Nonparametric Divergence Estimation

A. The von Mises Expansion

Before diving into the auxiliary results of Section 5, let us first derive some properties of the von Mises expansion. It

is a simple calculation to verify that the Gateaux derivative is simply the functional derivative of ¢ in the event that
F)=[o(f)

Lemma 8. Let T(F) = [ ¢(f)du where f = dF/du is the Radon-Nikodym derivative, ¢ is differentiable and let G be

some other distribution with density g = dG /du. Then:

ar(Gir - 6) = [ 258D () - g(o))auta). (1)
Proof.
ar(G;F - 6) = i TEFTEZCONZHO oy [ L1 0) 4 7(7(0) — g(@))) — 6g())] dite)
= [ 1 L16(6(e) + 77 (@) o)) ~ lg(o)] )
[0l
- [ 25 @)~ gte)dnto)
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We now demonstrate that the remainder for the ¢th order von Mises expansion is O(|[p — p||;{1 + |lg — ¢||;Z}) under the
assumption that p, p, ¢, ¢ are all bounded above and below.

Lemma 9. Let T(p,q) = fp"qﬁdu and uppose that p,p,q,q are all bounded from above and below. Then R, the
remainder of the tth order von Mises expansion of T'(p, q) around T (p, §) satisfies:

Ry=0(|lp—plli+1ld—al}) (12)

Proof. The tth order term in the von Mises expansion is:

t,Z( = faq —(p(e) — 5(2)) a(2) — 4(2)""do =

tl!z( )/ [[(e~ H = )P (@) (@) (pl) — () (al) — 4(2)"

where H?:o a; = 1. If we are to take a t — 1st order expansion, the remainder is of the same form as the ¢th term, except

that the terms p*~%(z), ¢°~ (=) (x) are replaced by functions £~ “(x), 5*“*“) (x) for some functions &1, &> that are
bounded between p, p and ¢, § respectively. In our setting, p, ¢ € [k, ko] and P, § € [k; — €, Ky, + €] 50 &1, &2 are bounded
functions. With this bound, we can simplify the remainder term R;_; to:

Ris < (o Bt meit) 5 () [ 1) = p@lae) — o)

Looking at the integral pointwise, either |p(x) — p(z)| < |¢(z) — ¢(x)| in which case the expression is upper bounded by
lg(x) — G(=)|* or the opposite is true in which case it is bounded by |p(x) — p(x)|*. Either way, we can upper bound the
integral by the sum. This gives:

Ri 1 < C(e, B, Kty Kus € t) (Hp Pl -+ [lg —dlly) -
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In many cases, the constant can be worked out:

1. Ifa = 8 =1, then Ry = af while Ra,...,=0.

2. If a, B > 0,a+ 3 = 1as in the Rényi Divergence, R, = 1 while R3 = 2r_2a where i = min{r;—¢, (k,+€) " }.

The first order von Mises expansion is:

I 5 ()3 (x
Th.0) = T+ [ W(p(l‘)—ﬁ(w))Jr / 8(2”<q< )= @) + O(lp = 12 + lla — dl2)
= 7.0+ [ @ @0 - )+ [ 5@ @) - aw) + Ol - 915+ llg - a1B)

(1—a=P)TH,¢) + | ap® H(2)¢’ (2)p(x) + /ﬁﬁa(x)(iﬁfl(x)Q(x) +O0(llp =I5+ llg — dll3)
= OiT(H,q) + 07, + 061, + Ro.

The second order expansion is computed similarly. The three second order terms are:

1

5 [ ala = DI 2@ @) - i)

/aﬂﬁ“’l(x)éﬁ’l(x)(p(x) —p(x))(q(x) — q(x))

1 s N AR R

5 [ BB~ 15" @0 @) ale) - ().
Adding these together along with the linear terms, expanding and regrouping terms we get:

TQ( ) CQT E 9 p,q + Rs.
i=1,2
f=paq

B. Full Specification of the Estimators

Here we write out the complete expressions for the estimators ifpl, flm, fquad. Recall that we have samples X{" ~ p, Y* ~
q and our goal is to estimate T'(p, ¢) = [ p“q”. Define:

1 1

D = — K XZ_ q - - K Y—

P = S HK )i nz W,
n/2 n/2

pps(z) = *ZKh dps(z ZKh

where DS is used to denote that we are data splitting, and K, is a kernel with bandwidth & meeting Assumption 3. The
estimator 7}, is formed by simply plugging in p, ¢ into the function 7'. Formally:

~

T, = / P°(@)d° (2)dp(z) (13)

The estimator flm is formed by a first order correction but we must used the data split KDEs to ensure independence
between the multiple terms in the estimator.

