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1 Approximate Inference in HOMF

We describe the implementation of approximate inference in the proposed heteroskedastic ordinal matrix
factorization (HOMF) model. Approximate Bayesian inference is performed using expectation propagation
(EP) Minka (2001)) and variational Bayes |Ghahramani and Beal (2001)). We use variational Bayes to approx-
imate some operations within the execution of EP. First, we describe the hyper-parameter values used in the
prior distributions of the HOMF model. After that, we describe in detail the implementation of expectation
propagation in HOMF, how to make predictions using the EP approximation to the posterior distribution
and the specific form the EP update operations.

1.1 Description of the hyper-parameter values used in the priors of HOMF

Recall that the priors for i) the base boundary variables by = (bg 1,...,bo,r—1) and ii) the factors for the

noise variance v;°% and 'yCOI
L-1
p(bo) = [ N(bo,xlmi°, vo) , p(vi™) = ZG(7;*"|ao, bo) p(45°) = IG(75ao,bo) , (1)
k=1

wherei=1,...,n,j=1,...,d and

7G(z|a,b) = Flzz)x—a—l exp {—Z} (2)
bo

denotes an inverse gamma distribution with parameters a and b. We initialize the prior means mll’o, co,mpty
to form an evenly spaced grid on the interval [—6, 6] as suggested in [Paquet et al.| (2012)). For example when
L = 5, we have that m™ = —6, mb° = —2, mg = —2 and mP = —6. The prior variance vy for each
component of by is initialized to vy = 0.1. The hyper-parameters ag and bg for the priors on ;°% and fy“’l
are initialized to ap = 10/2 and by = 10v/10 0/2. The strength of the resulting priors is then equivalent to
having seen a random sample of each of these variables of size 10 with empirical variance v/10. The prior
expectations for v;°" and 7;?01 are y/10. This means that the product of % and 'yJC.OI is on average 10. This
is the recommended noise level in the ordinal matrix factorization model described in [Paquet et al.| (2012).

We use factorized standard Gaussian hyper-priors for the prior means mY = (mV,...,mY) and m" =
1 h
(mY,...,mY), that is,
h h
= [I~Vm10,1), = [~V mY10,1) 3)
k=1 k=1
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Similarly, we use factorized inverse-gamma hyper-priors for the prior variances v¥ = (v, ... 7’0}Lj) and
vV = (vY,...,vY), that is,

h
U) = [T 29 (w¥ lap, by) G (v lag, bo) - (4)
k=1

[
=
]

The hyper-parameters af and bj are initialized to ay = 10/2 and b, = 10/2. The strength of the resulting
priors is then equivalent to having seen a random sample of each of these variables of size 10 with unit
empirical variance.

1.2 Expectation propagation in HOMF

Recall that the latent variables in HOMF are given by & = {U, V, B, A, C, 4%, v by, mY mV, vV vV}
As described in the main document, the posterior distribution for = given the set of entries in the rating
matrix R that are observed, that is, R, is

p(EIR®) = p(R®|A,B)p(A[C, v, v*")p(C|U, V)p(Um",vY)
p(VImY,vV)p(B|bg)p(bo)p(v" " )p(v°")
p(mY)p(mY)p(vV)p(vV)[p(RO)] 7, (5)

where p(R©®) is the normalization constant. Expectation propagation (EP) approximates this posterior
distribution with the following parametric approximation within the exponential family of distributions:
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where the parameters of each of the factors that form Q will be fixed during the execution of the EP
algorithm. If we ignore the normalization constant, the exact posterior distribution (5| includes 13 different
factors, namely, p(R°|A,B), p(A|C,v*",~"), p(C|U, V), p(UmY,vY), p(VimV,vY), p(B|by), p(bo),
p(v%), p(v°°h), p(mY), p(mV), p(v¥) and p(vV). EP works by approximating each of these exact factors
with a corresponding approximate factor fl, where [ = 1,...,13 and each f; has the same functional form
as the posterior approximation Q, namely
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where we have introduced the multiplicative constant s; in fl because the approximate factors fl, ceey flg
may not be normalized. EP will adjust the parameters of fl, ey flg so that the [-th approximate factor fl is
similar to the corresponding I-th exact factor in , for I =1,...,13. Note that the exact posterior is given
by the product of all the exact factors in and then normalizing the resulting function. Similarly, the
posterior approximation Q is obtained by computing the product of all the approximate factors fi,..., fi3
and then normalizing the result of this operation. The family of exponential distributions is closed under
the product operation. Therefore, the product of fi,..., fi3 has the same functional form as Q and can be
readily normalized. In particular, at any step of the EP algomthm we have that Q(E) }21 fl(E)

EP works by first initializing all the approximate factors fi, ..., fi3 and Q to be non-informative or flat.
This is done by setting the mean and variance parameters of the Gaussian factors in fl, ceey flg and Q to
take value zero and infinity, respectively, and setting the a and b parameters of the inverse-gamma factors to
take values one and zero, respectively. After that, EP iteratively refines the parameters of the approximate
factors. For this, let Q\! denote the distribution obtained by computing the ratio of Q and fl and then
normalizing the resulting function. That is, Q\! is equal to the normalized product of all the approximate
factors except the I-th one: Q\/(2) x Q(E)/fi(E). The functional form of Q\! is again the same as that of
Q and all the fl, .. ]‘137 that is,
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EP refines the parameters of f; by minimizing the Kullback-Leibler (KL) dlvergence between Q\I(E) f;(Z)
and Q\'(B) fi(E 2), where f;(E) denotes the [-th exact factor in the exact posterior (5 , that is, EP refines the
parameters of f; by minimizing

Q\ £,
Q\fy

where the arguments to Q\' f; and Q\! fl have been omitted in the right-hand side of this equation to improve
readability. It can be shown that is minimized when the expectation of the sufficient statistics of Q\!f;
with respect to Q\'f; is the same as the expectation of those sufficient statistics with respect to Q\'f;. The
main loop of EP iterates over all the approximate factors f;, [ = 1,...,13, refining one after the other by
minimizing @D In our experiments, we run the 30 iterations of the main loop of the EP algorithm.

