d if, for every r > 0 and 0 < e < 1,

P(B(s,r)) < (C)d7 Vs,

P(B(s,er)) — \e (11)

€

If d denotes the doubling dimension of measure P, then
the \/E[1/(m®p(rh/2))] term in Theorem 1 can be
upper bounded as follows:

\/E[m} - ¢ EH@% ¢>p1<1>]

1 1 C
<4/—C(rh/2 dIE{ } < .
\/ e e V]
Note also that when mh® > 1, then ﬁ < \/ﬁ In

this case, as a corollary of Theorem 1 and Assumptions
(A5)-(A6), we now have that

1
B
+ Col? 4 Cy\ [

for appropriate constants Cy, Cy and Cs.

Gy

R(m.n) < s T

(12)

To derive the rates for the risk, we consider two sep-
arate cases, depending on whether the third term in
the right hand side of (12) dominates the first term or

not.

Thus first assume that

L _g c
mhd hd+1p1/(k+2)

(13)

|

so that the
@) (h/f + w/mlhd).
then © (Trfl/(w“l))7 yielding a rate for the risk

R(m,n) =0 (m_ﬁ/(2ﬁ+d)) .

risk  becomes, asymptotically,

The optimal choice for h is

Notice that this choice of h ensures that our assump-
tion (A6) is met, since in this case (13) implies that
(k+2))

B4d+1
n =~y (m 25+d

from which we obtain that
h=0 (m—ﬁ) =0 (n’ <k+24><113+d+1>) =0 (n—#z) .

This rate is reasonable because if the number of sam-
ples per distribution n is large compared to the number
m of distributions, then the learning rate is limited by
the number of distributions m and is in fact precisely
the same as the rate of learning a standard S-Holder
smooth regression function in d dimensions. That is,
the effect of not knowing the distributions P, ..., P,
exactly and only having a finite sample from the dis-
For the second case, suppose that

tributions is negligible.
[ 1 1
mhd hd+1nl/(k+2)

Then, R(m,n) = O(erhﬁ), which im-
plies that the optimal choice for h is h =
(C] (n_ (R FFaFD ), giving the rate

(14)

B
R(m,n) =0 (n (k+2)(ﬁ+d+1)) .

Just like before, this choice of h does not violate as-
sumption (A6) since

1

h=6 (n*(k+2>(}f+‘d+1>) =0 (n*ﬁ) .
Notice that, (14) also implies that
28+d

In this case, the rate is limited by the number of sam-
ples per distribution n, as expected. Notice that the
rate gets worse as the dimensionality of each distribu-
tion k£ grows and as the smoothness 3 of the regression
function deteriorates.

Remark. If there is no additive noise, i.e. u; = 0,

similar calculations yield that R(m,n) = O (mfﬁ)

when n = =

B+d+1
Q(m<fx+d><k+2>), and R(m,n)

]
O <n_<k+2><ﬁ+d+1)) otherwise. While the rates seem
reasonable, establishing optimality of the rates by
demonstrating matching lower bounds is an open ques-
tion that we plan to investigate in future work.
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7 Numerical Illustrations

The following experiments serve as a proof of concept
to demonstrate the applicability of the distribution re-
gression estimator in Section 3. In these experiments,
we used triangle kernels (k(z) =1—|z|if -1 <z <1,
and 0 otherwise). We set all the n,ny,...,n, set
sizes and b, by, . .., b, bandwidths to the same values,
which will be specified below. In the first experiment,
we generated 325 sample sets from Beta(a,3) distri-
butions where a was varied between [3,20] randomly.
We constructed m = 250 sample sets for training, 25
for validation, and 50 for testing. Each sample set
contained n = 500 Beta(a,3) distributed i.i.d. points.
Our task in this experiment was to learn the skewness

of Beta(a, b) distributions, f = % 2(;+\/%1 We con-

sidered the noiseless case, i.e. p was set to zero. Our
estimator of course is not aware of that the sample
sets are coming from beta distributions, and it does
not know the skewness function values in the test sets
either; its values are available only in the training and
validation sets.

To find appropriate bandwidths b and h, we sampled
100 i.i.d. randomly and uniformly distributed values
in [0,1], evaluated the MSE performance of the dis-
tribution regression estimator on the validation test
using these bandwidths parameters, and then chose
the bandwidth parameters that lead to the best values
on the validation test. To estimate the Lo distances
between p; and p, we calculated their estimated val-
ues in 4096 points on a uniformly distributed grid be-
tween the min and max values in the sample sets, and
then estimated the integral [(p(z) — p;(z))*d(z) with
the rectangle method for numerical integration. Fig-
ure 2(a) displays the predicted values for the 50 test
sample sets, and we also show the true values of the
skewness functions. As we can see the true and the
estimated values are very close to each other.