Ton=(1—a—p) / Ps(@)d g (2)d Z oS (X)X 42 S aps(1)ibs(¥y). (14)

i=n/2+1 ] =n/2+1
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For the quadratic term we perform an additional correction:

Tyuaa = (1= 30/2 = 35/2+ 1/2(a+ 5) [ #bs(@hs(@)dn(e)+
£20% a@-a- 0 (X)ibs (X0 + 2 Y B a- Mibs()ins (V)

i=n/2+1 j=n/2+1

T Y alXaa) [jela - DR )i

keEM iy1#io=n/2+1

TeEniS S alXon () 5000 1) [ @0 (@5 @) a)du(o)|

k,k'e M 217512—n/2+1

Z Z o (Y5, r(Ys,) [1/3<51>ﬁ%s<mqf{£(m]
n/2 kGMJﬁsz n/2+1 2

T XX a0 556 -1 [ awetist)i )

- n(n/2 1) kk! €M jyja=n/2+1
n 2 n
SO Y aX | e (asis ()ads (1))
j=n/2+1keM i=n/2+1

Recall that {¢, }rep is an orthonormal basis for Ly ([0, 1)), and M is an appropriately chosen subset of D. The first line
of the estimator is simply the plugin term, while the second lines makes up the two linear terms. The third through sixth
lines are the two quadratic terms, one involving the data from p and the other involving the data from ¢. Finally the last
line is the bilinear term.

C. Detailed Proofs of Upper Bound

Let us now prove the the auxiliary results stated in Section 5

C.1. Proof of Theorem 5

The truncated kernel density estimator takes the following form: We select a parameter € > 0. If f is the usual kernel
density estimator for f, we set f(z) = f(z) if f(x) € [k — €, Ky + €] and otherwise we set f(x) = fo(x) for some fixed
function bounded between £y, £,,.

Recall Assumption 3 ensures that the kernel K : R? — R satisfies:
1. suppK € (—1,1)4
2. [K(z)dz =1and [ ][, 2 K(z)dz = 0 for all tuples p = (p1,...,pq) with 3 p; < [s].

Note that we can use the Legendre polynomials to construct kernels meeting these properties (Tsybakov, 2009).

Let us first establish the rate of convergence of f the regular kernel density estimator in /£, which is f () =
i iy K (557 Denote by f(x) = E[f(x)] = Ex~y[5a K (“5)]- Then:

ElIF - £120 < 2° (BINF = FIE)+ 015 = £112) -

To bound the first term, let us write 7;(z) = %K (2521) — Ex~ s[4 K (%52 )]. Exchanging integrals, we can look at
fixed « and we have:

1/2
E|f(z) — f(z)|P = E|- Zm |p<<ﬂ<: Zm ) : (15)
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If we expand the expectation and drop the terms that vanish we get all terms of the form:

3 ﬁ(p—zp;_ipk)%(x)pj : ( . lpk)mj(x)pj’

P10, Fiy=1j=1 J j=1

where 1 <t < p, > p; = pand p; # 1Vj. That is, we pick a term in the polynomial with ¢ unique variables, then assign
powers p; to each of the terms, then count the number of ways to assign those powers to those terms (which results in the
binomial coefficients). Since E[n;(x)] = 0, the terms where there is some p; = 1 are all zero.

By linearity of expectation and independence, we therefore need to control E[|n;(x)]4] for 2 < ¢ < p. Applying Jensen’s
inequality, we get:

1 X -z (g—
Bl o] < 28] (25 ) 1< 200 [ 1K yla,
where the last expression comes from expanding the integral, performing a substitution and bounding f(z) < k,. So we
can bound by C(q, ky, K )h_(q_l)d. Plugging this into the expression above, we get:

n! C( j K K)h—pd—i-td < ntcl( j K K)h—pd-i-td < C/( V) K K)Lp
(n*t)' plu U = p1> Uy = p17 U hpd-

The second inequality holds for n sufficiently large. The third inequality holds whenever nh? > 1 which will be true for n
sufficiently large, given our setting of /. To summarize, all of the terms can be upper bounded by ¢(n? /hP?) and there are
a constant-in-p number of terms. Plugging this into Equation 15 we get

E[|f - fl2] < C(nh?)~P/2. (16)

Remark 1. The constant here has exponential dependence on p but we are only concerned with cases where p is a small
constant (at most 4).

As for the bias (note that z, u, t are all d-dimensional vectors here):

o)~ @)l = [ gafk (55 S0t = 1) = [ =) + )R 0

Let us define m = |s]. Taking the (m — 1)st order von Mises expansion of f(x + wh) about f(x) we get terms of the
form: )
Z —'Drf(x)hlrl /Hu:iK(u)du

1,7 > ri<m—1 ‘T| i

which are all zero by our assumption on K. The remainder term, gives us:
hm T4 Lh* s—m T4
Z oo §(r7x,uh)Hui'K(u)du < Z Py [l Hui'K(u)du
T1,..Td| > ri=m i T1,..,Td| > ri=m i

which we will denote C'(m, K, d)Lh®. Here the function ¢ is between D" f(x) and D" f(x — wh) and to reach the last
expression, we use the fact that |[D” f(x) — D" f(z — uh)| < L||uh||3_r i.e. the Holderian assumption on f. In applying
the Holderian assumption, there is another term of the form D" f(z) [ [, u;* K (u)du which is zero by the assumption on
K. Equipped with this bound, we can bound the bias:

If = flIb < C(m, K,d)LPR?®. (17)

L _ e
In trading off the bias and the variance, we set h < n2:+7 and see that the rate of convergence is E[|[ f — f||} = O(n 24d ).