D (QAil@" i) = | [Q\lf log &I Qv — Q\lﬁ} 0=, (9)

1.3 The EP predictive distribution

Once the parameters of Q have been fixed by running the EP method, we can use Q to estimate the posterior
probability that the entry in the i-th row and j-th column of the rating matrix R may have taken value 77 ;



Here we assume that the entry in the i-th row and j-th column of R is not contained in the set of observed
ratings R®. The exact posterior distribution for 7 ; given RO is then

p(’l";ﬂRO) :/p(r:,,jla;ﬁbj)p( 7j|cl]’,%row7,y;:ol) ( Zj|uivvj)p(E|Ro)dEda dczj’ (10)

with p(rz,j‘ 1,57 ) Hk 1 [Sign[’r;j — k- 05}(a;:] - bj,k)]7 p( |Cz ja’erowa’YJCOI) - N( |Cz J,,erow,.}/;:ol)
and p(cf j|u;, vj) = 6(c;; —uf v;). Recall that § is a point mass at zero. To obtain an approximation

to we first replace the exact posterior p(E|R®) in with the EP approximation Q. However,
even after making this approximation, the resulting integral is not analytically tractable. We therefore

perform an additional approximation. We replace [ 8( = ul v;)Q(E) d= with a Gaussian with mean
mgy = S m ymY, and variance vy} = = 1[m7k] 0¥y 4 v my L )? 4 vie? . Note that uf v is a

f]* and variance vl g * under Q. Again, We still need to perform an additional

approximation. We replace [ N (af ;|cf 7{"“’7;01)./\/ (cf;lmi7},viF ) Q(E)d= with an additional Gaussian with
mean my’; and variance v;’} + v]; where v] [b”wwbvwl][( T4 1)(a7ml + 1)]7L. In this case, we are
approximating the inverse- gamma factors for ¥ and 7]- in @ with point masses located at the modes of
those factors. The posterior distribution for r} ; given RO is then approximated by

random variable with mean m

row

-1
~(rzj|RO) = / H €] [Sign[r;-"j —k—0.5](a; ; — bj,k)} N(aj |mc st ) ') Q(E) dE da; ;
k=1

ij 7 Vi
:(I){C(T:,j)} _‘I){C(Ti*,j _1)} ) (11)
where ((r} ;) = (m?ﬂ‘;,j —myy) (v} + ’U?’T;j +;;)7%% and ®(-) is the standard Gaussian cdf.

1.4 The EP update operations

As described in Section EP works by iteratively minimizing @ with respect to each approximate factor fr.
Note that we have one approximate factor fl for each of the 13 exact factors in the posterior distribution ,
nameIYa p(RolA, B) (A|C v ’YCOI)’ p(C|U,V), p(U|mU’VU)’ p(V|mV7VV)’ p(B‘bO)v p(bO)’ p(,.yrow)7
p(v°°h), p(mY), p(mV), p(vY) and p(vV). In the following sections we show the form of the EP updates for
refining the parameters of each approximate factor fl

1.4.1 EP updates for fl

In our mapping between approximate factors and exact factors, we specify that fl approximates the exact
factor p(vV) = HZ:1 ZG(vY |ah, by). In this case, p(vV) has the same functional form as the inverse-gamma
factors which specify the distribution of vV in f;. Therefore, the EP update for f; sets the parameters of
those inverse-gamma factors to be the same as the parameters of the the inverse-gamma factors in p(vV),
namely

v ~ VvV
[dz J}new — aa’ [bz ,l]new _ bE)? (12)
for Kk =1,...,h. Since these update equations do not depend on the parameters of any other approximate

factor, we have that f1 has to be refined only once, during the first iteration of the main loop of EP. After
refining f1, we update Q (which is initially uniform) by setting

v

a1 = ap, B = b, (13)

fork=1,...,h.



1.4.2 EP updates for fg

In our mapping between approximate factors and exact factors, fg approximates the exact factor p(vV) =

szl ZG (v |af, by). The EP update operations in this case are the same as for the approximate factor f1,
namely,

~vY 21new 7vY 21new
[ag %] = ap, by 2P =1, (14)

for k =1,...,h. Since these update equations do not depend on the parameters of any other approximate
factor, we have that fy has to be refined only once, during the first iteration of the main loop of EP. After
refining fo, we update Q (which is initially uniform) by setting

u u
[ak " = ag, [br 1" = bg (15)

fork=1,... h.

1.4.3 EP updates for f3

In our mapping between approximate factors and exact factors, fg approximates the exact factor p(mv) =
szl N(mY10,1). In this case, p(m"V) has the same functional form as the Gaussian factors which specify
the distribution of mV in f3. Therefore, the EP update for fs sets the parameters of those Gaussian factors

to be the same as the parameters of the the Gaussians in p(mV), namely
v v
[m;c" 73}ncw — O7 [@ZT 73}ncw =1, (16)
for Kk =1,...,h. Since these update equations do not depend on the parameters of any other approximate

factor, we have that f3 has to be refined only once, during the first iteration of the main loop of EP. After
refining f3, we update Q (which is initially uniform) by setting

\'% \%

[ ] =0, [og" 1" =1, (17)

fork=1,... h.

1.4.4 EP updates for f4

In our mapping between approximate factors and exact factors, f4 approximates the exact factor p(mY) =

szl N (mE|O7 1). The EP update operation are in this case the same as for the approximate factor fa,
namely,

[anU’4}new _ 0, [/EZLU’ZL}neW =1 , (18)

for k =1,...,h. Since these update equations do not depend on the parameters of any other approximate
factor, we have that f; has to be refined only once, during the first iteration of the main loop of EP. After
refining f4, we update Q (which is initially uniform) by setting

U

[m " =0, [ e = 1, (19)
fork=1,...,h.

1.4.5 EP updates for f5

In our mapping between approximate factors and exact factors, f5 approximates the exact factor p(y°°!) =

H?Zl 746 (’yj—"1|ao7 bo), In this case, p(y°°!) has the same functional form as the inverse-gamma factors which



specify the distribution of 4¢°! in f5. Therefore, the EP update for fs sets the parameters of those inverse-

gamma factors to be the same as the parameters of the the factors in p(y°!), namely
col ~_col
@7 e = ao, B = by, (20)
for j = 1,...,d. Since these update equations do not depend on the parameters of any other approximate

factor, we have that f5 has to be refined only once, during the first iteration of the main loop of EP. After
refining f5, we update Q (which is initially uniform) by setting

col
[a; ]ncw = aqg, [b’y ]ncw _ b07 (21)

forj=1,...,d.

1.4.6 EP updates for fﬁ

In our mapping between approximate factors and exact factors, fﬁ approximates the exact factor p(y™%) =
17, ZG(7F°%|ag, bo). The EP update operation are in this case the same as for the approximate factor fg,
namely,

row @ ~~TOW @

, ]new =ag, [b’Y , ]new _ bO» (22)

a7 ;

%

for i = 1,...,n. Since these update equations do not depend on the parameters of any other approximate
factor, we have that fs has to be refined only once, during the first iteration of the main loop of EP. After
refining fg, we update Q (which is initially uniform) by setting

row row

’Z_Y ]new =ag, [bV ]new — b07 (23)

[a 2

fori=1,...,n.