In the next experiment, our task was to learn the en-
tropy of Gaussian distributions. We chose a 2 x 2 co-
variance matrix ¥ = AAT, where A € R?*?, and A;;
was randomly selected from the uniform distribution
U[0,1]. Just as in the previous experiments we con-
structed 325 sample sets from {N(0, R(a;)E1/2)}325.
Where R(coy;) is a 2d rotation matrix with rotation
angle o; = im/325. From each N(0, R(a;)¥1/?) dis-
tribution we sampled 500 2-dimensional i.i.d. points.
Similarly to the previous experiment, 250 points was
used for training, 25 for selecting appropriate band-
width parameters, and 50 for training. Our goal
was to learn the entropy of the first marginal dis-
tribution: f = In(2mec?), where ¢ = M;; and
M = R(a;))XRT(a;) € R?*2, 11 was zero in this ex-
periment as well. Figure 2(b) displays the learned en-

tropies of the 50 test sample sets. The true and the
estimated values are close to each other in this exper-
iment as well.

0.5

—True TR —True
* Predicted * Predicted
S

5 10 15 20 "0 1 2 3

(a) Skewness of Beta (b) Entropy of Gaussian

Figure 2: (a) Learned skewness of Beta(a,3) distribu-
tion. Axis x: parameter a in [3,20]. Axis y: skewness
of Beta(a,3). (b) Learned entropy of a 1d marginal
distribution of a rotated 2d Gaussian distribution.
Axes z: rotation angle in [0, 7]. Axis y: entropy.

8 Discussion and Conclusion

We have presented an estimator for distribution re-
gression which is distribution-free in the sense that the
estimator makes no strong distributional assumptions
on the error variables. We derived upper bounds on
the risk of the estimator and, in particular, we ana-
lyzed the case with a finite doubling dimension.

We note that our rates are faster than the logarith-
mic rates that are sometimes obtained in measurement
error nonparametric regression models as in Fan and
Truong [1993]. The reason is that the logarithmic rates
occur when the measurement error is Gaussian. Our
measurement error corresponds to ||p; — p;|| which is
not Gaussian for finite n; and which decreases when n;
increases. In the standard measurement error model,
the error is O(1) and is not decreasing.

In future work, we will prove lower bounds which show
that, without further assumptions (such as assump-
tions about the doubling dimension), the rates can be
very slow. We will also verify if the rates in the dou-
bling dimension setting are tight or not. Also, we plan
to investigate other estimators such as k-nn estimators
and RKHS estimators.
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Supplementary material

Proof of Lemma 2

Proof. Recall that we assume that P is supported
on the set Hy(1) of distributions, which are 1-smooth
k-dimensional densities as defined in Rigollet and Vert
[2009].

Let ]E{Dg(ﬁi,PﬂPi] = E[,/f (pi — pi) ] denote the

integrated mean squared risk for the density estimator
p; of a fixed density p;. It then follows from Lemma 4.1
of Rigollet and Vert [2009] that (with an appropriate
kernel function B),

5 2
E[D3(P;, P)|P] < ¢ib; + < C2k>

for some constants ¢y, co > 0.

From Jensen’s inequality, we have that E[X] <
(E[X?])'/2 for any X random variable. We also know
that (a+b)'/? < a'/2 4 b'/2 for any a,b > 0, therefore

N 62 1/2
E[Dy(P;, P)|P;] < (ﬁb? + (nzk»

C2
1/2,k/2"
n;""b;

<cib; +

Since the distributions in I are supported on a com-
pact set and the kernel B has also compact support,
we have, for an appropriate constant ¢y > 0,

/|Pz‘ —pil < co /(Ih — i)

E[D(P,, P,)|P)] < coE[D2(P;, ;)| P,

C2
< co(erbi + —75—7)
17202

i i

Therefore,

< coler + co)n” =,

where the last step follows from our assumptions that

k
n;l/Qb;k/z < NI = n_k%r?, and thus
Co 1
c1bi + —75 75 < (c1+c2)n” T
n;""b;
O

Proof of Lemma 4

Proof. The proof follows the argument of 7.

IP(?::KZ-<K) (ZK( P“P)><K>

<P (Z Iipp,py<rny = 0) ;

i=1

since according to our assumptions on kernel K if for
some i it holds that D(P;, P)/h < r, then K; > K.
Therefore,

P(Z K; < K) <P (Z Iipp, Py<rny = 0>

i=1 i=1

= E[P(Z I{D(P¢,P)<rh} =0|P)]

i=1
= /P (Z Iipp,py<rny =0 ‘P) dP(P)

= /[1 — P(P, € B(P,rh)|P)|™dP(P) (15)
< /exp[—mP(Pl € B(P,rh)|P)|dP(P) (16)

= /exp[fm?(P1 € B(P,rh)|P)]

mP(P, € B(P,rh)|P)
mP (P, € B(P, h)|P) dP(P)

(P)
mP P1 € B P,rh)|P)

(17)