To prove Theorem 5, we just have to show that truncation does not significantly affect the rate. Fix ¢ > 0 and define

S.={z: K —e< f(x) < Ky + €}. We have:
B -7 = | [ 1@ - s [ ) - f<x>|dx]
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IN

E (17 - /1] + 1 - 18 | [ 1lo ¢ 5ac]
B[1F - 1] + Ifo - fll [ Pxplo ¢ Sda

so we must control the probability that z ¢ Sc. This can be done via Bernstein’s inequality. First observe that the bias
|f — f| — 0 with our choice of h so that for sufficiently large n, sup, f(z) — f(z) < €/2. Once this happens, it is clear
that x ¢ S, implies that f(z) — f(z) > ¢/2. Therefore:

] _nhde?
Pl ¢ S.) < P[|f(z) — f(x)| > ¢/2] = I*Zm )| 2 €/2] <2€Xp(ﬁ ||K||2zlﬁ(|l e)'
u 2 3 o

This last inequality is an application of Bernstein’s inequality noting that |n;(z)| < 2| K|lo and Var(n;(z)) <
h™= %k, || K||? since:

1

2
KA

Var(n;(z)) < Ex,~f [ ] X /K2 (z + hu)du < h™ %, || K||3.

Using our definition h =< n=+ and using the fact that e is some constant Pz ¢ S,] < 2 exp(anZSzﬁ). Plugging this
bound in above, we have:

A~ ~ _2s _—Ps_
E (I = 715] <E[IF = 715] + 2160 = FIE exp (—Cn757) vol([0,1]%) = O(n=F4),
since the second term goes to zero exponentially quickly in n. This proves the theorem.

C.2. Convergence Rate for Estimating Linear Functionals

It is trivial to derive the convergence rate for estimating linear functionals:
E[(0 - 0)?] = 2 (E[*(X)] — ER(X)]2) < 2[4
[(0 = 0)7] = —(ER~(X)] - ER(X)]) < 2[¢l5/n,

And by Jensen’s inequality, we have E[|6 — 6|] < /E[(A — #)2], so the rate of convergence is v/2||1)||so //7.

C.3. Proof of Theorem 6

For the quadratic terms, we use a result of Laurent (1996):

Theorem 10 ((Laurent, 1996)). Let X{* be i.i.d random variables with common density f that belongs to some Hilbert
Space L?(du). Let {¢;}icp be an orthonormal basis of L*(dy). Assume that f is uniformly bounded and belongs to the
ellipsoid € = {3 ,cp aidi : > ;ep la?/c2| < 1}. Let ¢ be bounded function and define 0 = [ 1(x) f(x)u(dz) and 6 as
in Equation 2 where the set M = M,, C D has size m. Then whenever n > ng (some absolute constant), we have:

N A A 2
E[(0 — 0)2] = Bias®(0) + Var(d) < [[0l|2, sup [esl* + 72w ] % FIZ, (n T ;”) . (1)

¢ M,

For the bi-linear term 65’3 we have the following theorem:

Theorem 11. Let X7 be i.i.d random variables with common density f and Y|" be i.i.d. with common density g. Let f, g
belong to some Hilbert space L?(dyu) and let {¢; }ic p be an orthonormal basis for L*(dp). Assume that f, g are uniformly
bounded and both belong to the ellipsoid € = {3, aid; = > ;cpla?/c?| <1} Let 0 = [ (z) f(x)g(x)u(dx) and 0
be defined by Equation 1 where the set M = M,, C D has size m. Then whenever n > ng (some absolute constant), we
have:

B0 - ) = Bias*(9) + Var(0) < [0l sup lesf* + Il el (2 + 7). (19)

¢ My,




Nonparametric Divergence Estimation

PIOOf: The blaS 1S:
/ ie M / / g

where a; = [ ¢;(x ) and Py, f is the projection of f onto the subspace defined by M. Define 8; = [ ¢;(z)g(z). If
f, g live in the elhpsmd E ={>a;di| > |a;|*/|ci]* < L} then:

2 2
Bias?( (Z al/w (x d:c) < vl (Z aiﬁi> .
igM igM
The term inside the parenthesis can be bounded as:
1 i 2 2 2
Z ;i < 5 Sup |ci|? Z M < Lsup |¢|?,
igM M M cil M
so the bias is Bias?(0) < [|v||% L2 sup ¢ |cil*.

As for the variance, let us define Q)(z) to be the m-dimensional vector of functions ¢;(z) — «; and R(x) to be the m-
dimensional vector of functions ¢;(x)y(x) — [1¢;g. Further define A, B to be the m-dimensional vectors with ith
components «; = [ ¢; f and 3; = [ 1)¢;g respectively. Then our estimator can alternatively be written as:

ZRZZQ VTR(Y:) + ZQ X;)"B+ =~ ZATRYk) —ATB.