1.4.7 EP updates for f7

In our mapping between approximate factors and exact factors, f7 approximates the exact factor p(bg) =
Hﬁ 11 N (bo, k|mk ,Uo). In this case, p(bg) has the same functional form as the Gaussian factors which specify

the distribution of by in f7 Therefore, the EP update for f7 sets the parameters of those Gaussian factors
to be the same as the parameters of the factors in p(bp), namely

[mzoﬂ]new mzlo ) [620,7]new =1, (24)

for k=1,...,L—1. Since these update equations do not depend on the parameters of any other approximate
factor, we have that f7 has to be refined only once, during the first iteration of the main loop of EP. After
refining f7, we update Q (which is initially uniform) by setting

o] = mb o] = vo, (25)
fork=1,...,L—1.

1.4.8 EP updates for fg

In our mapping between approximate factors and exact factors, fs approximates the exact factor p(Blbg) =
H;l 1 Hffll N (bj k|bo,k,v0). Because p(B|bg) has a complicated form, we approximate individually each of

its d internal factors of the form Hk 11 N (bj k|bo,k,vo), where j = 1,...,d, with extra approximate factors
fs Tyeves fg 4- In this case, fg is given by the product of fg Tyenns fs d where all these additional approximate
factors also have the same functional form as Q. Initially, all the fg Tyenes fg ¢ and fg are non-informative

or flat. EP will iteratively refine each of the extra approximate factors as follows. To refine fg,J, where



Jj=1,...,d, we firstly compute the parameters of Q\8J which is defined as the normalized ratio of Q and
fs,5. This leads to

. -1 . .
bo,\8, - ~b0,8,51— bo,\8, bo,\8, - ~b0,8,51~b0,8,51—
b \8J _ I:[,UZO} 1_ [5ke 8]] 1} ’ m? \8j _ ka\ J [mZo [,UZO] 1_ b 8J[Uko 8]] 1} : (26)
. —1 .
b,\8, b 1— ~b,8,71— b,\8,j b,\8, b b 1— ~b,8,5 b8,
O = [T =R T =l [l @)

for k=1,...,L— 1. After that, we refine the approximate factor f&j by setting

[mZO,&j]ﬂeW _ m;’_:]\c&j ’ [,52078,j]new _ v?;]:&j + g, (28)
~ b,8,j1n bo,\8,j ~b,8,51n bo,\8,7
[mk;&]] v — b \8,j ’ [,ngj] ew — b \8J 4 v (29)
for k=1,. L — 1. These update equations guarantee that the normalized versions of Q\37 () fs ;(Z) and

Q\8J (2 )H N(bj,k|b0,k, vg) have the same expected sufficient statistics. Finally, we recompute @ as the
normalized product of the updated fg ; and Q\8J  that is,

. . -1
e = [+ (30)
[mzo]new _ [vzo}new [mZo,\&j[vZo,\&j]—l _’_ml]z(),&j [ﬁZo,S,j]—l} 7 (31)
-1
new b,\8,j b,8,
AN ] R ] (32)
new new b7 8» bv 87' i B
R U8 el W el Il I (33)

fork=1,...,L— 1.

1.4.9 EP updates for fg

In our mapping between approximate factors and exact factors, fg approximates the factor p(VimV,vV) =
[T HZ (N (jkmY vY). Because p(VimVY,vV) has a complicated form, we approximate individually
each of its d x h internal factors of the form N (v;, k|mk ,U,Y), where j = 1,...,d and k = 1,...,h, with
extra approximate factors fg Lireees fg d,n- In this case, fg is given by the product of fg Lireeos fg d,hs
where all these additional approximate factors also have the same functional form as Q. In1t1ally, all the
f97171, ceey fg d,n and fg are non-informative or flat. EP will iteratively refine each of the extra approximate
factors as follows. To refine fgdfk, where j=1,...,dand k= 1,...,h, we firstly compute the parameters of
Q\%* which is defined as the normalized ratio of Q and fo j . This leads to

o O = (o)1 — [op 0] (34)
[m;nvv\Q,j,k]new _ [vz’lv7\9,j7k]new {m?v V]t — m;nv,Q,j,k[,ﬁ;nv,Q,j,k]—l} 7 (35)
e e N O N (30
[m§7,]>9,j7k]new _ [v;,}}Q,j,k]new [m}k[v;’k}ﬂ — " 95 k[ﬁ;]?,y k- 1} 7 (37)
[al \Odkpnew oV _ oV 9.0k 4 g (38)
A . U (39)

After this, we refine the approximate factor fo k- For this, we have to find the expectation of suflicient
statistics with respect to h(E) = Q\Q’J’k(E)J\/(UJ klmyY,vY). After integrating out &\ {v;r, mY,vY } in h,
we obtain

A% - v .
(@Y 0) = N @m0 It 98,0



v,\9,5,k ,9 k vV 9.5,k vV ,\9,5.k
N (e lm 298 0 P ING Y [ap 9 by R (40)

The normalization constant of h(vj,, mY,vY) is then

Z = /h(vj7k,m2/,v,y) dvj k dmkf dvkv (41)
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where

—(v+1)/2
_ D+ 1)/2) {1 (w—u)z] ' (45)

Tl 2, v) = VavAl'(v/2) Av

denotes a Student’s t distribution with mean u, variance parameter A and degrees of freedom v and in
equation we have approximated a Student’s t distribution with a Gaussian distribution that has the
same mean and variance as the original Student’s ¢ distribution. The expectation of the sufficient statistics
vk, (0562 mY, [mY]?%, vY and [vY]? with respect to h(v;k, mY,vY) can be approximated in a similar way
as the previous normalization constant. We describe below how to do this. For the random variable ka, the
KL-divergence is actually minimized by matching the first moment and the expectation of log vy . However,
matching the expectation of logvY would require computing the inverse of the Digamma function, which
has no analytical solution. To avoid this, we match the first and second moments of vkv which is expected
to produce reasonably good results |(Cowell et al.| (1996).

