Universal Matrix Completion

A. Proof of second part of Theorem 4.1

Proof. From the first part of Theorem 4.1 we get that || % Po (M) — M|| < C\‘;%T ||M]|. Hence by Weyl’s inequalities we
get that
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for all i. Since M is rank-r matrix, for any k& > 7 + 1, Sy, (Po(M)) < C“OT || M||. Hence by triangle inequality we get
forany k > r,
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B. Proof of Claim 5.1
Proof. Let S be a set of size | S| = d. Since %+ >, o U* U*" — T is a Hermitian matrix,
o |- o
n 1| = | 2us| -1 14
T2 UU T Us 7 (14)
kes
where Uy is a matrix whose columns are U*, k € S. Now we will use equation (8) to bound ||Ug/|.
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(7 follows from (8). Hence from (14) and (15) we get,
r
dq < E+M1W—1 < /.
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C. Proof of Claim 5.2

Proof. Let M = UVT where U € R"*? and V' € R™*? are both orthonormal matrices. Now, let S = {j s.t., (1,5) €
Qor (2,7) € Q} be the set of all the columns of M that have an observed entry in any of the first two rows.

As || = n?/4, hence wlog we can assume that |S| < n/2. Let S’ = S U S, where S; is any set of columns s.t.
|S’| = n/2. Now, construct U, V' as follows:

. L 1 vjes,
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Note that by construction, M;; = 0,V1 < i < 2,j € S’. That is, the first two rows of Pq(M) are all zeros. Since, U,
U? participate in only those rows. Hence, even if V' is known exactly, one cannot obtain any information about a, b from
the observed entries. Only other constraints on a, b comes from orthonormality of U, which reduces to a? + b* = 2/n.
Now, without violating incoherence assumptions, we can have multiple solutions to the above given equation that cannot

.. . 1 _ /3 el ; _ . /3 — _1
be distinguished from each other. For example, a = T and b = 5., Of vice-versa, i.e., a 5 and b TR

Hence, exact recovery is not possible for the above given M for any Q2 s.t. [Q] < n?/4. O

D. Proofs of Lemmas used to prove Theorem 4.2

In this section we present the proofs of all the lemmas used to prove theorem 4.2.
Lemma (7.1). Let M = UV 7 satisfy Al, A2 and let the graph G that generates §) satisfy G1, G2 (see Section 3). Then,
foranymatrix Z € T,

2,,20.2
2 C:“OT

||%'PTPQ(Z)—Z||F§ 205+ — 72l

Proof of Lemma 7.1. Since Z € T, we can write Z = UX” 4+ YV™ such that Y and U are orthogonal. ||%PrPq(Z) —
Z\r < | 2PrPo(UXT) —UXT||p + || 2PrPo(YVT) — YVT|| 5. Since both the above summands are similar we will
bound the first term and then extend the results to the second one. Now,

n
—Po(UXT)VVTE,

n n
|15PrPa(UXT) —UXT|F =|UUT (5 Pa(UXT) —UXT)[[5 + ||(1 - UUT)~

as both the terms on RHS are orthogonal to each other. Next, we bound both of these terms individually.
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where (5 follows from the assumption A2 and from the fact that G is d-regular, and (; follows by using:
n
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where (; follows from the definition of the spectral norm. Now, we bound [|a” % Po(UXT)V;||? over {a : [ja] <
1 & 47U = 0}. Note that &7 Uy, = 0 implies that @.Uy, is orthogonal to all ones vector.

