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This file contains proofs of the results in the main text. Throughout we use the following definitions (some
repeated from the text). We make the following notational shortcuts for brevity:

e The graph underlying the model is denoted by (V, E) for vertices and edges. These are not always specified
explicitly.

e The mutual information between X; and X; under the Ising model p(z; ) is denoted by Ig(X;; X;).
e The dependence of model marginals on 6 is not always specified.

e A modelisin LG. if there exists an [ that satisfies properties as in the definition of LG, in the main text. This
[ of course depends on € and the model itself, but we do not state this dependence directly. Furthermore, we
routinely use the fact that this [ will satisfy [ < gT_l where g is the girth of the graph of LG..

Definition 1. 6 € LG, if there exists an | € N such that for all i € V,and all j € nei(i),

p(xiv Zj |$aBl(ij); 9)

l—e<
p(xi, x5 0)

<l+e (0.1)

and By(ij) is a tree.
Definition 2. Given a model p(x; 0), we define «;j for each ij € E as follows:

aiy =plei =La; =1) —plz; = Dp(zr = 1) 0.2)
Note that «;; is a measure of the dependence between X; and X (it is zero if they are independent).

In Section 6 we give some useful properties of .

1 Proof of Lemma 1 in the main text

First, the fact that BP converges follows directly from the criterion in Tatikonda and Jordan (2002) and A.. In fact,
Tatikonda and Jordan (2002) require a looser bound.! We require a smaller ., for the parameter consistency
results shown later.

We turn to show that the marginals 7;;(x;, ;) obtained as the BP fixed points are within e
marginals.

2 of the true

Lemma 1. Assume the model (G, 0) satisfies A.. Then running belief propagation on the model will converge to
marginals 7;;(x;, ;) such that for all ij € E:

p(w, 253 0) — Tij (2, 25)| < € (1.1)

Proof: Since BP converges the 7 marginals are well defined. To calculate the conditional marginals p(z;, z;|zsp, (i j)),
BP can be run on the tree B;(ij) with the given assignment for z5p, (;;). The resulting conditional marginal will
be exact since BP is exact on trees. The lemma then follows from applying Eq. 2.1 to all zp, (;;) assignments,
taking their convex combination (according to the BP marginals on x5 p, (;;)) and using the triangle inequality. Nl

IThe bound in Tatikonda and Jordan (2002) is max;cy o Jij < 1.

jEnei(i)



2 Proof of Lemma 2 in the main text

Lemma 2. If (G, 0) satisfies the A, assumptions above, then the model is in LG..

Proof: Following the proof from Mossel and Sly (2008, Lemma 2.8) and Anandkumar et al. (2012, Proposition 1
in supp. file) with small modifications we have:

(i, 25|Tom, ) — P(i,z;)| < € (2.1

By Lemma 11 we have p(z;, ;) > € and we conclude:

p(Ti, 7j|TaB, (i5)) 1 < e
p(xi,z;) p(zi, )
o ) 2
p(zi, zj|Tom, ij)) < 14 € <l4e
p(xi, x)) p(zi,z;)
The other direction follows in the same way. il
Corollary 1. If (G, 0) satisfies the A, assumptions above, then
lme<1— & o p@ioosa) <1+ ’ <l+e (2.2)
- () T 2 - op(w) T
1—¢ p(@ilzj,wam, (i) 1+e
1—-2¢e< TS PwiTz) < 1_6§1+3e (2.3)
Proof: Eq. (2.2) can be derived in exactly the same way as Lemma 2. This can be used to prove Eq. 2.3 as follows:
p(xilz), top, i) PEilTs o, (i) )P(25 |08, i)
p(ilz;) p(xilz;)p(x;leom, ij))
< P@ilas o) )P(i|Tom ) _ P(@isT5|%0m65)
- p@ilx;)p(e;)(1 —e) p(zi, z;)(1 —€)
1
< Cciyae
—€

The last inequality is due to € < % |

3 Proof of Structural Consistency

In what follows we always assume that assumptions A, holds, and hence 8 € LG..