We approximately compute the moments of vkv using the following property of inverse-gamma distri-
butions, see . Let H(a,b) be the normalization constant of f(z)ZG(x|a,b) for a particular function
f, that is, H = [ f(z)ZG(z|a,b)dx. Then we have that [zf(x)ZG(z|a,b)dx = H(a + 1,b)a/b and
[ 2*ZG(z]a, b) dx = H(a+2,b)a(a+1)/b*. Thus, each moment can be easily approximated given a procedure
to approximate the normalization constant H(a, b). For this, we only have to replace H(a+1,b) and H (a+2,b)
in the previous equations with their corresponding approximations. In a similar way, we can compute ap-
proximations for the moments of v;; and mk In particular, we use the following property of the Gaussian
distribution. Let H (m v) be the normalization constant of f(z)N (z|m,v) for a particular function f, that

_ dlog H(m,v
is, H(m,v) = [ f(z)N(z|m,v)dz. Then we have that [H(m,v)]™! [ 2 f(z)N (z|m,v)dz = m + v%
and [H(m,v)]” fa:QJ\/ x|m, 1})~dl‘ —[[H(m,v)]"! [aN (z|m,v)dz]? = v — UQ([dIOggrgm’”)F — 2d10g5(m’v)).

v

The resulting updates for fg ;j are
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[BZV’Q’j’k]new =y — bZV,\9,jJ€ , (51)

and we define a’ and b’ as
v . v .
v \9, .k 2 v ,\9,5,k

a’ 72 b 77

b = , ,
(az"y\-‘lmk +1)Z7Zy — azv’\g’j’ka

a = , (52)

(GZV,\Q,j,k Y 1)Z2%5 — azv’\g’j’kZ% ’

v .
where Z; and Z, are obtained in the same way as the normalization constant Z, but increasing az N9k
in one and two units during the computations, respectively. Once we have updated fy ; 1, we recompute Q
using

1
, (53)

v - AV4 . —
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Vg 4 Vg s : )
[mznv]new _ [,U;nv]new |:m]7€n 7\9737]6[,0’? 7\97J7k]—1 + mzlv,gﬂ,k[,ﬁ’:’nv’%],k]—l} , (54)
. . —1
[U};’k]new _ [[U;J’,k\Q,J,k]—l + [,@{:}?;Lk]—l] 7 (55)
Gk, v,\9,5,k1— ~0,9,5,k1~v,9,5,k1—

N N e L T I v vl P (56)
v . .

[azv]new — QZ 7\91]71“ + dzv’g’j’k _ ]_7 (57)
v . - .

[bzv]new _ bz 9,4,k + bZV’Q’J’k ’ (58)

- Vg 4 Vg 4 Vg s .
Finally, note that we only update fo ; when by "\*/* > 0, 2a; \*/*—2 > 0, v \*** > g and v,** > 0.

1.4.10 EP updates for fi,

In our mapping between approximate factors and exact factors, f1o approximates the factor p(UmY,vY) =
I, szl N (ujglmp,v7). Because p(UmY,vY) has a complicated form, we approximate individually
each of its n x h internal factors of the form N (u; x|myY,vY), where i = 1,...,d and k = 1,..., h, with extra
approximate factors f1o,1,1, ey f~9,n7h. In this case, f1o is given by the product of f1071,1, ceey fm,n,m where
all these additional approximate factors also have the same functional form as Q. The EP update equations
for each flo,z',k are similar to those for each fgd"k and therefore we do not include them here.

1.4.11 EP updates for fn

In our mapping between approximate factors and exact factors, fu approximates the factor p(C|U,V) =
H(i,j)e@ 8(c;j —u} vj). To refine fi; we do not follow the standard EP algorithm. Instead, we use the

approach used by |Stern et al. (2009) and first marginalize p(C|U, V)Q\!''(Z) with respect to &\ {U,V}.

To do this, we first compute the parameters of Q\''(Z), that is,

e = [l - ] (59)

e N e N A R v (60)

[vzk\ll]new _ [[”Zk}_l _ wz,ku]_l}—l 7 (61)

e A el T R v G (62)
fori=1,...,n,j=1,...,dand k=1,...,k and

e [ e T I (63)



[m(' \11]new

o = oS\ e {mc 02 ] — el [get 1} ’ (64)

. EVANKZY) ] )

for (i,7) € O. The result of marginalizing p(C|U, V)Q\''(E) with respect to E \ {U, V} is then

AL e\11
SU V)= [ I otciy—ulvy) | TI Mewjlmit oot
(1,7)€0O (,7)€0O
n h d h
[H H/\/'(u,k|m 7\11, l}c\lll H HN vjk|m ’\11,11;)’,}11 dc (65)
i=1k=1 j=1k=1
[ n h
e\l e\11 W\l w,\11
= H N(uf Vj|mm\ , w\ [HH/\/ Uik \ ,vi’k\
| (1,5)€O i=1k=1

[ h
HH (Wi klmi ot (66)

Let Qu,v be the posterior approximation Q after marginalizing 2\ {U, V} out, that is,

n h d h
Quyv = H H uz,k|mﬁka ’U;L,k‘| H H N(“j,k|m}},k»”;'},k . (67)
i=1k=1 j=1k=1
The parameters of Qu v, that is, m}',, vy, mj, and vf; fori=1,...,n,j=1,....,dand k =1,...,h,

are then optimized to minimize KL(QU,VHS) ThlS can be done very efﬁc1ently using the gradient descent
method described by [Raiko et al.| (2007). Once Qu v has been updated, we update the parameters of Q
for U and V to be the same as those of Oy v. We also update the parameters of Q for C. To do this, we
note that in the exact posterior ¢; ; is always equal to ul v; because of the delta function 6(c; ; — ul v;).
Therefore, we set the mean and variance of each ¢; ; in Q to be the same as the mean and variance of the
corresponding u} v; according to the newly updated Q. This leads to the update

h
mg ;] ZT’% K1 e [ ;1" = Z[m%f 0] i [m] ) + U305 - (68)

for (i,7) € O. After updating Q, we refine f11 so that it is the ratio of Q and Q\'*, that is,

e = g - (69)
e = 1 g alog ) 7 = i (70)
e = [ - ] ()
e e = o e [mtlopd 7 = i i (72)

fori=1,...,n,j=1,...,dand k=1,...,k and

-1
~C, 11 new c —_ C, 11—
o e = g = i (73)
~ ¢,111new c new c c 1— A1lp e, \117—
g e = g 1 [ o) = w1 (74)

for (¢,7) € O. Note that, when performing these EP updates, some of the variances v ,31, v;‘}jl and lel

in fu can become negative. In our experiments, this sometimes created problems When updating other
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approximate factors. To avoid this, whenever one of the variances of a Gaussian factor in fi1 is going to
become negative, we do not perform the EP update of that Gaussian factor. When this happens, we have
to eliminate the EP update in the corresponding factor of Q since we are first updating Q and then f;; as
a function of Q.