2
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(1 follows from the assumption G2 and (s from incoherence property Al. Using the above two bounds we get

|2Pr Po(UXT) — UXT |2 < || X[2(62 + S22, Similarly || 2Pr Po(YVT)||2 < [|V][2.(62 + <407, Hence

n C?pur?
12Pr Pa(2) - 2|5 <203 + S0

N Z1E-

Lemma (7.2). Let Z € T,ie, Z =UXT +YVT andY is orthogonal to U, and X and 'Y be incoherent, i.e.,

X0 < AR e < ST
— ) — n
Let Q) satisfy the assumptions G1 and G2, then:
n Cugr
IGPa(2) = 2] < (er + e2) = 7

Proof of Lemma 7.2. Note that |2 Po(Z) — Z|| < |2 Po(UXT) —~UXT ||+ || 2 Po(YVT) =Y VT by triangle inequality.
First we will bound || 2 Po(UX™) — UX™]|. The proof follows the same line as proof of Theorem 4.1.
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Leta.U; = ;1 + ;1) . Then o; = (aTnUi) and 32 < ||a.U;||*. Hence,
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Z 5Z\X bll_(jZ 2/32 ZIIX b2, (19)

where (; follows from assumption G2 and (3 from Cauchy-Schwarz inequality. Now
T T n T MOT n ILLO’]"
SUED WIS WAL L WAL
i=1 i=1 j=11i=1 j=1
Similarly 7, || X;.0]> < C%NTOT Hence using (18), (19) and above two inequalities we get

c1Cpor

Similarly we can show that || 2 Po(YVT) = YVT| < ”CY% Hence the lemma follows from the above two bounds. [J

|5 Pa(UXT) — UXT| <
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Lemma (7.3). Let Z €T, i.e., Z = UXT+YVT andY is orthogonal to U. Let X and Y be incoherent, i.e.,

2 2
CiHoT CopoT

X7 <
n

Nl =
Let Z = 7 — 5PrPao(Z). Then, the following holds for all M, that satisfy the conditions given in Lemma 7.1:

o [ Z]lo0 < CrEERIT (5, ChaT).

n Vd
2 ~ .
o Z=UX"+YVT" and X and Y are incoherent. | X?||> < #o" <5d61 + 2¢o C\‘}T) and ||Y7||* < B9 (840 + (1 +
cp) CHET)2,

Proof of Lemma 7.3.

Zii = (Z - %PTPQ(Z))U _ (UUT(UXT — %PQ(UXT)) (- UUT)(%PQ(UXT))VVT)

j

+ ((YVT Ly vI)YVVT —vUT L Py (Y VT (I - VV)T) :

d d ij

where the last equality follows by using the definition of P and the fact that Z = Pp(Z). Now, we bound the first
term in the RHS of the above equation. To do this we individually bound (UUT(UXT — 2 Po(UXT)));; and ((I —
UUT)(2Po(UXT)VVT);:

; 2 4
(UUT(WUXT = ZPo(UXT)))yy = U (I - ZUW ka) X9 L g9 € 2T
k 1
where (; follows from A2 and (s from the incoherence property A1 and the hypothesis of the lemma.

Similarly,
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where & = U, U, 9 = VVI, 17 (4.U) = 0 and ¢; follows from G2. Now note that,
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Using this we can finish the bound as follows:

HoT cluor i 2 C'n por e por C,ugrzcl
WU || Xk -0 < U||v? < ,
ZH X0l € E /A8 SR vy £ SR A

where (; follows from hypothesis of the lemma and ¢, from the incoherence property Al.

Putting the two bounds together we get

(UUT(UXT - %PQ(UXTD - (I - UUT)(gPQ(UXT))VVT) < ST s+ Crior

i _oon \/g)

Similarly,

((YVT - %PQ(YVT))VVT - UUT%PQ(YVT)(I - VV)T) < 02M07“((S n Cuor).

G- o e Vd
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Hence each element of Z is bounded by,

5 _ (c1+ co)por Cor
Zi < ————(0q + )
J ( d \/& )

Now,

(UXT)i; = UUTZ);; = (UUT(Z - %PTPQ(Z)))Z’J’ =WUT(Ux’ - gPQ(UXT) - %PQ(YVT)))U

Note that (UUT 2 Po(YVT))y; = (UUT2Po(YVT)WVT + UUT 2 Po(YVT)(I — VVT)),;. Hence,
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where, (; follows by the following:
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Next, we bound each of the above three terms individually. First term H (I -5 22:1 Ukyk” ij) X7 H is bounded by

5d 1/»‘07‘

, which follows from the assumption A2 and the hypothesis of the lemma. Next, we consider the second and
third terms
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where © = VV7 and a7 UTY;, = 0. (; follows from the assumption G2 and (5 from the assumption A1 and the hypothesis
of the lemma.

