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1 Definitions and Notation

In contrast to the discounted termination state probability density ﬁ, we denote the undiscounted probability
that an option o executed from a state z € X will terminate in a subset of states Y C X by

PO(Yl|z) = ZP" Yiz) . (1)

Notice that because (1) is undiscounted fﬁ"(y|m)dy < [ P°(y|z)dy = 1. For an option policy ¢ : X — O,
we will denote by P% discounted termination state probability distribution for executing  once at each state
(executing each option until termination) and the undiscounted termination state probability distribution
P¥ analogously. Notice that for an option policy, we also have

(Y|z) = Z P?(Y|z) (2)

forallY € X and z € X.

We would like to be able to express policies over primitive actions using the same sum over all timesteps
P™(Y|z) ift=1

used in (2). For a policy 7 : X — A defined over primitive actions, we define P[ (Y|z) = { 0 otherwise

so that

P™(Y|x) = Z PF(Y|z) (3)

forallY € X and z € X.
Notice that if f is an option, an option policy, or a policy over primitive actions we can write the
discounted termination state probability density by

PI(Yiz) = +'F/(Y|x)

t=1

for al Y C X and x € X. When we compose options 01,09, .. .0y, we write Po102--0m — po1poz ﬁo’",
and we can write

o0
ﬁoloz...om (Y|.’L') — Z,ynb-i-t (Pol pPo2 .. Pom)t (Y‘LL’)
t=1
forallY C X and z € X.
We will assume throughout this supplementary material that when we refer to an optimal policy 7*, it
is a policy over primitive actions. Because we have assume that O contains the set of primitive actions A,

the fixed point of the SMDP Bellman operator T and the MDP Bellman operator T is the optimal value
function V*. Thus T™ is equivalent to 77 .



2 Proof of Proposition 1

Proof. (of Proposition 1) This proposition follows from Theorem 1. To see why, consider any Z > 0, there is
at least one optimal policy 7* defined over primitive actions that satisfies Assumption 2 with values o = 0,
d=1,v% =0, arbitrary p € M(X), and j = 0. In this case, Theorem 1 gives us the following high probability
(>1—90) bound with a = 0:

-\ 1/p *_
V=V, < G252 Ol (bpu(TF, F) +a) +2+ (7K+1+<1—w><d—1n2/u) (%)
1 1/p (2|V*—V
< RO (TF, F) 4 e + (<) H? (A=l
where (d—1)=0and j=j+1=1. O

3 Proof of Theorem 1 and Supporting Lemmas

The following lemma provides sufficient values for parameters N and L to ensure that the per iteration error
is less than some € > 0 with probability at least 1 — §. We will reuse this lemma throughout our analysis.

Lemma 1. Let M be an SMDP such that the set of primitive actions A is contained by the given set of
options O, F C B(X;Vmax) be a bounded function space with (% (%)p ,p) -covering number bounded by N,
V e F, and p be a fixed positive integer. For any e,d > 0,

HV/ - TV”p’N S dp7ﬂ (T‘/? ‘F) + €

holds with probability at least 1 — § provided that

2p
N > 128 (%) (log(1/6) + log(32\)) (4)

and
8(Rmax + 7YVaax)?

L>
82

(log(1/6) +10g(8N10])) . (5)

The proof of Lemma 1 follows from the proof of Munos and Szepesvéri [2008, Lemma 1] simply by
replacing the MDP Bellman operator with the SMDP Bellman operator T everywhere it occurs, and noting
that we must sample from |O| options rather than only |A| primitive actions. We omit the proof here for
brevity.

3.1 Bounding the Pointwise Propogation Error

We are intrested in bounding the loss due to following the policy derived by OFVI ¢k rather than following
the optimal policy 7* and the optimal option policy ®*. However, OF VI is a value-based method. That is,
performing more iterations directly attempts to improve the estimate of the optimal value function. Thus,
we would like to relate the loss ||[V® (x) — V¥ ||, , to the quality of the final value function estimate Vi
produced by the OFVT algorithm. Notice that 7* = ®* in our case, because we have assumed that O contains
all primitive actions A. The following lemma develops a pointwise relationship between the V® — V¢« and
Ve — V.