1.4.12 EP updates for fm

The approximate factor fi, approximates the exact factor p(A|C, ™%, y°!) = i j)eco N(aijlci ;s ’y{ow’y;Ol)
Because p(A|C,~™%, 4" has a complicated form, we approximate individually each of its internal factors
of the form N (a; j|c; j, row'yj"l) with an extra approximate factor f12 ijs for (4,7) € O. In this case, f12 is
given by the product of all the additional approximate factors f1271'7j, which also have the same functional
form as Q. Initially, all the flg,m- and flg are non-informative or flat. EP will iteratively refine each of the
extra approximate factors as follows. To refine flg,im we firstly compute the parameters of Q\'2%7. This
distribution is defined as the normalized ratio of Q and f2; ;. This leads to

—1
[,Ua,]\12 1,]]new _ [[Uq,j]il _ [f}a,JlQ,z,j] 1] , (75)
[m ,j\12 Z,]]new _ [U;l”j\lz’i;j}new |:m;'l,j [Uf,j]_l _ m?]w yi5J [,U;lj12 z,]] l] ’ (76)

g 2 = [, )= — 2]

0. g b o
e e (o e e R . U T "
@B e _ 2™ a2 |y (79)
[b’ymw,\lli,j]ncw _ bzrow _ '67"0“’,12,1‘,]‘ ’ (80)
[a;ml’\u’i,j]new _ aZCOl a;y 125 1, (81)
[b]col)\lli,j]new _ b] Ej“°1,12,i,j ] (82)

After this, to refine the approximate factor fm i,j» we have to find the expectation of sufficient statistics with

respect to h(E) = Q\2IF(E)N (a; 5]cij, 7OV After integrating out 2\ {a;;,cij, 7%, 75} in h, we

obtain
A12,2,5  a,\12,4, 712 , 12,25
h(ai g, ci s, 75) = N(az’,ﬂcz‘,yaVIOW%COI)N(%J‘ R Y (e I T)
T .. 1 1 .o
TG (2% |a] " N ) M2 IG (50l o) N2 “”“) - (83)

The normalization constant of h(a; ;, ¢; j, 7", 75") is then

7 = /h a”,cl,j,’yfow,'y;‘ﬂ) da; j de; j dyi®% dWCOI (84)
7\12 0, 7\12 ] 7\12 %) c,\12,1,5 row . col
= [N 20 o128 o el (85)
G(,Yrow| oY \12,,5 b’Y 12, ZJ)IG( C01|a °l\12,i,5 b’Y °l\12, 17J)d rowd col (86)
1
%./\/’(mz }\12 JiJ mz,j\12 w?UZ }\12 visd +u )\12 w_i_
12,4,5 37" 12,1, ~OV 12,45 12,45
RIS (g TN 1))V ) (87)

L. row L. col . col ;g
where in we have approximated IG (7, row\a 7\127173’ b) ’\12’1’3) and IG(’yJ°»°1|a;’ A2 b; ’\12’1’]) with
point proalhty masses located at the modes of these factors. The expectation of the sufficient statistics a;_j,
a; 1%, ¢, Cigl%, Y v , Y50 an with respect to h(a; ;, ¢ ,7°%,v5%) can be approximated in
j 2 j g z1row 1row jcol d col ith t to h j ¥ lrow ]col b : ted i

11



a similar way as the previous normalization constant, as we describe below. For the random variables ;%
and 'y]c"l the KL-divergence is actually minimized by matching the first moments and the expectations of
log ;" and log 5. However, matching the expectation of log~;°" and log~;* would require computing
the inverse of the Dlgamma function, which has no analytical solution. To avo1d this, we match the first and
second moments of v;°" and 'yCOI which is expected to produce reasonably good results [Cowell et al.| (1996)).

row col row col

We approximately compute the moments of the random variables v;°" and WCOI using the following prop-

erty of inverse-gamma distributions, see (2). Let H(a,b) be the normalization constant of f(z)ZG(x|a,b) for
a particular function f, that is, H(a,b) = [ f(x)ZG(z|a,b) dz. Then we have that [z f(z)ZG(z|a,b)dx =
H(a+1,b)a/b and [ 2?ZG( x|a,b) dr = H(a + 2,b)a(a + 1)/b%. Therefore, each moment can be easily ap-
proximated given a procedure to approximate the normalization constant H(a,b). For this, we only have
to replace H(a + 1,b) and H(a + 2,b) in the previous equations with their corresponding approximations.
Following a similar approach, we can compute approximations for the moments of a;; and ¢; ;. In par-
ticular, we use the following property of the Gaussian distribution. Let H(m, v) be the normalization

constant of f(z)N(z|m,v) for a particular function f, that is, H(m,v) ff N (z|m,v)dr. Then it
can be shown that [H(m, v)] ™" [z f(z)N(z|m,v) dz = m+v %ﬂgmv) and [H(m,v)]"" [ 2*N(z|m,v) dz —

([ (m, 0)] ™" [ &N (alm, v) da]? = v — v?([HRETm]? — pioaffimal ).

v

The updates for flgym» are then

[mq}l%ivj]new = mS a]\12 N , (88)

[6%12 z,g]new =0 ,j\12 ,1,] 4 byrow’\m z’jbvm 12,3, j/[( oW N\12,5,5 + 1)( Y ,\12 1,5 + 1)} ) (89)

[mg,m,m‘]new = m®) 12,5 (90)

1,3 1,3 ’
.. col row col T

[667]12,z,j]new _ vi,j\u,z,y + b7 Y A12, ”b” A\12, m/[( \12,4,5 + 1)((1;7 \12,4,5 + 1)] 7 (91)

[&Zr°W7127i7j]new _ a;OW o a YV N12,i,5 1, (92)

”;y“’ ,12,i7j]new _ b;ow . b;ymw,\IQ,i,j , (93)
co o col -

[&;Y 1712727]]new — aéol o a;’ 12,4, 4 1 ) (94)
~.col i col 1,]

[b’y ,12,L,J]new — bcol - b’y ’\12’1,J ) (95)

where we define a, ., biow, Ahops Dhop @S
Y ONL2,8,5 1 row)2
(1/ o a’i [Zl ] (96)
row row \12,4,5 row \12 4,5 )
(o] "N 1)z Z50w — VBN 770w

YO AN12,1,5 TOW
b, A

Drow = ~rewiais AN ; (97)
o (az a\12al7.7 + 1)ZZ£OW _ CLZ 1\12a17] [Z{OW]Q

70011\12ai7j col12
r_ aj [Zl ]

col — (a;c017\127i,j + 1)ZZ§°1 _ a;/c017\12,1',j [ZfOIP

pY N1 Zg0!
:301 = ool \12,4,5 . 1 ool \12,4,5 1o’ (99)
(aj ; 5Ty, +1)ZZ§O _a’j ) 5Ty, [ZfOP

12,4,
Z1°% and Z5°V are obtained in the same way as the normalization constant Z, but increasing a A2

in one and two units during the computations, respectively, and similarly, ZCOl and Z5°' are obtamed by

col
12,4
decreasing a 259 41 one and two units, respectively.
~a,12,1,7

Note that in these EP update equations, some of the variances o o 120d

and, v, i and can become

negative. To avoid this, whenever one of the variances of a Gaussian factor in flg,w» is going to become
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negative, we do not perform the EP update of that Gaussian factor. Furthermore, we only refine the

~ col 2 col .. row .. ro ..
; : s 12,4, \12,3, \12,4, \12,3,
approximate factor fia, ; if all the conditions a;’ M285 2, b]- M205 0, a; 205 2,b) M205 0,
a,\12,i,j e \12,4,j
Yij ij .
Once we have updated f19; ;, we recompute Q usin
ENE

>0 and v > 0 are satisfied.

