Linear Programming for Large-Scale Markov Decision Problems

A. Related Work

de Farias and Van Roy (2003a) study the discounted version of the primal form (1). Let ¢ € R¥ be a vector with
positive components and v € (0,1) be a discount factor. Let L : R¥ — R¥X be the Bellman operator defined by
(LJ)(z) = mingea(l(z,a) + v pcx Paa),erJ(2')) for z € X. Let ¥ € R**? be a feature matrix. The exact and
approximate LP problems are as follows:

max ¢ J, max ¢' Yw,
JERX weRd
st. LJ>J, st. LYw > Yw .

which can also be written as

max ¢ J max ¢' Yw, (18)
JERX weR?
st. Y(z,a), {(x,a) +VPz.a),.J > J(z), st. Y(z,a), {(x,a) + VPz,q), Yw > (Yw)(z) .

The optimization problem on the RHS is an approximate LP with the choice of J = Yw. Let J.(x) =

E D20 v (we, m(z))|xo = ] be value of policy =, J, be the solution of LHS, and 7;(z) = argmin,c 4(¢(z,a) +
YP(z,q),:J) be the greedy policy with respect to J. Let v € Ay be a probability distribution and define jir, =
(1 —y) v (I — yP™)~1. de Farias and Van Roy (2003a) prove that for any .J satisfying the constraints of the LHS
of (18),
1

||J7TJ - J*Hl,l/ S m HJ — J*HLNWJ,V . (19)
Define 3, = ymaxy.a Y, Ploa)wt(@)/u(z). Let U = {u € R* : v > 1,u € span(¥), 3, < 1}. Let w, be the
solution of ALP. de Farias and Van Roy (2003a) show that for any v € U,

2T

1T — Wl < %min 17, — Tw|| (20)

oo,1/u *

This result has a number of limitations. First, solving ALP can be computationally expensive as the number of constraints
is large. Second, it assumes that the feasible set of ALP is non-empty. Finally, Inequality (19) implies that ¢ = fir,,, . is
an appropriate choice to obtain performance bounds. However, w, itself is function of ¢ and is not known before solving
ALP.

de Farias and Van Roy (2004) propose a computationally efficient algorithm that is based on a constraint sampling
technique. The idea is to sample a relatively small number of constraints and solve the resulting LP. Let N/ C R?
be a known set that contains w, (solution of ALP). Let pY .(x) = pir.c(z)V (2)/(py V) and define the distribution

py.o(@,a) = p¥ (x)/A. Letd € (0,1) and € € (0,1). Let B, = ymaxe Y.,/ Pl r. (2)),0u(x) /u(x) and

b (L4 By)iq, oV 16AD ( 48AD 2)

J*_\II 5 e _— 1 —
2CTJ* SuJI:[ || wHoo,l/V m (1 N ")/)6 0g (1 — 'Y)E + og 5

Let S be a set of m random state-action pairs sampled under p}r/* o Let w be a solution of the following sampled LP:

max ¢' Uw,
weR?

st. weN,V(x,a) €S, lx,a) +vPyq, Yw > (Yw)(z) .
de Farias and Van Roy (2004) prove that with probability at least 1 — §, we have
||J* - \II@HLC < ||J* - \Ilw*Hl,c te ||J*||1,c :

This result has a number of limitations. First, vector fi., . (that is used in the definition of D) depends on the optimal
policy, but an optimal policy is what we want to compute in the first place. Second, we can no longer use Inequality (19)
to obtain a performance bound (a bound on || Jr, . — J«||; .), as ¥ does not necessarily satisfy all constraints of ALP.
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Desai et al. (2012) study a smoothed version of ALP, in which slack variables are introduced that allow for some violation
of the constraints. Let D’ be a violation budget. The smoothed ALP (SALP) has the form of

2,uT s
TxsC
maxc' Yw, maxc' Pw — —=¢
w,s w,s -

s.t. Yw < LYw + s, ,LL;:MCS <D',s>0 st. Vw < ILVw+s,5>0.

)

The ALP on RHS is equivalent to LHS with a specific choice of D’. Let U = {u € RX : u > 1} be a set of weight
vectors. Desai et al. (2012) prove that if w, is a solution to above problem, then

2pl w1+ B,
17 = Qwully o < inf_[[, =Tl (CTUJF (“7’*701 i(v ﬁ)>.