Lemma 2. Suppose OFVI is executed for K iterations with iterates Vi, for k =0,1,2,..., K. Let ®* be the
optimal policy with respect to the given options O and g be the greedy option policy with respect to the K*
and final iterate Vi, then

VY Ve < (1 - o)t (PP - P ) (V- vk (6)

where I is the identity matrix.



Proof. Since TV®" = V®" and TPxV¥¢x = V¥¢K we get
Ve _yek = TV® _ Texk) ek
’H‘Vq’* - T‘P*VK + T Vi — TxVex
— Vi) + T Vg — TexVex

r(ve
= P‘V (V" —Vg) + T Vi — TV + TV — TP V¥x
§ P<I> (V<I> _ VK) +TVK TYK VPK
- p® (V‘V _ VK) + T@KVK _ TeK /%K
P¥ (VP — Vi) + P#x (Vi — V¥K)

PY (V® — V) + Px (VK —VE LV _yex)

where the initial equality is based on the fact that V® is the unique fixed point for T and V¥« is the
unique fixed point for T¥%. The first step is obtained by inserting (—’]I“I)*VK +T® V) = 0. The second
step pulls out the discounted transition probability kernel P by subtracting T® Vi from TV®". Since
the backups are performed by the same policy ®*, the immediate reward terms are canceled, leaving only
pe” (V‘D* — VW‘). The third step inserts (—TVk + TV ) = 0. Since T® Vi < TVk, we obtain the fourth
step by dropping the terms T® Vi — TV, which is a vector whose elements are less than zero. We obtain
the fifth step by noticing that since pk is the greedy policy with respect to Vi, TVk = T¥5 V. The su(th
step pulls out P#% by subtracting T¥% V¥« from T®% V. The seventh step inserts (— Ve 4 v )=
We can manipulate the above inequality

Ve _yvx < pr (V‘I’* Vi) + Pyx (VK Ve L Ve Vex)
Ve _yex < (PY-P (V Vi) + Pric (V7 — vex)
(VO —ver) = Pox (V¥ _ven) < ) (v - vi)
(1= Pe) (v —ver) < ﬁ<1> — P ) (VP - Vi)

where I is the identity matrix, so that the (V‘I’* - V@K) terms are all on the left hand side. Since (I — ]5“‘”‘)
is invertible and its inverse is a monotonic operator, we get

VY Ve < (1= Pee) Tt (PP P ) (V- vk
which relates (V®" — V¥x) to (V" — V). O
Each iteration £k = 1,2,..., K of OFVI results in some error
L = TVk_l - Vk 5 (7)

which is induced by the fitting process. One of the main issues in the proof of Theorem 1 is to determine
how these fitting errors propagate through the iterations.

The following lemma helps to bound the error between V* and Vi by developing pointwise upper and
lower bounds for V* — Vi that show how error propogates recursively with each iteration.

Lemma 3. Suppose ®* is the optimal policy with respect to the options O, OFVI is executed for K iterations
with iterates Vi, for k =0,1,2,..., K and iteration errors € for k =1,2,..., K as defined by (7), then we
have the following upper bound

* K ~&H* K-k ~&H* K
Ve —VK§Z<P‘I’) sk—i—(P‘I’) V"~ Vo) (8)
k=1
and the following lower bound
K—1
VY —Vk >er+ PYr-1per-2 | PPr) g 4 (peripre-z  peo) (VT ) (9)
I Jare )7+ )



Proof. First we derive an upper bound for V®" — Vi. By equation (7), we have

Ve — TVi_1+ eg

TV —T" Vi s + T Viy — TVi1 + €1
TV® — T Vi1 + e

]5<I>* (V* — Vk—l) +€r -

Ve — v,

Al

By recursing on this inequality, we obtain an upper bound

k

VPV < ZK: (13‘1’*)1(7 e+ (ﬁ@*)K V"~ Vy) .

k=1

Now we will derive a lower bound for V®" — V. Let o denote the greedy policy with respect to Vi. By
(7), we have

Ve — TV 1+ eg

TV® —Ter1V® L TV _ TV, + &
Ter-1y®" — TV 1+ ek

Pei- (V(I)* — Vk—l) +ek .