.. L. —1
[,Uzj]new _ {[vz,j\m,m]q + [17;1’}1271,]]71] ’ (100)
[m;'z,j]ncw _ [Uzj]ncw {m?’,j\IZiyj [UZ}\12,i7j]—l + m;_l’,jl%iyj [5?7}12,i,j}—1} 7 (101)
e a1
o, 1" = [ 27+ Y (102)
[mg)j]new _ [vz(‘:’j]new {m;}\l?,i’j [UZ_C:j\IQ,i,j]—l + m;‘jli,j [ﬁi‘:jlli,j]—l} ’ (103)
[a;ymw]new _ a;}/mw,\lli,j + a;ymw,IQ,i,j -1, (104)
[b;y""w]ncw _ b;,ymw’\127i’j . Bzrow’lz’i’j , (105)
col col’ 12’~)~ - 00171274,4
[ e = 0] VB T (106)
[b;/col]new _ b‘¥0017\127i1j + 62001712)i7j . (107)

In our experiments we observed that, if we refine the approximate factors flg,w- during the first iterations
of EP, the proposed model gets stuck in solutions in which the components of the noise variables v*°% and ~¢°!
take very large values. The reason for this is that during the first iterations of EP, the posterior approximation
for the latent variables U and V is not yet very good and consequently the EP update equations explain
this by assuming that there is large additive noise. The result is that the EP approximation Q gets stuck
in solutions in which the components of 4™% and ~¢°!l are too large. To avoid this, we do not refine the
approximate factors fi2; ; during the second iteration of EP. Note that in the first iteration, when we refine
the approximate factors f127i7j, we do not modify the factors of Q for ™% and ~°°!. This means that we
can always safely refine the approximate factors f~12’i’ j during the first EP iteration, even though the current
posterior approximation for U and V is not yet good.

1.4.13 EP updates for flg

In our mapping between approximate factors and exact factors, fi5 approximates the factor p(RO|A,B) =
i j)eo Hf;ll O [sign[r; ; — k — 0.5](a; ; — bjx)]. Because p(R°|A,B) does not have a simple form, we
approximate individually each of its |O]x (L—1) internal factors of the form © [sign[r; ; — k — 0.5](a; ; — b; 1]
with an extra approximate factor f137i7j7k, for (i,j) € O and k =1,...,L — 1. In this case, f13 is given by
the product of all the additional approximate factors f1371v,j7k, which also have the same functional form
as Q. Initially, all the flg’iyj’k and flg are non-informative or flat. EP will iteratively refine each of the
extra approximate factors as follows. To refine ‘]2:13,@‘) j.k> we firstly compute the parameters of Q\13:i:0k - Thig
distribution is defined as the normalized ratio of Q and fi3 j . This leads to

T e e I (108)
[m?:]>13:ivj:k]new _ [v;,;l?),i,j,k]new [m;k[vs’k]q _ mgi:suk ﬂ?:;3,i,j,k]_1} 7 (109)
o e = g )71 = [ﬁ?f”i’j’k]*l}_l : (110)
[mz,j\m,i,j,k]new _ [Uz,j\lis,i,j’k]new {m?,j [Uﬁj]_l _ mtiz’,jls,i,j,k[ﬁz,jl&i,ﬁk]—l} ) (111)

After this, we update the parameters of flg,i% % by minimizing the KL-divergence between the unnormalized
distributions Q\'343:k(Z)O [sign[r; ; — k — 0.5](a;; — bj )] and Q\13%I*(Z)f13,; ; 1(E). This leads to the
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updates

= b13i5,k _ b\13,i,5,k ~b,13,0,5,k _ b,\13,4,5,k
m;'y =m;y +kK V% = -V -1/8 (112)
~a13i5.k _ a\13,i5k ~a,13,i,5,k a,\13,i,5,k
m;’; =m;; - K vy = —v;; -1/8 (113)

where 8 and k are given by
p(e) G(@) \ [ a1k | b\18ijk] "
p= ~ ®(a) at O (o) {Uj’k Uk } ’ (114)

signfr; j — k — 0.5] [a rb(a)]l ’

a\13,0,5.k | b\13,i5,k D(a)
\/”j,k U5k

R (115)

with
{z,\lS,i,j,k _ mb,\lS,i,j,k
o = sign[r; ; — k — 0.5] —2& AL (116)

a\13,i0,k | b\13,i,j.k
\/“j,k + V5%

and ¢ and ® denote the standard Gaussian density and cdf functions, respectively.
Note that, when performing these EP updates, the variances f),ﬁ’jm’z’j’k or 17(?’,13’”’]6 can become negative.
In our experiments, this sometimes created problems when updating other approximate factors. To avoid

this, whenever one of the variances of a Gaussian factor in fi3; ;x is going to become negative, we do not

perform the EP update of that Gaussian factor. Similarly, we do not update flg_’i’j,k when vf’j\lg’i’j’k or
b,\13,i,5,k .
CH are negative. )
Finally, once we have updated fi3 j, we recompute Q by setting
. o -1
b _ |1, \13,0,5,k—1 ~b,13,i,5,k1—1
[l e = [P ] (117)
b b b\13,i,5,k, b\13,4,5,k1—1 |~ b,13,i,5,k[~b,13,4,5,k1—1
[ % = ol ] [l g R T gl R Sk (118)
o —1
a,\13,3,5,k1—1 ~a,13,1,j,k1—1
o 17 = [l 994 oS (119)
[m?’j]new _ [U?’j]new [m;z,,j\lfi,i,j,k[vzﬁj\l&z}j,k}—l + m?jjl&i,j’k[ﬁﬁ,jlg’i’j’k]_1} ) (120)

2 Data

2.1 Dataset descriptions

We perform experiments using seven datasets consisting of ratings. These come from a diverse set of domains.
Unless otherwise stated, the ratings in each dataset were ordinal valued, in the range 1,...,5.

o MowvieLens100K and MovieLens1M are collections of ratings for movies, commonly used for benchmark-
ing recommendation systems. These are available at http://grouplens.org/datasets/movielens/.

e MovieTweets has been released recently, and consists of ratings for movies collected from Tweets.
Details of the dataset can be found in |[Dooms et al.| (2013)), and the data is available from https:
//github.com/sidooms/MovieTweetings. The original ratings took values in {0 ...,10}. We map
the original ratings to values in {1,...,5} as follows: {0,1,2} — 1, {3,4} — 2, {5,6} — 3, {7,8} — 4,
{9,10} — 5.

e Webscope is a collection of ratings for songs. It is available for research upon request from Yahoo! Labs.
We used the ‘R3’ dataset from http://webscope.sandbox.yahoo.com/catalog.php?datatype.