3.1 Proof of Lemma 3 in the main text
Lemma 3. Assume (G, 0) satisfies A, for all ij € E and k ¢ By(ij) it holds that Ig(X;; X) < €.

Proof: We can bound p(z;, zx) as follows,

p(zi,zp) = Z P(fﬂiaxkaﬂfaB,(ij)) = Z p(xi|x831(ij))p(xk7xaBl(ij)) <1+ -

LBy (ij) ZoBy(ij)

where the second equality is a result of xyp,(;;) separating z; and xy, in the graph, and the last inequality is
Eq. (2.2).
Plugging this into the expression for mutual information, and using log (1 + €) < ¢ gives the desired result:
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3.2 Proof of Lemma 4 in the main text

The following is a key result in facilitating our greedy ECL procedure. It says that the information between
any two disconnected variables X; and X is strictly smaller than the information between any two variables on
the path between X; and X;. This will later imply (see Theorem 1) that the greedy algorithm will not choose
erroneous “‘shortcut” edges between such X; and X;.

Lemma 4. Assume (G, 0) satisfies A.. Let ij ¢ E be two nodes whose distance in G is ¢ < LgT_lJ Let
P ={z; =1x,,... ,Tp, = x;} be a shortest path in the graph between i and j. Then,

Ig(Xi;Xj)+3€<Ig(Xps;Xp Vi<s<g-1 3.1

s+l)

For proving Lemma 4 we will need the following two lemmas. The first lemma will give a bound on the
difference between a three variables Markov chain to three variables in a large girth model.

Lemma 5. Let k € nei(i) be on the shortest path between i and j where j € By (i, k) in the graph G. Consider a
new distribution on the three variables X;, X;, X, defined as follows:?

par (i, x5, wx) = p(as)p(wg|es)p(e;|ar) (3.2)

Denote by 1(X;; X;), Int(Xi; X;) the mutual informations under the models p and pyy respectively. Then it
holds that:

Proof: We first relate p(x;|z;) to par(xj|z;) as follows:

kav-’”@Bl(ik) P(Tis T, Top, (ik) > Lj)
p(z;)
Dwp wom on PERP(ZoB k) [T1)P(ZilToB, (i), T1)P(2 |[Ths To B (it » 4)
p(z;)
Zxk,xagl(m P(zr)p(TaB, (k) |Tr)P(Ti|2K) (1 + 3€)p(2 |28, ToB, (iK))
p(z;)
Dwpwom o P k) (1 +36)p(x5, Tap, (ik) [75)
p(;)
= > plaxlw) (1+ 3€)p(;|wr)

Tk

p(zjlz:) =

IN

34

= (1 +3¢)pm(zjlz:) (3.5)

where Eq. (3.4) is due to Eq. 2.3.
Similarly it can be shown that (1 —2¢)pas(xj]z;) < p(xj|a;) and par(z;)(1—2¢€) < p(x;) < pa(x;)(143e).
We can now write:

—H(X;1X;) = > plai,a;)logplaj|zi) > log (1—26) + Y pli,x;) log pas (;]2:)

ZTi,Tj i, Ty
Now because log pas(x;|x;) is non-positive, and p(x;) = pas(x;) we have:
—H(X;|X:)) = log(1—26)+ (1+36) ) plai)pu (xjlz:) log par (i)

log (1 —2¢) — (1 + 3e)Hum (X;|X5)
> —HM(X]|X1) —SEHM(XJ‘X1)+10g(1 —26)

2In other words, ps corresponds to the Markov chain X; — X} — X j» with pairwise distributions inherited from p(x; 0)



Next, use the fact that for 0 < e < 0.1 it holds that log (1 — 2¢) > —3e, and the fact that conditioning reduces
entropy to get:

—H(X;|X;) > —Hm(X;]1X:) — (34 3Hm(X;)) (3.6)
Similarly it can be shown that H (X ;) > Hp(X;) — €(3+ 3Har(X;)). The result then follows by combining the
above and using the fact that binary entropies are upper bounded by 1. ll

We will now give a general lemma on Markov models which gives a bound on the difference between the
information of edges and the information between non-edges.