Ve -V,

v

By recursing on this inequality, we obtain a lower bound
K-1 N N N N N
VY Ve e+ Y (Por P Pe) ey (PR P e ) (VP - 1)
k=1

O

We will make use of the following definition in defining the point-wise error bound. The lambda values
are used to simplify the notation, but we also use the fact that they are carefully designed so that they sum
to 1.

Definition 1. Fort=1,2,...,00, let

L
Aot 1 — KT (10)
and let P
Akt e (11)
fork=1,...,K.
Lemma 4. The \.. values defined by (10) and (11) satisfy Yoo, Z?:o Aee=1.
Proof.
e ZkK:o Mot = Dopey % + Zszl %
= (1o ) TR A FHD 4 T KT
= H%Jrl V3 ’YK_k_1> (207"
= (=) (O + T VK*’H“) (1-9)
= (1) (Zi0r*) =)
= M%ﬂ ZII::O - 7k+1)
= (grer ) =%
1.
O



Now we are ready to define and prove the point-wise error bound.

Lemma 5. Let Z € {0,1,2,..., K}, o be the greedy policy with respect to the k' iterate Vi, derived by OF VI,
and ® be an option policy such that Q*(z, ®(x)) > V*(x) —« for allx € X. If A2(c,d, ¢, p,j) (Assumption
2) is true and the first Z iterates of OFVI are pessimistic (i.e., for oll v € X and k € {0,1,2,...,7},
V*(x) > Vi(x)), then the difference between V* and the value of the option policy pi returned by OFVI is

bounded by
29(1 — 7F 1) [ &
V* _ V#PK S (f}/(l_ﬂ) {Zz/\k,tpkﬂgﬂ} 5

v t=1 k=0
where the A+ ’s are defined by (10) and (11),

_ _ 2 [(Pm) 77 (p2)ZF <k<Z
B N TR
’ 2 [(P” ), +(P<PK—1P¢K—2...P%)} Z<k<K
fort>1, and
ViV k=0
&=X erta 1<k<Z
€k Z<k<K

Proof. We can place an upper bound (8) and a lower bound (9) on the relationship between Vi and V*.
Then we can use this information to bound the difference between V%% and V*. However, in this lemma,
we will exploit the pessimism of the first Z iterates and the option policy ® to achieve a more informative
bound.

Let us denote by ®7* the policy that from the first encountered state selects an option according to ®
and from then on always selects an action according to 7*. When an iterate Vj is pessimistic V* — V} is
lower bounded by 0. For an upper bound, we have

V=V Ve VT VT Y,

< a4 Ve vV,

= a+T®" Ve TV, 1 +eg

= a4+ T®" Ve _T®V,_1 + T2 Vi — TVj_q1 + €k
< a+ TPV _TeT VL ey

< PY(V*— Vi) + (ex +a)

where the initial inequality inserts the term (—V®™ + V®™") = 0. The first step follows from the fact that
®7* is an a-optimal policy, so V* — V2™ < a. The second step is due to the definition of &5 from (7). The
third step inserts (—’]I"I’“*Vk,l + T Vi—1) = 0. The fourth step removes T®™ Vj,_; — TVj_1 because the
sum of those two terms is less than or equal to zero (since T updates using the max operator, while T® "
updates using the policy ®). The fifth and final step pulls out the discounted transition probability kernel
P2,
By recursing on this inequality Z > 0 times we obtain
V-1V 7 =0

V¥V, < ~.\NZ-] ~:\Z . 12
Z= (ijl (P‘i’) (€j +a)> + (P‘b) (V*=Vy) 1<Z<K (12)
By combining our upper bound recursion from (8) with (12), we obtain terms
- \NK-Z ;. \Z
() () }(V*—VO) k=0
~ NK-Z ;. \Z~k
uRék = (P”> (P‘I’) }(a;ﬁ—a) k=12,...,Z

(ﬁﬂ*)K_k} (1) k=Z4+1,Z2+2,... K



such that
K
V= Vg < Zukﬁk
k=0

upper bounds the difference between V* and the final iterate derived by OFVI, V.
Now, since 0 lower bounds the difference between V* and the first Z iterates of OFVI, we can use 0 as
our lower bound for the first Z iterations and fill in the rest of the iterates with (9). This gives us the terms

0 0<k<”Z
Ik = {ppmlﬁ%z.uﬁw}(%) Z<k<K-1 "~

such that

K
VS Vi > ) Ik
k=0

lower bounds the difference between V* and the final iterate V. This implies that |[V* — V| < Zszo(uk -
Ik )Ek.