T1 Tg T3

Notice that @, R are centered functions. Since X's are independent of the Y's, Cov(T5,T5) = 0. Since 75 is independent
of Y and E[R(Y};)] = 0, we see that Cov(71,T%) = 0. Similarly, Cov(11,73) = 0.

Therefore, )
Var(#) = Var(T1) + Var(Ts) + Var(T5).

Let us analyze T} . By independence,

Var(T}) = %Var(Q(Xl) Z / ()¢ ()i (y) dir (¥)¥ (y)* f (2)g(y)dwdy

zzEM

- /OéiOéi/@(y)fbi'(y)¢(y)29(y)dy—/ﬂiﬁi'fbi(x)%(@f@) + i Bi Bir

< ZEM [ 616016 )60 )00 F@)al)dady + (3 as6)?
= 5 (;M@(x)@(y)fw<y>2f<x>g<y)dxdy+;@aim)?

< [N felol f (Z ¢i(x)¢i(y)>2dxdy+nlg <Za$> <Zﬂ?>
. ||w|io|f£;o||g||mm+;zM( [ ] oy < WL llson 1),

To arrive at the third line, notice that the cross terms are non-negative, since 3, ;, iy ¢i(y)dwr (y) = (3, iy (y))? (and
analogously for the other cross term). Therefore we can simply omit them and provide an upper bound. To go from the
fourth to fifth lines, we use Holder’s inequality on the first term and Cauchy-Schwarz on the second term. Notice that the
expression involving ¢;(x);(y) is positive, so we can drop the absolute values in the ¢; norm term of Holder’s inequality.
To arrive at the fifth line, we expand out the square and use the fact that ¢;s are orthornormal.
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For T5 again by independence we have:

2
Var(Ty) = :LVar(Q(XﬁTB)=E[<Z(¢i<xl)—ai) / w@g)}

€M
> [ei@on1se) [vog [wou— [amo [
- /(ZEZMﬂisﬁi(x))zf(x) - (/(PM)llig)Q < /(PM(wg))zf,

Here the last inequality follows from the fact that 3; = [¢;g is the ith fourier coefficient of g so Y, B;¢; is the
projection onto M. Of course this quantity is bounded by:

2
Var(Ty) < %Hfﬂoo/wz(x)gQ(x)dx < ||¢Hoo||f/r|b|oo||g”oo.

Essentially the same argument reveals that 75 is bounded in the same way.

Var(zy) = Lvar(a”Rv) < 10 S asa [ [aiwse it - [ [ond

i,i’

= Ljutz [ [eusra- ([ pang2] < U=l

n
so the variance of the estimator is:

m+1 2
n2 nj)’

Var(6) < 112 £ llcllll < + =
O

Both the quadratic and bilinear terms exhibit the same dependence on sup;¢,y, |ci|, m,n so choosing M,, appropriately
will give the rate of convergence for both terms. To establish Theorem 6 we work with the fourier basis {¢y },.cze Where

o1 () = e2™*" = and the Sobolev class W (s, L) defined by:

d
W(s,L) =< f=> ardr| > O Ikj*)|an* < L (20)

kezd kezd j=1

In Lemma 14 we show that the class W(s’, L') contains (s, L) as long as s’ < s and with appropriate choice of L’. For
now let us work in W(s', L').

Let us choose:

—d
1 d M 1s'+d
M, = {k € Z%[k;| < §m1/d}> mo = (18,24é /dn_2> = T,
S
Thinking of M,, as an integer lattice with side lengths mg = m!/¢

we see that [M,,| = m. Moreover sup;¢y, les|* =
L2(2/m)*'/4_ For the quadratic terms, this results in the bound:

E[(6 - 0)%]

IN

il (£22/m)* /4 72 £ m /n? + 144] £ |2 /)

612 mase{ 1L, |12  max{ £2, 1} ((2/m)* /% + T2m/n? + 144/n)

IN

and plugging in our definition of m followed by some algebraic simplifications, we get

B0 - 7] < 181 max(L, %) max(22,1) (5 4 0550 [2% a/+3] )
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For the bilinear terms, plugging into Theorem 11, we get
E[(0 — 6)%] < 112 max{L, ]|l lglloc} max{L?, 1} ((2/m)""/" +m/n? +-3/n)

which when we plug in for m we get:

E[(6 — )] < |2 max{L, | fllllglloc} max{L?, 1} (S/n it [18 x 25/l + 1]) '

D. Proofs of Corollaries 4 and 3
The proof of Corollary 4 is immediate given the decomposition |[p — ¢||3 = [ p* + [ ¢* — 2 [ pq and the Theorem 6.