The above bound improves (20) as U is larger than U and RHS in the above bound is smaller than RHS of (20). Further,
they prove that if 7 is a distribution and we choose ¢ = (1 — )T (I — yP™w~), then

2(pz. ,u) (1 + Bu)
1—7 ’

1 .
I (ﬁé“"* ~ Pl <+

Similar methods are also proposed by Petrik and Zilberstein (2009). One problem with this result is that c is defined in
terms of w,, which itself depends on c. Also, the smoothed ALP formulation uses 7, which is not known. Desai et al.
(2012) also propose a computationally efficient algorithm. Let S be a set of S random states drawn under distribution
fr. .- Let N7 C RY be a known set that contains the solution of SALP. The algorithm solves the following LP:

2
-
max ¢ Vw — ———— s(x),
w,s (]_ — ’y)S 1%;9 )

st. Vz eS8, (Yw)(z) < (LYw)(z) + s(x), s >0, w e N .

Let @ be the solution of this problem. Desai et al. (2012) prove high probability bounds on the approximation error
| J. — V||, .. However, it is no longer clear if a performance bound on ||.J. — Jx can be obtained from this
approximation bound.

v ll1c

Next, we turn our attention to average cost ALP, which is a more challenging problem and is also the focus of this paper. Let
v be a distribution over states, u : X — [1,00),7 > 0,7 € [0,1], PJ = vP" 4+ (1—~)1v", and Lyh = ming (¢ + PTh).
de Farias and Van Roy (2006) propose the following optimization problem:
min s; + nss, 21
w,s1,52

st. Ly,2Ww—VYw+s11+su>0,5>0.

Let (ws, S1,4, S2,+) be the solution of this problem. Define the mixing time of policy 7 by

Tﬂ:inf{r : §:7Vt} .

Let 7. = liminfs_o{7r : Ax < As + 6}, Let 7ri; be the optimal policy when discount factor is «y. Let 7., be the greedy
policy with respect to ¥w when discount factor is ~, ,u,-;ﬂ =(1—7) Yo y'v T (P™) and py,4 = iy, ,,. de Farias and
Van Roy (2006) prove thatif n > (2 — ’Y)MI,W; U,

t—1
S TP b — An

t'=0

Y (1+ B)nmax(D”,1)

Aw
* 1—~

IN

min |25 = Qw4+ 0 =97+ )

where § = max, |1 = vP7 || 1/, D" = 1y ,,,V/(v'V) and V = L, Ww, — Ww, + 51,1 + 52 ,u. Similar results are
obtained more recently by Veatch (2013).



Linear Programming for Large-Scale Markov Decision Problems

An appropriate choice for vector v is ¥ = ., . Unfortunately, w, depends on v. We should also note that solving
(21) can be computationally expensive. de Farias and Van Roy (2006) propose constraint sampling techniques similar to
(de Farias and Van Roy, 2004), but no performance bounds are provided.

Wang et al. (2008) study ALP (3) and show that there is a dual form for standard value function based algorithms, including
on-policy and off-policy updating and policy improvement. They also study the convergence of these methods, but no
performance bounds are shown.

B. Proofs of Section 2

Proof of Theorem 3. Let z, = argmin, ¢ z Zthl fi(z) and gy = f{ — V fi(z). Define function h;y : Z — R by hy(z) =
f+(2) + zn;. Notice that Vhy(z:) = V fi(z:) + n: = f{. By Theorem 1 of Zinkevich (2003), we get that

manht <ZF\/>

\|[V1»ﬂ
M’ﬂ

T
D helar) -
t=1

Thus,

i [vj~ﬂ

T
D filz) =
t=1

Let S; = ZS 11(2* zs)7s, which is a self-normalized sum (de la Pefa et al., 2009). By Corollary 3.8 and Lemma E.3 of
Abbasi-Yadkori (2012), we get that for any ¢ € (0, 1), with probability at least 1 — 4,

— 1 7%
(1 + ;(zt - z*)2> (2 log 5 + dlog (1 + d))
2
\/(1 + 422t) <2log(15 +dlog <1 + Zdt>> .

d d 1 72T
;ft(zt) - rzxéig;ft(z) < ZFVT + (1 +4Z2T) <210g 5 +dlog (1 + d)) .