Lemma 6. Let X1 — X2 — X3 be a Markov chain with binary variables. Assume that 0 < p; < 1fori=1,2,3.
Then for k = 1, 3 it holds that:

(M(l_m)) I(X1; X3) < I(Xo; Xk) 3.7
vz

OH(X3|X1)  OH(X3|X2)  |aaa] and if
Oaczs - Oz p2(l—ps2)

Proof: Using the definition of ¢ it can be shown that if aip3 < 0 then
OH(X3|X1) OH(X3|Xs) _ |aiz]
a3 > 0 then Do > Doias a(1—pi2)

Denote H(X3|X1) = f(as), H(X3|X,) = g(a23) and a = M'{;HL . Note that f(0) = g(0) = H(Xs).

By the fundamental theorem of calculus we have f(x) fo ) hence for apg > 0:

Flams) — f(0) = /Omf’(y)dyz /Oa”ag%y)dya /0“239/@)@

(the derivative is negative).

Since g(x) = [T ¢'(x) we have
flags) — f(0) > a(g(as)—g(0))
*(flazs) = F0) > glazs) — g(0)
Lixsxg) < 100:xy)

The other results follow similarly.
Corollary 2. If the condition of Lemma 6 holds and 1(X1, X3) > x then

[(X0, Xs) < (X1, Xo) — o (P20 2F2) (3.8)
|z

Proof: From Lemma 6 we have

I(X1,X5) > (’“‘2(1_“2)> I(X1,X3) = (X1, X3) + (“QO_’”) — 1) I(X1, X3)
vkl vk
> I(X0, Xs) + (W - 1) .

switching sides and we have the result. il

Using Lemma 5 and Corollary 2 above we will prove Lemma 4 in the main text.

Proof: First note that the conditions of Lemma 5 hold for all 7,5 with distance less then L%_IJ Second, by
assumption I(X;, X;) > 13e and so using Lemma 5 we can conclude I5;(X;, X;) > €. Next we prove the
desired result via induction on g, the length of the path.

For the base case ¢ = 3, by Lemma 5 we have I(X,,; X,,) < In(Xp,;X,,) + 12¢ . Note that o
for both probabilities is equal, and we can use Lemma 10 to bound a;3. Now using Corollary 2 and the
bound on Iy (X,,, Xp3) we have Ins(Xp,; Xpy) < Ing(Xp,; Xp,) — 15€. So we can conclude I(X,,; Xp,) <
Ing(Xp,; Xp,) — 3e. Since I(X,,; X,,) = IM(Xpl,X ,) wehave (X, ; X, ) < I(X,,; Xp,) — 3.

For the induction step, assume that I(X;, X;) + 3¢ < I(X,,, X,,,,) where 2 < i < ¢ — 1 for all edges ij of
length g—1. We next prove the result for length g. Note, that X, —X,,, — X, fulfill the conditions of Lemma 6. So



if we prove that | 4| < | 3| by exactly the same argument as above we have (X, , X}, ) + 3¢ < I(X,,, I,)
and I(X,,, X,,) + 3¢ < I(X,,, Ip,) but since the distance between p and p, is ¢ — 1 we can use the induction
assumption to complete the proof.

We are left to prove |ag 4| < |a2,3]. The conditional p(z,, |2, ) can be treated exactly as in Eq. 3.5 resulting in
P(rp, |[Tp, )p(2p,) < (14 3€) Z%S P(Tpy|Tp, )p(2p, |2p, ). The same argument can be repeated for z,,,, ... 24— 1.
so we have

q—1
p(zp, |Tp,)p(Tp,) < (14 3e)17? Z H P(Tppy [2p,)P(Tps [T, )P(2p,) = (1 + 3€)q_3pM(xpza Tp,)

TpgseTpg_q s=3

(3.9)
Looking at how « is calculated in Markov chain, one can see that each factor p(z,,, , |z, ) contributes to a, p, a
factor of —==+1* - 50 we can write:
l‘s(l /st)
7 lopereal
—3 PssPs+1
|O‘P2,pq| < (1 + E)q H |O‘P27p3‘ < ‘O‘mmB‘ (3.10)

3 pip, (L = pip,)

where the last inequality is by Lemma 10 we can conclude % >1+3e 1
Ps Pst1

3.3 Proof of Theorem 1 in the main text - Structure Consistency for Infinite Data

The next theorem deals with the infinite data case, where the empirical mutual information is equal to the true
information Ig(X;; X;).