14


http://grouplens.org/datasets/movielens/
https://github.com/sidooms/MovieTweetings
https://github.com/sidooms/MovieTweetings
http://webscope.sandbox.yahoo.com/catalog.php?datatype

e Jester is a collection of ratings for jokes, available at http://goldberg.berkeley.edu/jester-data/.
The ratings on this dataset are real valued € [—10, 10]. We convert these to ordinal ratings by grouping
the values into 5 bins with equal counts.

e Book is a set of ratings for books, publicly available from http://www.informatik.uni-freiburg.
de/~cziegler/BX/ The ratings take values 1,...,10. Most of the ratings take value higher than 6, so
we merged the ratings 1,...,6 to yield 5 values in total.

e [PIP contains responses to a 336 item International Item Pool questionnaire |Goldberg et al.| (2006)).
These data were collected from Facebook [Kosinski et al| (2013) and are available for research upon
request at http://mypersonality.org/wiki/doku.php?id=start. This dataset is dense, that is, all
of the ratings are observed. All of the other datasets contained many missing entries.

2.2 Data pre-processing

Some of the datasets are very sparse, so we selected only users and items that have 10 ratings or more, as
proposed in Rendle et al| (2009). This formed the set of ratings that we used for the model-comparison
experiments described in Section 5.1 of the main document. In these experiments, the ratings were split
randomly into training and test sets containing 80% and 20% of the ratings, respectively.

For the active learning experiments in Section 5.2 with new users (the -U datasets) we selected the 2000
users and 1000 items with the most ratings, up to the maximum number available. This was to provide the
largest possible pool for active sampling, since in a real-world setting the system can request any rating. As
described in the main document, of these 2000 users, 75% were sampled randomly as the users ‘already in the
system’ and all of their ratings were added to the training set. Then, one rating from each of the remaining
25% ‘test users’ was added to the training set. For each test user, 3 ratings were randomly held out in a
test set for evaluation of predictive performance. The remaining ratings for the test users were added to
the pool set. In each round of active sampling, a single item was selected from the pool for each user, these
items were then added to the training set. After this, the model was incrementally retrained and evaluated
on the test set. For the new-item experiments (-I), we followed the same procedure, except that the roles of
the users and items were interchanged. In all of our experiments the dataset splits were re-sampled for each
fold.

3 All Results

3.1 Learning curves

Figure [1] shows the log likelihood learning curves in the cold-start experiments when using the full het-
eroskedastic model (HOMF). This figure includes all the experiments in which we select items for new
users (-U) and select users to rate new items (-I). Figure [2[ shows the same for the homoskedastic model
(OMF). All results are summarized in Table Overall, with both models, BALD is the best perform-
ing algorithm. Entropy sampling and its model-free version, Emp-Ent, often perform poorly, and are even
outperformed frequently by random sampling. This indicates that they often seek noisy, and hence uninfor-
mative, users or items. In many cases, such as Book-U, Movielens100k-U, Movielens100k-I, MovieTweets-1I,
IPIP-I, Webscope-U and Webscope-1, the performance gap between BALD and the alternative strategies is
decreased substantially when using the homoskedastic model. This implies that to obtain robust performance
with Bayesian active learning it is important to model all sources of uncertainty appropriately.

3.2 Root mean squared error

We also evaluated the performance of our model and active learning algorithm using the root mean squared
error (RMSE) of the posterior mean prediction. RMSE is a popular metric for models that only produce point
estimates. For probabilistic models it is a less informative metric than log likelihood because it measures only
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the quality of the mean rating, and does not consider the model’s confidence in its predictions. Furthermore,
unlike log likelihood, it is not invariant to the (normally arbitrary) assignment of numeric values (1,...,5)
to ordinal valued ratings. Tables [I] and [2] contain the log likelihood and RMSE for the model-comparison
experiments, respectively. Tables [3] and [4] contain the results for the active learning experiments.

Table [2] shows that OMF performs best when evaluated using RMSE, although the improvement over
HOMF is normally very small, the difference in RMSE is smaller than 0.005 in all but one case. Although
learning heteroskedastic noise is crucial for assessing confidence correctly, as indicated by Table [I] where
HOMEF performs best in all cases, incorporating heteroskedasticity does not change the mean effect. We
speculate that the small improvement of OMF over HOMF is due to the fast that OMF has fewer parameters
to learn. Learning the bias parameters and using an ordinal rather than a Gaussian likelihood yields improved
performance when evaluating with both RMSE and log likelihood.

A similar effect is observed in the active learning experiments. With log likelihood HOMF+BALD
outperforms OMF+BALD in 15 out of 16 cases, and draws on the last. With RMSE, HOMF+BALD out-
performs OMF+BALD 5 times, draws 9 times and loses twice. Again, this indicates that heteroskedasticity
does not change the mean effect. However, with RMSE the heteroskedasticity is still important to achieve
robust active learning. This is indicated by the fact that in Table [4] overall, HOMF+BALD outperforms
OMF+BALD but HOMF+Rand loses to OMF+Rand. Furthermore, within the HOMF model, BALD out-
performs Rand in more cases than it does with OMF. This indicates that although the heteroskedasticity
does not improve the final evaluation, it is necessary for selecting good samples with BALD during active
learning.

3.3 Approximation Losses

Figure 3| depicts, for all datasets, the information loss (Equation (8) in the main text) due to each of
the approximations made to compute the second term in BALD, Egy,)H[p(r];|u;)]. In all 16 cases the
information loss from using 100 Monte Carlo samples of u; from Q to approximate the integral is smaller
than 5%. In all but 3 cases using the unscented approximation results in less than 5% loss.