By Lemma 2, we have

Vr— Vex

IN

(I - I?W()_l (ﬁ”* - ﬁw) (ZkK:o(Uk —1x)&k

(I — per)~1 ‘13”* - fw’ (ZkK:O(Uk + 1) [€kl)

IN

where we have taken the absolute value of both sides of the inequality.
For k = 0, we have

(1= Pos) ™ [P = PP ((uo + o)l o))

IN

0= P (2 () ()] ) o

(£2) 3) (1= Poe) ! (uoléol)
(%)
(552) (1 — Pox)=t (235 -1t (P (P‘I’)ZL> ol
K

t=1
(=P [T ] )
K1 Py 4ol

_ 1— K+1
SK=14 (1_3K+1) Py +|&ol
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IN

For k=1,2,...,7Z, we have

(1= PPy [P — Bo (uy + ) lG)



< 2 (42) () - Py el

_ (ﬁ) (L52) (1 — Pexc)1 (2 {(?“*)K_Z (15‘I’>Z_kD |kl

() () (I_ﬁw«)—l 2 3% taee [ (pr) (P@)z—k]) &l
= (125) S () = P (2[(P) T (e ) e
- (=) 2% K=2HP il

_ (’v(l K:I))i)\ktpkt

< (mugm >)i N Pl
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3.2 From Pointwise to L,-norm Propogation Error

To convert the point-wise error bound from Lemma 5 into a bound with respect to norms, we need to consider
how each iteration affects the next state probability distribution. This is where Assumption 1 is needed,
because it limits the difference between future state distributions starting from the initial state distribution
p and the sampling distribution .

Lemma 6. Suppose that Al(p, n) (Assumption 1) holds, then

pZkat_ Zz'y c(j+K—-k+t—1pu , (13)
t=1 =

where p, € M(X).

Proof. We have two cases to consider (case 1) 1 < k < Z and (case 2) Z < k < K.



For case 1, we have

P Py = pY ke k(l 7) (I PS&K) 2{ PSO)Z kL
— PEE s (5 (S (Per ) e,
= YR () (5 zoZJ o P‘””) VP“) i

= T () XX S22 [p (e ()T (PP
< (1?7) Do Kk 2aico Zj:iWJ [2¢(t + 7))
For case 2, we have
Py ey Pet = Pk k( )(I PWK) [( ) (PPr-1pPK—2 .Pﬁak)t}
- ZiiK_kpc—;)( (o) ) [(m) b (posponcs . pe
= Z?oK kp(l_ify) (Z,L 02] 7]")/ (P )>|:( )tI( 4§ (P@K*1PWK*2...P@’“):|
i o DIIID Dt DL ek [p(P*”K P)TF o p(peni (per porea L pen) |
< () Xk i iy [2e(t +
Both cases are bounded by
() ¥ f) _io)}vj Re(t+i)u] < (1-7) > io)vjc(tﬂ')u
t=K—k1=0j=1 t=K—k j=0

5 o
= (l—v)tZ1 ZOWC(JJrK—kH—l)u ;
= =

which concludes our proof. O

Now the core idea behind our analysis is to find a policy defined over the option set O that selects
temporally extended actions and we know converges quickly. Then we use Lemma 5 to obtain point-wise
bounds and Lemma 6 to obtain bounds with respect to norms. The following defines the policy that we will
use in our analysis.

Definition 2. Letd > 1, x € X be a state, and O be a set of options. The set Oy q denotes the subset of
options o € O that can be initialized from the state x, such that infycx E [D;’ Y] > d.

Suppose that A2(«,d, 1, p,j) holds for some a > 0,d > 1, 5 >0, ¢ > 0, and p € M(X). We define the

policy
_J argmax,co, , @*(z,0) if 2 € waa
®(z) = { 7r otherwise (14)

where 7 is the a-optimal “bridge” policy defined in A2(a, d, v, p, 7).
Now we are ready to transform the point-wise bound from Lemma 5 to a bound with respect to p-norms.