Theorem 1. Let (G*,0%) be an Ising model satisfying assumptions A.. Denote the model graph by G =
(V*, E*). Then running ECL with mutual informations Ig-(X;; X;) calculated from p(x;0") and the true girth
of G, will result in a set of edges E such that:

o [fij € E* thenij € E. Namely, E contains all edges in E*.

o Ifij € E\ E* then Ig~(X;; X;) < 13e. Namely, E contains no redundant edges except possibly those with
mutual information less than 13e.

Proof: We prove by induction on n, the number of edges in E after the £*" step of the ECL procedure. For n = 1
we will need to prove that the pair ij with the maximum information I (X;; X j)3 satisfies 17 € E*. We will
prove by contradiction. By the assumption of contradiction /g (X;; X;) > €, and hence by Lemma 3 we conclude
that j € B,(ik). Let k be a neighbor of 7 in the path to j (j # k by contradiction). But by Lemma 4 we know that
I(X;; Xy) > I(X;; X;) in contradiction to the optimality of I(X;, X;).

By the induction assumption we assume that all edges in £ with information greater or equal to the information
on the n — 1 edge are in the graph. If the information of the n‘" edge is less than 13¢ the result follows. Otherwise
let 75 be the next edge to be added.

By the algorithm definition ¢; is a legal edge (i.e., there is no path in E shorter than g — 1 between ¢, j) with
the maximal information from all legal edges not in E. Now assume ij ¢ E*. From Lemma 3 and the fact that
I(X;;X;) > 13e we can conclude that j € By(ik). Hence, there is a path in E* with length ¢ smaller then
q< L%_IJ The edge ij satisfies the condition of Lemma 4, and hence we have I(X;; X;) +3e < I(X,; X, ,)
forall s =1,...,9 — 1 where X,,_ are the vertices along the shortest path between ¢ and j. So all edges in the
path have information greater then /(X;, X;). But note that one edge in the path is not in F from the legality of
1j. We reach a contradiction to the fact that 75 is the edge with maximal information from all legal edges not in F.

3.4 Proof of Theorem 2 in the main text - Structure Consistency for Finite Samples

Here we consider the case where the mutual informations used by ECL are calculated from a finite sample.
Intuitively, as more data becomes available the information estimates should improve and we should be able to
find the correct structure with high probability. The following theorem quantifies the number of samples.

3In other words Io(X;;X;5) > Ig(Xk; X1) VE, 1 € V (including of course pairs that are not in E*).



Theorem 2. Assume an IID sample of size n is generated from a model (G*, 0") satisfying Ac. For any § > 0 let
n satisfy n > No where:
Colog plog +
No = 28P0%5 3.11)
€
and Cy is a constant. Then with probability greater than 1 — § ECL will recover E* as in Theorem 1.

Proof: First, recall that the Chernoff bound (Mitzenmacher and Upfal, 2005, Theorem 4.4,4.5) with relative error
can be written as: i ) 2, ( )
Hig (i, Tj T Hi\Ti, Tj )T
P <(1 —q) < BLERSIL < (14 7)) < exp{—HLSEITY (3.12)
pij (i, ) 3
We start by bounding the empirical error of the mutual information. Denote by [ the empirical marginals, and 1
the true marginals. Given a «y such that (1 — ) < Bij(@i,75) (1+ v) we can write:

= iy (iag) —

- Hig (T, T
T2 TR
_ pig (i, 25) (1 47)
< fiij(wg, w5) log
2 mtenwi)log L T

2

_ Mz‘j(fﬂm%’)
< fiij (@i, 25) log —————= 4 4y
TZ;J PR () g ()
Mij($i7$g‘)
< wij (i, x;)(1+v)log ———"—~ + 4y
;;] s i () g ()
< (X X5)(1+7) + 4y

Using the fact that the information in the binary case is upper bounded by 1 we conclude that |7 i (Xi; X;5) —
I(Xi; X;5)| < 5.