For Corollary 3, if we use our estimator T for T(p,q) = [p*q'~ we can plug T into the definition of Rényi divergence
to obtain an estimator D,,. The rate of convergence is:

EllDa — Dall = ——E [log (7/7)] < 1~ [log(1 + |7~ 71/7)] < ——en™"/T(p,0)

where 7 is the rate of convergence of our estimator. This is O(n~"7) as long as T'(p, q) > ¢ > 0.

E. Detailed Proofs for Lower Bound

To prove the main part of the theorem, the Q(nﬁ) rate, we use Le Cam’s method. We decompose the proof into
three parts. In the first part, we adapt Le Cam’s method to our setting. In the second part, we show how the properties
established on the functions u,;, j € [p] allow us to apply the technique and establish the theorem. In the third part, we
prove the existence of such functions u;. We conclude this section with a proof of the Q(n='/2) when s > d/4.

E.1. Proof of Lemma 7

Proof. Define ©g = {g € ©|T(g,q) > T(p,q)} and ©1 = {g € O|T(9,q) < T(p,q) — 28} so that all g, € O while
p € 0. Let ©; = conv({G™ x Q"|g € ©;}) and consider the simple versus simple testing problem between P € © and
G € ©1. The minimax probability of error p, of such a test is lower bounded by (1 — \/h2(P, G»)(1 — h2(P,G)))/4)
by Theorem 2.2. of Tsybakov (2009). So for any test statistic v, taking supremum over P € O, G € ©; we have:

sup  pe(v;60,01) > % [1 - V(1 —7/4)} ,

00,1 Eéo,l

where v > h2(P" x Q™, G x Q™ € ©), which holds since P" x Q" € ©g and G" x Q™ € O, by convexity. The same
bound holds for after taking infimum over 1. Finally, if we make an error in the testing problem, we suffer loss at least 3
which results in the statement in the Lemma. O

E.2. The properties of u;

Recall that in our proof we partition [0, 1]¢ into m cubes Ry, ..., R,, of side length m~1/¢

function u; such that:

. On each bin we require a

supp(u;) C {z|B(z,€) € R;}, |lusll5 = O(m™"), / u; =0, / P q%u; =0, || D" |0 < m™?,

i R;

where the last inequality needs to hold for all tuples r with > ;73 < s+ 1. Using these functions u;, we construct the
alternatives gx = p + K > ) A\ju;lg, forall A € A = {—1,1}™. The third property above ensures that g is a valid
density.

Properties 2, 4, and 5 ensure that T'(p, q) — T'(gx, q) is sufficiently large. Indeed, by the von Mises expansion:

T(p,q) —T(gr,q) = KaZ)\j/ pa_lqﬂuj—&—KQa(a—l)Z/ 53_2($)q6(x)u?(a:)dx
j=1 R; j=171i
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> oK) |luyll3 > e K2
j=1
Here ¢ is the function in the Taylor’s remainder theorem, bounded between p and g, both of which are bounded above and
below. gy is bounded above and below by property 5 since || Dou;||oc = ||tj]|oc < 1 which means that gy € [1-K,1+K].
K will be decreasing with n, so this quantity will certainly be bounded for n large enough. Property 2 allows us to arrive
at the last line since each u; is orthogonal to the derivative of T', so the first term in the expansion is zero. Finally property
4 allows us to lower bound ||u;||3.

Property 2 is also critical in ensuring that 22(P™ x Q™, G™ x Q™) is small through the following Theorem of Birge and
Massart (1995).

Theorem 12 ((Birgé & Massart, 1995)). Consider a set of densities p and py = p[1 +Zj Ajvj(x)] for x € A ={-1,1}".
Suppose that (i) ||v;|lec < 1 (ii) HleC’anl =0, (iii) [v;p = 0 and (iv) fv]zp = a; > 0 all hold with:

a = sup ||vj]|oe, 8 =na?sup P(R;), ¢ =nsupa;.
J J J

Define P} = T\ > xea PY- Then:

B BY) < Clays,on® Y a2,

j=1

where C' < 1/3 is continuous and non-decreasing with respect to each argument and C'(0,0,0) = 1/16.

In bounding the Hellinger distance h2(P" x Q™,G™ x Q™) we first use the property that hellinger distance decomposes
across product measures:

hQ(Pn > Qn’ Gn % Qn) =92 (1 _ (1 _ hQ(Pn, C_Tvn)/2)(1 _ h2(Qn, Qn)/2)) — hQ(P", Gn).