Table 1: Average test Log likelihood. Bold denotes best method, and those statistically indistinguishable.
Method HOMF OMF HOMF OMF Paquet RBMF BMF BMM

-NoB -NoB
Books -1.415 -1.436 -1.507 -1.439 -1.427  -1.545 -1.544 -1.622
Dating -0.867 -0.906 -0.890 -1.028 -1.009  -1.045 -1.140 -0.948
IPIP -1.096 -1.140 -1.131 -1.189 -1.188  -1.194 -1.225 -1.270
Jest -1.238 -1.306 -1.240 -1.320 -1.320 -1.312 -1.368 -1.290

ML1IM -1.136 -1.165 -1.141 -1.17v -1.170  -1.173 -1.210 -1.324
ML100K -1.203 -1.234 -1.208 -1.243 -1.232 -1.238 -1.277 -1.493
MTweet -0.956 -0.991 -0.984 -1.025 -1.012 -1.014 -1.077 -1.115
WebSc. -1.207 -1.253 -1.209 -1.257 -1.236  -1.529 -1.532 -1.298
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Table 2: Average Test RMSE.
Method HOMF OMF HOMF-NoB OMF-NoB Paquet RBMF BMF BMM

Books 1.207  1.204 1.246 1.204 1.214 1.281 1.280 1.390
Dating 0.822  0.821 0.823 0.836 0.829 0.825 0.838 0.913
IPIP 0.886  0.885 0.887 0.887 0.887 0.893 0.895 1.046
Jester 1.019  1.006 1.015 1.008 1.009 1.016 1.015 1.078
MLens1M 0.838  0.836 0.839 0.837 0.836 0.842 0.847 0.965
MLens100K 0.895 0.894 0.895 0.895 0.895 0.898 0.903 1.077
MTweet 0.699  0.698 0.701 0.699 0.703 0.712  0.722  0.817
WebScope 1.200  1.195 1.201 1.195 1.185 1.215 1.218 1.283

Table 3: Log likelihood after collecting 10 active samples per user (-U) or item (-I). Underlining indicates
the top performing active sampling algorithms for each model, and bold denotes the best overall method.
The bottom row gives the number of datasets that each active learning strategy yields the best (or joint
best) performance with each model.

Heteroscedastic (HOMF) Homoscedastic (OMF) BMM
Dataset BALD Entro Emp-Ent Rand | BALD Entro Emp-Ent Rand | BALD Entro Emp-Ent Rand
Book-U -2122 -2129  -2129  -2126 | -2146 -2149  -2150  -2147 | -2405 -2418  -2413  -2411
Dating-U -1214 -1239 -1241 -1248 | -1217 -1230 -1235 -1244 | -1234 -1309 -1305 -1255
IPIP-U -1944 -1977  -1960  -1967 | -1945 -1978  -1964  -1973 | -1964 -1988  -1983  -1987
Jester-U -2051 -2095  -2070  -2064 | -2080 -2119  -2100  -2099 | -2041 -2075  -2054 -2045
MLens100k-U | -918 -928 -926 -920 =926  -927 -929 -926 -989  -1001 -997 -988

MLens1M-U | -1831 -1843 -1844  -1835| -1840 -1850  -1854  -1846 | -1877 -1899 -1898  -1879
MTweets-U -1467 -1475 -1475  -1471| -1503 -1508  -1508  -1503 | -1608 -1624  -1622  -1613
Webscope-U -1837 -1869 -1869  -1846 | -1882 -1898  -1903  -1880 | -1951 -1984 -1970  -1958

Book-1 -2038 -2039 -2037 -2038 | -2095 -2094 -2094 -2095 | -2186 -2198 -2202  -2195
Dating-I -1630 -1720  -1655 -1612 | -1672 -1722 -1684  -1643 | -1603 -1691 -1631  -1602
IPIP-1 -319 -325 -339 -329 -325  -325 -339 -330 -335  -347 -346 -339

Jester-1 -99 -99 -99 -100 -102  -102 -101 -102 -104  -107 -106 -104

Mlens100k-I -1085 -1103 -1095  -1099 | -1110 -1112 -1111  -1113 | -1160 -1186 -1171  -1170
Mlens1M-I -1831 -1843 -1844  -1835| -1840 -1850  -1854  -1846 | -1877 -1899 -1898  -1879
MTweets-1 -1470 -1479 -1475  -1476 | -1519 -1520 -1520  -1520 | -1605 -1617  -1613  -1608
Webscope-I -1837 -1869 -1869  -1846 | -1882 -1898  -1903  -1880 | -1951 -1984 -1970  -1958
Wins / 16 15 1 2 7 15 7 5 12 16 1 2 12

Table 4: RMSE after collecting 10 active samples.

Heteroscedastic (HOMF) Homoscedastic (OMF) BMM
Dataset BALD Entro Emp-Ent Rand | BALD Entro Emp-Ent Rand | BALD Entro Emp-Ent Rand
Book-U 1.185 1.188 1.189 1.187| 1.186 1.188 1.189  1.187 | 1.345 1.352 1.353  1.350
Dating-U 0.768 0.788 0.790  0.795 | 0.769 0.783 0.788  0.794 | 0.789 0.841 0.838  0.807
IPIP-U 1.033 1.058 1.047  1.055 | 1.030 1.051 1.042  1.050 | 1.063 1.080 1.075  1.085
Jester-U 1.089 1.119 1.103 1.103 | 1.086 1.110 1.100  1.101 | 1.121 1.140 1.130  1.129

MLens100k-U | 0.968 0.983 0979 0.974| 0975 0.973 0977 0.973 | 1.047 1.054 1.063  1.043
MLens1M-U 0.888 0.897 0.899 0.894 | 0.890 0.895 0.898 0.894 | 0.916 0.926 0.926  0.917
MTweets-U 0.704 0.708 0.708  0.706 | 0.703 0.704 0.704 0.703 | 0.777 0.775 0.783  0.774
Webscope-U 1.192 1.213 1.217 1.201 | 1.199 1.205 1.216 1.198 | 1.290 1.313 1.311 1.291

Book-I 1.175  1.175 1.174 1.175| 1.175 1.174 1.174 1.175| 1.250 1.256 1.258 1.254
Dating-I 0.910 0.962 0.941 0.914 | 0.924 0.951 0.937 0.909 | 0.966 1.019 0.989 0.963
IPIP-1 1.039 1.066 1.121 1.088 | 1.058 1.059 1.122 1.089 | 1.102 1.163 1.155 1.125
Jester-1 1.086 1.100 1.095 1.108| 1.105 1.101 1.096 1.113 | 1.155 1.175 1.176 1.162

Mlens100k-I 0.943 0.960 0.955 0.957 | 0.953 0.954 0.954  0.957 | 1.004 1.030 1.016 1.015
Mlens1M-I 0.888 0.897 0.899 0.894 | 0.890 0.895 0.898  0.894 | 0.916 0.926 0.926  0.917
MTweets-1 0.721 0.725 0.724  0.724 | 0.725 0.725 0.725  0.725 | 0.768 0.774 0.774  0.769
Webscope-1 1.192 1.213 1.217 1.201 | 1.199 1.205 1.216  1.198 | 1.290 1.313 1.311  1.291
Wins /16 15 1 2 6 15 10 ) 9 16 2 0 11
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Figure 1: Log likelihood on the test users versus number of active samples selected by each algorithm with

the HOMF model.
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Figure 2: Log likelihood on the test users versus number of active samples selected by

the OMF model.
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number of evaluations of H[p(r7 ;|u;)] required. Circles denote the mean loss, and vertical bars the 10" to

90" percentiles.
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