From Theorem 1 we know that as long as the relative order of the mutual informations is preserved, the
algorithm will recover the correct . Now by Lemma 4 we know that 1(X;; X;) + 3¢ < I(X,_; X, ,) for all
1 < s < ¢ — 1 so if the mistake is less than e the relative order of the informations will be preserved with high
probability. Thus the ECL algorithm will recover the true graph (as in Theorem 1) despite the noisy marginals.

To ensure that the statistical error in the information is smaller than €, we need to have at most v = £. By

Eq. (3.12)
fij(zq, ) € —3n
Pl———=>(1—-<) ) < <46 3.13
where we use Lemma 11 for replacing p with e.

The above guaranteed e accurate mutual informations for a single marginal. To get the bound for all edges and
vertices a union bound can be used resulting in:

alog(p)log §

Ny >
0 3

(3.14)

for some constant a and the result follows.

4 Parameter Consistency

Here we prove that the parameters learned by ECL achieve a likelihood that is e close to optimal.

The result relies on the connection between the true partition function Z(8) and its approximation calculated
using the Bethe variation approximation Zg(8). Recall that the Bethe approximation of the partition function is
given by (e.g., see Heinemann and Globerson, 2011):

log Z(0) :HIQ%}LN-B—FHB(N) 4.1)



where M, is the local marginal polytope which is the set of consistent pairwise marginals, and Hp(60) is the

Bethe entropy given by:
p) =Y H(X) - Y I(Xi; X;) (4.2)
i ijEE
The entropy and informations above are calculated using the singleton and pairwise marginals in p. Similarly we
can define the Bethe likelihood by replacing the exact partition function with its Bethe approximation:

Lp(0) =pn-0+log Zp(0) 4.3)
Lemma 7. Assume a model with parameters 0 satisfies A.. Then
|log Z(6) —log Zp(0)| < (|E| — p)e® (4.4)

Proof: We know (e.g., see Sudderth et al., 2008) that log Z(0) — log Z(0°(7)) = log Zp(0). Where T are the
Bethe marginals for parameters 8. Consider the case where 6 is a tree. In this case log Z(0°(7)) = 0 and indeed
the Bethe partition function is exact.

~ Now consider a model identical to 6 except the ij edge is removed. Denote the corresponding parameter by
0", and its exact marginals by p*/. Furthermore let Z% (x;,z;) denote the partition function of 8™ when the
variables ¢, j are assigned z;, z;. By the definition of the partition function we have

20°(r) = Y ZV(xia; (<H>>

Py 7i(@i)7 (2;)

o S ey (2450

Py 7i(@i)7 (25)

(=D)"" ayy
= Z9(6°(r P (2, ) [ 14+
2 ! ( 7i(wi)7i (7;)

Ti,Tj

= Z9(6°(r) [1+
;;J 7i(wi)75(2;5)
Using arguments as in Section 2 it can be shown that [p (z;, ;) — 7i(2;)7;(z;)| < 2€2. Plugging this into the
above yields:
Z(0°(1)) €0

——— <1 — <1 4.5

Z49(0°(T)) — erzx Ti $2)7—7($7) e “>
where the last inequality is due to Lemma 10.
Repeating this argument recursively for all edges, until a tree is reached, we have the result.

Recall the parameters we are learning are 6°. In order to prove approximation results, we will use the fact that
0° € LG, as the following result states.

Lemma 8. Assume a model 0 satisfies A.. Now assume that 0° are calculated using the marginals of p(x;9).
Then 6° € LG..

Proof: The result follows by deriving the Ising model form of 8¢, and showing that its maximal .J;; implies that
6° e LG 1

4.1 Proof of Theorem 3 in the main text

We assume as in Section 3.3 that the data size goes to infinity and thus we measure the true information I (X;; X;)
on all edges.



Theorem 3. Assume a sample is generated IID from a model (G*,0%) satisfying A, where € < B = Then as

n — oo ECL will return (G, ) such that

| p’

L*(6*,E*) - L*(,F) < 2¢ (4.6)
where L* is the generalization likelihood.