(24 <ZF\/>+Z « = 2N

|5]

IN

IN

Thus,

O

Proof of Lemma 5. We prove the lemma by showing that conditions of Theorem 3 are satisfied. We begin by calculat-
ing the subgradient and bounding its norm independently of the number of states. If juo(z,a) + ®(4,0).0 > 0, then
Vo |[u0(;v, a) + <I>(z7a)7:9],| = 0. Otherwise, Vg H/J()(!L‘, a) + <I>(z7a)7:9],’ = —®(, ,,.. Calculating,

Voc(0) =LT®+H > Vo|[uo(z, a)+<1>m)9_\+HZv@ (P - B)[, 20|
(2,0)

=070~ H Y Pua)Iiu(ea)ron.., g<0}+HZP B)!,®s((P - B)|, ®0),
()

(22)

where s(z) = It.~0) — [{.<0y is the sign function. Let & denote the plus or minus sign (the exact sign does not matter
here). Let G = ||Vyc(0)||. We have that

2 2
d

d
G<H Y (I [+ P-Buwe®aa: || +I1TS[+H D | D 20wl

i=1 x’ (z,a) i=1 \(z,a)
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Thus,

2

G <

d d
Zﬂ@ 2+HVd+H | Z(iZ(P—B)(m,a),z) D(2,0),i

i=1 \(z.a) \ @’

2
d
<Vd+HVA+H Y (2 000 | =Vd1+3H),

=1 (z,a)

where we used [£T®. ;| < [[£]|  [|.l, <

Next, we show that norm of the subgradient estimate is bounded by G':

: (P-B)T ,<I>H
o < 7 sl Femendl ]

a (o) ay S VATHOH ).

Finally, we show that the subgradient estimate is unbiased:

@ T,a),:
E [gt(e)] = éTq) - H Z q1 (l’, (I) (z.0) H{[LO(I7G)+‘I’(I,G)’;0<O}
2 G )

H Y ) PB))‘I’ (P - B)T, 00)

= éT@ H Z ®(.L a),: ]I{uo(z a)+P(z,q),:0<0} + HZ P B) T/@S((P B) T/(I)a)
(w,a)
= Vyc(0) .

The result then follows from Theorem 3 and Remark 4.

C. Sampling Constraints

In this section we describe our second algorithm for average cost MDP problems. The main idea is to use the results on
polytope constraint sampling (de Farias and Van Roy, 2004; Calafiore and Campi, 2005; Campi and Garatti, 2008) to reduce
the dual LP to a size we can solve exactly. Using classical uniform convergence results (Vapnik and Chervonenkis, 1971),
de Farias and Van Roy (2004) show that if we sample k = O(d/¢) affine constraints in R, then with high probability, any
point that satisfies all k£ sampled constraints also satisfies most of the original set of constraints: a proportion at least 1 — €
under the sampling distribution.

Let £ be a family of affine constraints indexed by i: constraint i is satisfied at point w € R? if a,] w + b; > 0. Let Z be the
family of constraints by selecting k random constraints in £ with respect to measure g.

Theorem 7 (de Farias and Van Roy (2004)). Assume there exists a vector that satisfies all constraints in L. For any § and
€, if we take m > = (dlog + log % ) then, with probability 1 — 6, a set T of m i.i.d. random variables drawn from L
with respect to dlstrtbutlon q sansﬁes

sup q({j: a;-rw +0b; <0}) <e
{w:ViGI,a:w+bi20}

Our algorithm takes the following inputs: a positive constant S, a stationary distribution 1o, aset® = {0 : 0701 =
1 —pud 1, |18l < S}, adistribution g over the state-action space, a distribution g, over the state space, and constraint
violation functions v; : X x A — [—1,0] and ve : X — [0, 1]. We will consider two families of constraints:

Ly = {po(z,a) + Pp0).0 > vi(z,0) | (z,0) € X x A},
Ly ={(P—B)] (1o +®0) < va(z) | € X} J{(P - B)], (1o + ®0) > —vs(2) | x € X} .
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Input: Constant S > 0, stationary distribution pg, distributions ¢; and g, con-
straint violation functions v, and v, number of samples k; and k.

For ¢ = 1,2, let Z; be k; constraints sampled from £; under distribution g;.

Let Z be the set of vectors that satisfy all constraints in Z; and Z.

Let 6 be the solution to LP:

s )T
min ¢ (uo + 26), (24)

st. #eZ, 0ecO.

Return policy p.