3) UT%PQ (ZYkaT> Vvl = Jnax TyT Pg (ZYka> I”nzﬁ}él%Z((Ua.Yk)TG(Vk.ﬁ))
k=1 @ adlall=2 &y
G r T ) Cn [cEugr , . por
< max — Ua.Yi||||Vi. 9| € max — Ua.Y;||? Vi 0 2< max —1/ -2
2 Mqvﬁzm Vi1 < s, T (ST 10T, STVl £ e Tyl
o

nd



Universal Matrix Completion

where 0 = V. Vj and a7 UTY;, = 0. ¢; follows from G2 and ¢, from A1l and the hypothesis of the lemma. Using all the
three bounds we can finally bound || X7||2.

2
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Now, we bound the norm of rows of Y.
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Next, we bound each of the above three terms individually. First term “YiT (I a2 1 VEVE G Zk) H is bounded by

2
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04 2 “ 9" which follows from A2 and the hypothesis of the lemma. Now, we bound the second and third terms.
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where & = UU? and 17 (@.Y) = 0. ¢ follows from G2 and ¢, from A1 and the hypothesis of the lemma.

T

3)HUfUI (%PQ(UXT))VH — max UV UT (fPQ(UXT)) Vb= max gZ((ﬁ.Uk)TG(Xk.Vb))

b:||b||<1 d b:||b||<1
¢ Cn - . r R r C’nlu,or C%MOT
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where t = U | Uj_ and lT(ﬂ.Uk) = 0. (; follows from G2 and (, from A1 and the hypothesis of the lemma. Using all the
three bounds we can finally bound ||Y?||%.
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Lemma (7.4). Let M, satisfy Al, A2 and G1, G2, respectively. Then, M is the unique optimum of (7), if there exists a

Y € R™ ™ that satisfies the following:
e Po(Y)=Y
o [[Pr(Y) = UVT|lr < /55

o [[Pro(Y)ll <3

Proof of Lemma 7.4. For any Z such that, Po(Z) = 0, implies | PoPr. (Z)|| = || PaPr(Z)||. Also let 64 = % =a.

S

2 27,2
(1= /2003 + CE ) P23 = 20— 20 Pr(2)] 3

for o < 7. (4 follows from Lemma 7.1. Also note that || PoPr. (Z)||p < ||Pr.(Z)| . Hence,

| PaPr(Z)l|r = (Pr(Z), PaPr(2)) &

d
el AR
> o |IPr(2)]3,

[Pro ()|« = Pr(2)llF > \/ZIIPT(Z)IF-

Now choose U, and V, from the SVD of Pp. (Z), which ensures that (U, VI, Pr.i(Z)) = ||Pr.(Z)]|«. Now,
¢
IM + 2|, 2(UVT + U VT, M+ Z)
=M. +{UVT +ULV], Z)
M.+ UVT +ULVT, 2) = (¥, 2)
=Ml + UV = Pr(Y),Pr(Z)) + (ULVL = Pro(Y), Prs(2))

E|M]. = VT = Pr)EIPE(Z) e + Prs (Z)] = [Pre 0IIPr- (2)].
>[|M |~ [UVT = Pr(W)FlIPr(Z2)lF + (1= |Prs (Y)II)\/ZIIPT(Z)IF

Ca
> M|

(1 follows from the Holder’s inequality and the fact that [|[UVT + U, VT || = 1; ¢ from (Y, Z) = (Pa(Y),Z) = 0; (3

again from the Holder’s inequality; and (4 from the hypothesis of lemma.

O