Proof: Using Lemma 8§ and Section 2 we have 0C 6 € L£G.. Now by Lemma 7 we can bound |log Z(0) —

log Zp(0)| < (|E*| — p)e2. By assumption € < ‘E*‘ — so that |log Z(0) — log Z(0)| < € and we conclude,

L*(6,E) O~ - i —log Z(05-)
Op- -1 —log Zp(Op-) + ¢
0% - —log Zp(0%.) + ¢
0% - i log Zp(05) + <

% —log Z(0%) + 2¢
L*(6° E) + 2¢

VAN VAR VAN VAN

The second inequality is due to the optimality of the canonical parameters in maximizing the Bethe likelihood
(see Heinemann and Globerson (2011)) when [ is learnable (as in our case). The third inequality is due to the
consistency of ECL and the fact that additional edges only increase the Bethe likelihood and we have the result. il

Theorem 4. Assume an IID sample of size n is generated from a model (G*, 0") satisfying A. where ¢ < B =
Forany o > 0,8 > 0, let n satisfy n > Ny where:

| I

Cl|E*|log%

Ni =
e3a?

4.7

and CY is a constant. Then ECL will return a model that satisfies the following with probability greater than 1 —§:
L*(0*,E*)— L*(0,F) < 3e+ «, (4.8)
where L* is the generalization likelihood.

Proof: We want to show that the bound on the ratio between the empirical marginals & and the exact marginals
— - &3 ) < U'U(zbva) (1 +
o 52(‘E*‘+P) = pij(zi,zg) —

m) then |0°(fi;;) — 0°(pij)| < m. This is true for all parameters (singleton and pairwise). Sum-
ming over all parameters yields |0°(fi) — 0°(u)| < 5. Remember that the Lipschitz constant of the likelihood of
bounded parameter model is 2 (see lemma 19 in Honorio, 2012). We thus have | L*(0°(u), E*)—L*(0°(@, E*)| <

. Using Theorem 3 we see that if (1 — 32(‘Eﬁl+p)) < Z” é;fifg <
i (@i,

obtain the desired sample complexity we now use Eq. (3.12):

e ) 0 ) otm
P<<1 B2(ET+p) = o J'>§(”:’)2<|E*|+p))>S "{02<E*|+p>2}§‘S *9)

were we use Lemma 11 for bounding fi;;(x;, ;).
Using the union bound for the structure learning part and the above, and solving for n gives the result. 1

p results in a bound on the likelihood. Simple calculation shows that if (1

(1+ W) we guarantee Eq. 4.8. To

5 Proof of Theorem 5 in the main text - Learning Bounded Parameters

Since we are interested in bounding the Ising interaction parameters .J;; we need to understand how they are
related to canonical parameters 0°. Assume we have such canonical parameters calculated from marginals with
given [i;, (4, ;. Then it can be shown that the Ising parameter J;; is given by:

Jij == (05;(1,1) + 65;(0,0) — 65,(1,0) — 65;(0,1)) (5.1)

N



For a given value of u; and 15, we write J;; as a function of oy via:

. o
3y = i) = Lo (14 ” ) e
5 = wlegs pis 15) 40g( (i (1= pg) = i) (1 = o) py — i) o

For our parameter update, we will need a function mapping from J;;, p;, pi; to o;5. We define:
O(Jijs i p15) = ™ (Jis iy 1) (5.3)

Namely ¢(J;;, (i, pt5) returns an «;; such that J;; = (s i, it5). In other words, a;; is such that the canonical
parameters 0 calculated from pi;, 14, o;; have an Ising interaction parameter of J;;.

Although ¢ is not given in closed form, for any given p;, y; it is an inverse of a scalar function and can thus
be evaluated numerically with high precision.