Figure 4. The Constraint Sampling Method for Markov Decision Processes

Let 6,. be the solution of

T
(Ig%lélg (o + ®0), (23)

st. 0e€L,0€Ly,0€0.

The constraint sampling algorithm is shown in Figure 4. We refer to (24) as the sampled ALP, while we refer to (3) as the
full ALP.

C.1. Analysis
We require Assumption Al as well as:

Assumption A2 (Feasibility) There exists a vector that satisfies all constraints £; and Lo.

Validity of this assumption depends on the choice of functions v; and vy. Larger functions ensure that this assumption is
satisfied, but as we show, this leads to larger error.

The next two lemmas apply theorem 7 to constraints £; and Lo, respectively.

Lemma 8. Let 6, € (0,1) and ¢; € (0,1). Ifwe choose ky = + (d log i—f + log %) then with probability at least 1 — b1,

€1

Z(w,a) [po(x,a) + @(m)a),ﬁ]_ < SCher + ||vr]f;-

Proof. Applying theorem 7, we have that w.p. 1 — 81, ¢1 (o (2, a) + <I>(x7a)_,:§ > v1(z,a)) > 1 — €1, and thus

Z 01 (2 ) )40, 0 <o (@a)) S €1
(z,a)
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Let L= Y0 |0, @) + 00,0 ‘ With probability 1 — 4y,

L= Z ’[Mo(x, a) + <I>(z,a),;9],‘ Lo (2,0)+ B 0y T<01 (220}

(z,a)

+ Z ‘[UO (z,a) + q)(w,a),:e]— ’ H{HQ(QT,CL)+¢’(:E’G>,;§>’U1(ﬁ,a)}

(z,a)

<y

(z,a)

S Z H(I)(faa)ﬁu H5H ]I{;Lo(m,a)ﬁ»q)(w’a)y:ggvl(z,a)} + Hvlnl

(0)
<D SO (@ ), paysag, . <o @y T 101l
(50)

< S8Chier + |lvi]l; -

2s.0.0| Lo .0 sy T 1111

O

Lemma9. Let 02 € (0,1) and ez € (0, 1). If we choose ko = é (d log i—f + log %) then with probability at least 1 — 0,
H(P - B)Tcpé”l < SChes + ||val),.

Proof. Applying theorem 7, we have that ¢, (‘(P - B)TI<I>§) < ’1)2(11)) > 1 — €. This yields
Y @O ()T, 68|50 < €2 (25)
Let L/ =3, |(P— B)jwcbé‘. Thus, with probability 1 — 6,

L= Z ‘(P - B)qu’g‘ Lp—B)r, 8] 02(a))
z
+> ‘(P - B)L(I)g‘ L p—p)T, 88 <va ()}
< Z ||(P o B)Tx(I)H H5H H{|(P—B)jw¢»§|>v2(7;)} + vzl
<D SO (g7 ad] v T 102l

< 8Ches + ||v2]|4

where the last step follows from (25).
O

We are ready to prove the main result of this section. Let 6 denote the solution of the sampled ALP, 6, denote the solution
of the full ALP (23), and p7 be the stationary distribution of the solution policy. Our goal is to compare A g and 0T g, .

Theorem 10. Let ¢ € (0,1) and § € (0,1). Let € = SCie + ||v1||; and €’ = SCae + ||v2]|,. If we sample constraints
with k1 = % (dlog % + log %) and ko = % (dlog % + log %), then, with probability 1 — 6,

(T iy < €T po, +7(n5) log(1/€) (2¢' + ") + 3¢
(1) 1og(1/ [or D2 s ]| + lleall) + 3 o] -
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Proof. Let 61 = 62 = 60/2. By Lemmas 8 and 9, wp. 1 — 4, Z(m’a) [uo(x,a)—l—@(w,a),ﬁ]_ < € and
H(P ~B)T (o + <I>§)H < €. Then by Lemma 2,
1

‘zmg — 0T (1o + ©0)| < 7(z) log(1/€)(2€ + ") + 3¢ .

We also have that £ (y1g + ®0) < £T (ug + ®6.). Thus,

0T g < € (no + ®0.) + () log(1/€')(2€' + €”) + 3¢
< LT pg, + 7(pg)log(1/€)(2€ + €") + 3¢
+ 7(po. ) log(1/ [[v1[)(2 [[va || + flvall) + 3 [lva ],

where the last step follows from Lemma 2. O