If we define vj(z) = Ku;(x)/p(x) then we have gx = p[1+ >, A;jv;] as needed by Theorem 12. We immediately satisfy
requirements 1, 2, and 3 and we have [vp = K? [u?/p < K?k;/m = a;. Thus in applying the theorem we have:

Cn2K4

R2(P" x Q™,G™ x Q™) < (1/3)n Z

Property 1 and 5 ensure that gy € (s, L) via the following argument. Defining uy = K j Ajuj, we will first show that
u is holder smooth and g, will be holder by a final application of the triangle inequality. For uy, fix r with Zj r; =8
and fix z,y. Let x1 be the boundary point of R, the bin containing = along the line between = and y and let y; be the
analogous boundary point for y.

|D"ux(x) — D'ux(y)l < [D"ux(x) — D ux(@1)] + [D"ur(21) — D ur(y1)| + [D"ux(y1) — D ua(y)|
= |D"ux(x) — D"ux(z1)| + | D ur(y1) — D ux(y)|
— / VD" uy(z)dz +/ VD" uy(z)dz
y(z,z1) Y(y,y1)
< KD ujlloc (2 = 21ll2 + [ly — w1ll2)
< EmC (e a3 e =™ 4y =l =l 7)
< KmU/ N Gm= T (lz = 21 |3+ ly — w3
< Em*Wd||lx —y|3" < Lz —yll3™"

The first line is an application of the triangle inequality. In the second line we use that w) is zero and has all derivatives
equal to zero on the boundaries of the cubes R;. This follows from the fact that u; is not supported in the band around
the border of R;. The third line is an application of the fundamental theorem of calculus, y(z, z1) is the path between x
and x1. The fourth line follows from Holder’s inequality, we replace each derivative with its supremum and are left with
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just the path integral, which simplifies to the length of the path, i.e. || — x1||2. In the fifth line we use the assumption
| D"uj||o < m™/¢ for any derivative operator with 3 ;75 < s+ 1. To arrive at the sixth line, notice that since z, z1 are in
the same box R;, we have ||z — x1||2 < v/dm™1/? (there are m boxes and each one has length m 1/ on each side). The

last line is true since 1, y; are on the line segment between x, y.

In other words, gy is holder smooth as long as Km*®/?\/d = L, imposing the requirement that K = O(m~*/%). So if we

—2s
pick m = na$7 and K = m~%/4 = nta we get that g, € (s, L) as long as there is some wiggle room around p. We
—8s —2d —4s
also get that the Hellinger distance is bounded by O(n?n7+dn%+d) = O(1) and the distance in our metric is n7+4 as we

desired. We can apply Theorem 7 and arrive at the result.

E.3. Existence of u;

To wrap up, we need to show that we can in fact find the functions u;. We can do this by mapping R; to [0, 1]¢ and using an
orthonormal system {¢; ;’-:1 for L2([0,1]¢) with ¢ > 3. Suppose that ¢; satisfy (i) ¢1 = 1, ¢;(x) = 0 forz ¢ [¢, 1 — €]?
and (iii) || D" ¢;|lcc < K < oo for all j. Certainly we can find such an orthonormal system.

Now for any function f € L?([0,1]¢), we can easily find a unit-normed function o € span({¢;}) such that & L ¢y,
and 0 L f. If we write © = ), c;p; we have that D"v = ¢;D"¢; so that ||D"v||oc < K ), [c;| < K,/q since ¥ is
unit-normed. Notice that the vector v = ©(K /) ~* has upper and lower-bounded ¢3-norm while having all || D"v||» < 1.
To construct the functions wu;, map the R; = TI%,[j;m~/% (j; + 1)m~'/9] to [0,1]% and let the function f =
p*~1(2)¢”(z) mapped appropriately to [0,1]¢. Use the function v; constructed in the previous paragraph. In map-
ping back to R, let u;(z) = vj(m'%(z — (j1,...,ja))7) so that ij ui(z)de = m~" [v(z)de = Q(1/m) and

1Dl o0 < m"/¢. These functions u; meet the requirements 1-5 outlined above, allowing us to apply Le Cam’s method.

E.4. An n~'/2 Lower Bound when s > d/4

To obtain the n~'/2 lower bound for the highly-smooth setting, we will reduce the problem of estimating 7'(p, q) to that of
estimating a quadratic functional of the two densities:

0(p,q) = / a1 (x)p(x) + az(x)q(x) + as(x)p(x)q(x) + as(x)p® () + as(z)q(z)dp(z) 21

for some known functions a; : [0,1]? — R, i € {1,...,5}. We will then use the following lower bound on the rate of
estimating these functionals to establish a lower bound in our problem:

Theorem 13. Let a; : [0,1]¢ — R,i € {1,...,5} be continuous, bounded, non-constant functions and let 0(p, q) be as in
Equation 21. Then:

lminfinf  sup  Pxpopyiegllfn — 0(p.q)| > en %] > ¢ >0 (22)
n=% 0, p,qe(s,L)

For some constants €, c > 0.

Proof. We will use Le Cam’s Method to establish the lower bound. Let us fix ¢ once and for all. We will only vary p.
Let po(xz) = 1 and p1(z) = 1 + u(z) for some function u(x) that we will select later. By Theorem 2.2 of (Tsybakov,
2009) (essentially the Neyman-Pearson Lemma) if we can upper bound K L(p} x ¢, pj X ¢") we have a lower bound on
the probability of making an error in the simple versus simple hypothesis test between the two possible distributions when
X7,~ p1and Y" ~ q. Mathematically, define pc 1(¢) = Pxrop, vir~g[t(XT,Y(") # 1] for a test statistic ¢ taking
values in {0, 1}. Also define p. 1 = infy, pe 1(10). Then Theorem 2.2 of (Tsybakov, 2009) says that if KX L(p} x ¢", p§ x

q") < a < oo then
1— «/a/2>

2 ! (—a)
e max > ,
De,1 a 4ep o 5

So let us bound the KL-divergence:

KLY x ¢" 5 x ¢") = nK L(py,po) = / (1 + u(z)) log(1 + u(@))dz < n / u(a) + () = nljul}
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Here we used that [u(z) = 0 if p; is to remain a density. This is one of the requirements on the function u that we will
pick. If the KL-divergence is to remain bounded, we will also require that ||u||3 < ¢/n for some constant.