< max U eXp

1 1
mP( Pl € B P rh)|[P)  em |:(I)p(’l“h):| ’

where we used in (15), (16
{P;} are iid, (1 —u)™
m > 1, and max(u exp(—

), and (17) respectively that
< exp(—um) for all 0 < u <1,
w) =210

Proof of Lemma 5
Proof.
1 1+1/K
" |:Ez KiI{Ei KiZK}] =B [1 + Ez Ki]

<]E[ 1+1/K }

L+ K> Itp(p,py<hr}

1+1/K
+1/K B

K

1 +1/K 1 }
K L+ Iipep,p)<hr)

1+1 1

el 7]
K 1+ ip(p, Py<nr}

< 1+1/K 1

- mK ‘I)p(’r‘h) ’

1
L/K+ Do I{D(Pi7p)§h7‘}:|

where the second-to-last line uses the fact that K < 1
and the last line follows since for a binomial random

variable B(m,p), E| (mil)p < %p' O

1
1+B(m,p)] <
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Proof of Lemma 6

Proof. D(P,Q) is a distance, therefore the triangle
inequality holds, and we have that

~ D(P, P, D(P, P,
leil = [ K — K| = K(%) —K(%)
Ly ~ o
L _ .
< Z=(D(P.P)+ D(P;, ).

Here we used that
D(P,P,) — D(P,P)
< [D(P,P)+ D(P,P,) + D(P,, P,)] - D(P, P)
— D(P,P)+ D(P;, P,

and

M’%>

P) — D(P, P;)
D(P, P) + D(P,

[ ) + D(P;, P)] —
D(P,P)+ D(P,

)-

PP, D(P, P))
P,

O

Proof of Lemma 7

Proof. From Markov’s inequality, for any X, Y and
constant k > 0,

= w +P(IX| < &[Y).
Thus,
IP’(Z ;| < i ‘ {Pi};?;bp) "
>1-— E; lel{ P}y, P
K
_ 1 2iEllellB, P
K
y_sz (P,P)+ D(P;, P,))|Pi, P] (19)
=1 leQC”_m = n(k,n,m).
hk

Here (19) holds due to Lemma 6, and we also used (7).
(]

Proof of Lemma 8

Proof. The term E {Zyil le:]
bounded by

P, {R}?ll} is upper

ZE[ (P,P)+ D(P,, P)

PP ]

O

Proof of Lemma 9

Proof. Recall that D(P;, P;) < rh/4 for all z' on an
event 2, , and that P(Q5, ) < (m + 1)e —jnziE . So,

on Qm,nv

D(P,, P) < D(P;, P,) + D(P, P) + D(P;, P)

P(Qm,'ru Z [?'L < K) = P(Qm,n, Z ID(ﬁi,ﬁ)<rh = 0)

i=1 i=1

]P’(Z Ipp,,py<rnj2 = 0)
i=1
1 1
< —E|—F—+].
~em |:(I>P(7‘h/2):|

The result follows. O

Proof of Lemma 10

Proof.
~ S YK, VK,
Aflg I | =F ||&it _ =i Ig, I
[A1e. 13, IR Y Tl
K; K;
) Y; — —— || ITp,
zi: (ZJKJ Zj J E]
< ByE - — || I, I~
’ zz: (Za‘KJ’ ZJ'KJ) : EJ
BB Z(K@j k) - Ki(S, J>>IEI ]
i (Zg Kj)(ZjKj) tE
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_ E[E[Z 1P, {Pi}z'zl] ZlKIE}

Ly . 1 [ 1 ]
< 2By “E 9%mn~ 7 E | —— I,

h Zj K; ’

Lxg . 1 1+1/K 1
<2By—2 2+F —
= 2Py meemn mK [@p(rh)]

1 1 ,
7E - T3tk
5 [@p(rh)}n o

where we used Lemma 8 and Lemma 5. [J

Proof of Theorem 11

E|f(P;Py,..., Pn) = J(P;Pr,..., Pl

<]E[Af1E2 ]+3Byé+3BE[ ! }

®p(rh)
< ClhELI)p(th)]n_Qik +02i]E {@PE h)]

1

1
O E {@P(m/g)

Note also that ®p(rh/2) < ®p(rh) < ®p(Rh). O

Proof of Lemma 12

Proof. Notice that if ), K; > K >0,

1 2 szQ
(%MK P, Pl,...,Pm> < BY(ZZiKi)Q'

Using this and Holder’s inequality, we get:

{Zm

I K, >K}]

e

His ksklP P, Pm”

} + (m+ 1)6_%”m.

<E \/ (ZZM;{ |PP1»---;Pm)I{ZjKi>K}‘|
\/ K

<E |By Zz::K I{ZK>K;|

<E |By V2l

YOS, s Kizx}]

IA

By

&

e | s ]

I
<215
1+1/K dP(P)
< .
- BY\/ mK Dp(rh)

The second inequality holds since K(z) < 1 and the
last step stems from Lemma 5. O



