Efficient Learning of Mahalanobis Metrics for Ranking

1. Derivation of Algorithm 2

We first reproduce the relevant lemmas from the main pa-

per:

Lemma 1.1 GivenapoimW =YY T € S},
onal projection of a matrix Z in the ambient space
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d,m’

the orthog-
Rdx d

)
c—eren, e=p2 2 p

2
Z+ 277 Z+ZTPL
2

2 y
and Py, = YYT, P; =I1—-P,

& =Py Py + P,

Lemma 1.2 Let W € Sim and &, &P, £° be as defined in

Lemma 1.1. Then, the function Ry (€) = VWV where
V=Wt g - Wi - et

is a second-order retraction from the tangent space

Tw S;,m to S;’m.

1.1. Useful Identities

If we assume Y is full column rank, then we have the iden-
tity
wt = (YT)TyT
We also introduce the identities
PWI =W'p, =Wt
Yip, =Yt
P,(YHT = ()T

for simplifying expressions in the sequel.

1.2. Derivation

Given the current estimate W; = YY" and the gradient
G = UVT, we need to calculate M such that MM T =
Wt+1.

From Lemma 1.2,
Wi = VW, VT
=V hHTytve
=MM" M=vYhHT

Thus, we just need to compute V(Y T)T to obtain W 1:
M=Vv({yhHT
1
W+ LT )T

_ égsz§S(YT)T _ %5pr§8(yT)T )

Now, using the expressions for &%, &P, Pyl and P, in
Lemma 1.1, and substituting G for Z+TZT (assuming G is
symmetric) we can derive the following:
¢ = - Py)GP,+ P,G(I - P))
=P,G+GP, - 2P,GP,
wieswyhH =wip,Gr,Y")T
=wigynHt

Now we can calculate each term in (2):

wyhHT =yyT(vyHT=v
eyhl =p,Gr,Y"N =PGYNT
&yt =preYN" +GP,(YNT - 2P,GP,(YT)T
=P,GYNHT +aY " —2P,G(YTT
= G(YT)T - PyG(YT)T
ewres(yhHT = p,arP,wiG(yYHT = P,aWiGYyNHT
ewtes(vhT = (P,G + GP, — 2P,GP,)WiG(yhHT
=P,GWIGYNHT +GaP,WiGY T
—2P,GP,WTG(YT)T
=P,GWIGYNHT +awiG(yhHT
—2P,GWTG(Y T
=GWiGYNH" - P,GWTG(YT)T

Substituting into (2), we get:
1
M=Y+GY"H - §PyG(YT)T

1
- 5GW*G(Y*)T + %PyGWTG(Yf)T

By substituting G = UV T and choosing the order of mul-
tiplication appropriately, Algorithm 2 naturally follows.