If we make a mistake in the testing problem, we suffer at least 1/2|6(po, ¢) — 6(p1, ¢)| loss in the estimation problem. So
we must lower bound the absolute difference between the two functional values.

| [ ar)uto) + aslalata)ute) + 2as(oulz) + as(o)e (@)duta)
| / F@)u(a) + asla)u (2)du(a)

10(po, q) — 0(p1,9)|

where f(x) = a1(z) + as(x)q(x) + 2a4(z). Suppose we had a function v such that:
/v(x) =0, [[o(@)ll3 = O(1), p1 =1 +1/Vnu(z) € X(s, L), /f(fv)v(fﬂ) =Q(1)

Then if we use u(z) = n~/?v(x) the loss we suffer is at least ¢; /y/n — ca/n > en™'/2 for some ¢ > 0 for n sufficiently
large. At the same time, the KL-divergence between the two hypothesis is also O(1). So we would be able to apply Le
Cam’s inequality.

So, we just need to find a sufficiently smooth function v with constant £2 norm and constant inner product with f. To do
this, consider an orthonormal system ¢, . . . , ¢, with ¢ > 3 of L([0, 1]%) such that (i) ¢;(z) = 1, (i) f € span({¢, Y1)
and (iii) |D"¢;llc < K < oo for all j and all tuples 7 with } ,7; < s+ 1. It is always possible to construct such a
system as long as f itself has bounded r-th derivatives, which is true since f itself is a continuous, bounded function over
a compact domain. Let L denote the linear space spanned by {¢, }. Earlier we showed that if v € L, then v € X(s, A) for
sufficiently large constant A. So we can let v be any unit-normed function in L' = {v € L|(v, f) = ¢, (v, ¢1) = 0}, which
is an affine space of dimension at least 1 (since f # c¢q).

Then u(x) = v(z)/+/n meets all of the requirements. Notice that since v € 3(s, A), we have that u € %(s, A/\/n) C
3 (s, L) for n sufficiently large. O

In what follows, the functional 6 that we are trying to estimate will actually be a random quantity. However, since Theo-
rem 13 applies to any set of five bounded continuous function a4, ..., as, it actually applies to any distribution over this
space of five bounded continuous functions. Mathematically, for any distribution D over this space of bounded continuous
functions:

liminfinf  sup  Pxnepyneg(ar,...a5)~D [|én(ai’) —0(al, p,q)| > en*1/2} >c>0
n—oo Gn p7q€E(S L)

where 0(a}, p, q) is given in Equation 21.

Let us use Theorem 13 to prove a lower bound for estimating T'(p, ¢) = f p*q®. Suppose we had an estimator ’fn for

T(p, q) that converges at rate o(n~'/2), say Vp, ¢, n,E[|T, — T(p,q)|] < cin~'/27¢ for some constants c1,e > 0. We
will use it to construct an estimator for a quadratic functional of p, ¢ with better-than-y/n rate, which will contradict
Theorem 13.

The quadratic functional of p, ¢ will be the terms in the second order expansion of T'(p, ¢) about T'(py,, Gn)-

Given 2n samples, as in our upper bound, we use the first n to construct estimators p,, g, for p, g respectively. We use the
second n samples to compute T,,. The estimator for 6 will be 05, = T — CoT(Pn, Gn ). Where we are collecting all of the
terms of the form T'(p,,, §, ) together. Recall that Cs is the coefficient for all of these terms.

The risk of the estimator is:

Exzn[|0n =0l < Exzq [ITn = T|]+Exzn[|T — CoT(h,G) — 0]
< an VP 4+ OExp [l — b3+ la—dli3])
< cmfl/%6 + czn%
for constants ¢, ¢, > 0. Now if s > d/4, both terms are o(n~'/2), so we have E[|0,, — 0]] = o(n~'/2). The functions

Dn, ¢rn, are deterministic functions of X', Y7*, so we can think of X' as encoding a distribution over functions p,,, Gy,
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More formally, let D encode the following distribution: We drawn X7', Y{" from p, q respectively and compute py,, Gr,.
With these, the five functions a, . . ., as are:

a = a2—-—a-p08)p" 1@5
ay = BR2—a—p)pais "
az = aﬁpa 1A£ !

a; = 1/2a(a—1)p3"%G
as = 1/2B8(8—1)pogs >

Notice that all of these functions are continuous and they can be bounded from above and below if we use the truncated
kernel density estimators. Now whenever s > d/4:

E(al,...,a5)~D]EX{"~p,Y1"~q “é — 9@ = EX%an7y12an |:|é — 9@ < C’nil/zi6

which contradicts the lower bound. Via Markov’s inequality, }P’Xlzn[\én — 0] > can™?] < o(n™1/2)/n~1/2 — 0 which
contradicts our discussion following Theorem 13. This shows that when s > d/4, one cannot estimate T'(p, q) are faster
than \/n rate.