Theorem 5. Assume we are given a set of empirical marginals [i, and a tree structured graph G = (V| E). Then
the parameters 0" that maximize the likelihood under constraints |J;j| < ¢ are as follows. Define:

aij = pij(1,1) = mi(1)p;(1)
A:'_j = 4maX{O, @U - ¢(<a laia p’])}
Ay = Amax{0, —a;; + ¢(—=C, i, i) }

where ¢ is the function deﬁned in Section 5 of the supplementary file. Use these to define a new set of marginals
(s, ;) given as follows:*

sz(l‘zax]) |al_]| < ¢(C ﬂzﬂj)

fij (i, ;) — XS y x; = xj and o > ¢(C, iy i)

Rij (@i, ) + %X; x; # xj and oy > G(C, iy i) (5.4)
Hij (xuxj) + %)\_] x; = xj and ai;j < d)(*é‘aﬁz’,ﬂj)

fij (i, ) — %)\_- x; # xj and oy < ¢(—C, [y, fi5)

Then 0™ are the canonical parameters calculated from marginals i, namely 0° = 0°(j1).

Proof: Given parameters J;;(z;, z;) the interaction parameter in the equivalent Ising model is given by Eq. (5.1).
Therefore we would like to solve:

max L(f,0)

L6, (1,1) + 65(0,0) — 6,5(1,0) — 6,;(0,1))] < ¢

.t
S |4

The Lagrangian can be written as

L@, 0, AT, A7) = ZA 0:;(1,1) + 0:;(0,0) — 0;;(1,0) — 6;;(0,1)) — ¢)
+ Z/\” 0:5(1,1) +0;;(0,0) — 0;5(1,0) — 65;(0,1)) + ¢)

It can be verified that the proposed solution indeed satisfies the KKT conditions for this problem and is thus
optimal.® Taking the derivative respect to 6;;(x;, x;) will result in

1 1
fiij (i, m5) — 75 (26, 25) F EN (5.5)

Where 79 are the Bethe marginals (we know that we have a unique solution). and = is + for 2; = ; and — for
x; # x; and the other way around for .

“Note that these will be consistent and feasible by construction.
5See Yang and Ravikumar (2011) for a related derivation.



When the interaction is not “too strong”, namely |cv;;| < ¢((, fii, fi;), wehave AT = A\~ = Oand 73, (2, 2;) =
fiij(x;, ;) so indeed the derivative equals zero. Next we consider the case |o;| > ¢((, fii, fi;) and show that
indeed the derivative is zero in the x; = x; = 1 and «;; > 0 case. The other cases follow similarly.

1 1
T o + —
= [(1,1) —7;(1,1) - R
_ ~ 1
= Ay(L1) = (1,1) = 247
] ] 1, 1,
= [ig(L1) = A (1, 1) + 2AT = —A
4 4
= 0

6 Auxiliary Lemmas

Our first result provides useful bounds on the « measure.

Lemma 9. Let p(x;0) be an Ising model with maximum interaction parameter Jy,q, = max;jcg |Jij|. Denote
the maximum magnitude of o for this model by tyqy = max;jcg |oj|. Then:

1
Umax S Z tanh Jma:z: (61)

Proof: Following (Anandkumar and Valluvan, 2013, Fact 1 supplementary), we can write

sinh(2Jij)
2(e”is cosh(h; + h;) + e~7is cosh(h; — h;))?

Ckij =

The denominator is maximized when h; = h; = 0 so that

e2lJi; —2|Ji]

e
4(e|sz| +e*|Jz‘j\)2

elJisl — e=1Jij1
4(@|Jz‘j| + e ij

gl <

)

1
= 1 tanh(|J;|)

|
Lemma 10. Let 0 satisfy A, then forall ij € E

1.
aij < g min{(1 =) (1 = pg), pa(l = pg), (1= i), paptgy pi (1 = pa), g (1= pj) 3 (6.2)

Proof: By Lemma 9 and the bound on 6,,,, we have

1
Q5 < Ztanh@ <

maxr —=
Sdmaz

Using the definition of 7 and the bound on h;, it is easy to show that » < p; < 1—n for all <. Insert it to the above
equation and we have the result. il

1
2« 2 )
AT (6.3)

Lemma 11. Let 0 satisfy A, then forall ij € E
p(xi,xj) > € (64)
Proof: Using the minimal representation for p(x;, x;) we can write it as a function of the singleton and c.
15
p(zi,zj) >n? —a> Enz > € (6.5)

Where the second inequality is Lemma 10 and the third is by the definition of 7. il
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