E.5. Translating to 7,, and D,

Suppose we have an estimator S, for the Tsallis- a divergence, such that for all p, ¢ € (s, )E E[|Sa — Sa|] < €,. We can
define an estimator 7' for T(p,q) = [p*¢* > as T = (o — 1)5’ + 1. The error between 7" and 7 is:

E[IT = T|) = |a — 1E[|Sq — Sal] < | — 1]ey
We therefore know that €, = Q(n~7) where v = min{ﬁjd, 1/2} since otherwise we would have an estimator 7' for
T(p, q) with rate o(n~7), which contradicts Theorem 2.

For D, we use the same proof structure, but computing the error for T is more involved. The estimator T’ = exp{(a —
1)D} has error:

E[|7 ~ T]] = E [|exp{(a = 1)D} — exp{(e ~ 1) Da}
We would like to eliminate the absolute value, so we will have to consider all of the cases. If « < 1 and D > D then the

first term dominates the second so we can simply drop the absolute value sign. In this case we can use convexity of e” to
upper bound by:

< (a—1DE[VP(D - D,)] = (1 - a)E[e®VP(D, — D)] < Ce,

as long as D,, is bounded from below, which implies that for 7 large enough, e(*~ 1P = O(1). Actually the other cases
are analogous, for example if D> D, then to remove the absolute value, we must swap the two terms, after which we
can use convexity to arrive at the same upper bound. Thus we have shown that E[|7" — T'|] = O(e,,) which implies that
E[|D — D|] = Q(n~7) as claimed.

F. More Auxiliary Results

Lemma 14 (Holder is contained in Sobolev). Let f € X(s, L) belong to the periodic holder class with smoothness s. Then
[ belongs to the sobolev ellipsoid W(s', L) where ¢y (x) = 27k i the fourier basis, k € 79, s' < s and:

. dCL?

—(2m)2Ls)
with C' = 372 44" =9),

Proof. Let us decompose s = r + o where r = |s| and a € (0, 1]. We need to bound:

d
Yoo O kP)laxl?

(kl,...,kd)eZd j=1
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where oy = [ f(2)¢x(x)dz. This is equivalent to bounding, for each j = [d], 3", c5a |k;|** | |? so let us fix a dimension
j for now. Using repeated integration by parts and the fact that D™ f is period for all 7 with 3 ;75 < r.owe get

z)pr(x)dw

— |2k, " / F(@)éu(@)d| = |2k o]

Let us write g(x) = {?m f(x). Then since f € X(s, L), we know that g satisfies:

lg(z) — g(y)| < Lljz — h[|*

for all -, y. We will use this fact to bound 3, 4 |k;|>* |bx|? where by = [ g(z)y(2) and o’ < a which will give us a
bound on 3, 4 |k;]>*'|cu| via the above calculation. In particular, suppose that 3", _ , 4 |k;12* |bx|? < 7;, then:

Do kP lawl® = D Ik PR k] = (2w 7Y k[P0l < (2m) 72y

kezd kezd kezd

Notice that:

g(xlw")mj - h,...,ﬂ?d) _g(l'l,...,l'j +h7 .,l‘d) = Z bke%ﬂ'kTinSin(Qﬂ']{jh)
kezd

This means that:

4 Z |br.|? sin® (2mk;h) = /(g(a:l, oy —hyoooxg) — g(Tr, x4 by 1)) de < LR

kezd
Notice that sin?(7/2) > sin®(7/4) > 1/2 so if we pick h = 1/(8¢) and k; € {q,...,2¢ — 1} U{—q,...,—2¢ + 1} we
can lower bound the left hand side. To be concrete, letting S, = {k € Z|k; € {q,...,2¢ — 1} U{—q,...,—2¢+ 1}}:
(oo} (oo}
Dbk = T3 PR <> @)D (bl
kezd =0 kESZL =0 kESQZ
But:

L2
DIkl <2 > [bl? sin®(2mk; (1/257%)) <2) ° [bel? sin® 27k, (1/2'17)) < 72—2a<l+3>
keSy keSy kezd
Using this bound above, we get:

’ L 42 "o
Z |bk|2|kj|2a < Z4l(a ) < OL2
=0

2 82a
kez?

whenever the series converges (as long as o’ < «).

Using this as our value for ; and summing over the d dimensions, we get:

d
/ dCL?
2s —2r
E : § |k]| |O‘k‘ < d(2ﬂ-) v = (271_)2r

j=1kezd