Lemma 7. Let K,p>1,e >0, a,¢,5 >0, p,u € M(X) and Z € {1,2,...,K}. Suppose that Al(p, ) and
A2(a,d, v, p, j) hold, and the first Z iterates of OFVI are pessimistic, then

2y K1+-p) 112/ )P 21V = Volleo
V* — VeK| < c/p ( +1+(1—-9)(d 1)LZ/JJ) 15
|| 1< gesChe e+ (o — (15)
holds, provided that the approxzimation errors €y, satisfy ||ex||lpn <€ forallk=1,2,..., K.



Proof. First note that
arg maxoco, , @*(z,0) ifx € waa
b(r) = | HEocOns -
™ (z) otherwise

is a policy such that Q*(z, ®(z)) > V*(z) — « for all x € X. Therefore, by Lemma 5, we have
2y ~EF) [ & K
Vr_yer <22 L 2 Z Z eyt Pree €|
t=1 k=0

Now, we have

V= VERIE, = [ ) [V ) = VT ) do )
K41
< fote ((i> P AV =Tl @) s
. p
< (2“/(1—77“)) [ pla ([z;’il Zle et Prtler + af + Xo e Po e[V — V0|} (x)) dx .

Recall by Lemma 4 that Y ,° 22{:0 Akt = 1. By applying Jensen’s inequality where | - |P is the convex
function, Ay for k =0,1,...,K and ¢ > 0 are the parameters, and noticing that >_,°, Py, are stochastic
operators, we obtain

2v(1 — K+ p o K
||V* V@KHP p — (’Y(’H) /p lZZAk7th7t|5k + Ot|p + )\ovtp(),t|v* — V0|p (IL')dl’ .

1—n t=1 k=1

Noticing that |V* — V5| is bounded by ||[V* — Vj||eo, We obtain

. o~ (1~ E+1 p 0o K
1V *V“’K”Zp < (%) [Zt—l 2ok=1 Akt Preler + afP+

[ o(@)AosPo [V — mgodx] .

By Assumption 1 and Lemma 6, we have that

PY Pea<(1=Y Y Aei+K-k+t—1)u
t=1

t=1 j=0

Thus we have
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where C), ,, is the discounted average concentrability coefficient from Assumption 1. By replacing > -, Zf;(} Nt P t
al?, we get

ekt

_JK+1 p
v —veslp, < (2025) le)(llwmwcﬂvﬂ (e+a)’+

(16)
Soiey [ (@)Xt Po[V* — Vogodx} .
Consider the second term in the last step of the previous inequality. By replacing Py ; with its definition,
we get

o0

[ p(x) ¥ Xo,Podx

t=1

fota) & st a = Py 2 (7 (7))

e [ (o) | Py ()

IN

By A2(«, d, ¢, p, j), the policy ® reaches a state in w, ¢ at least once every j timesteps with probability
at least 1 —1p. Thus during the first Z iterations, we have

fp(Z) Z /\07tP07td.’,E S H%_HWKfszZJF(l*’/’)(d*l)LZ/]’J .
t=1

By replacing the second term from the inequality above, we get

_K+1\\ P
Vs=vesip, < (M%l—vw )> [<1v><1lvf<+1>cw(€+a)p+

K=2,2+0-$)(d=-1)12/5] || y* — VOHZ;O}

1
1_,YK+17

Since (1 — WK—H)p (177%“) <1, then

p .
Ve =verln, < (@25)" [E5Cm e +a) +7K 29202 v — vz ]
Thus, we have
" 1 _ _ _ i1/ V*~Volloo
V= Verl,, < qZpClle+a)+ (YD a-uan1z/i) /7 (Al )

3.3 Proof of Theorem 1

Proof. (of Theorem 1)

We use Lemma 1 to select appropriate values for N and L, such that &' = e(1—+)2/(2yC3/?) and &' + 2.

Since the iterates Vi, Vs, ..., Vk are random objects, we cannot directly apply Lemma 1 to bound the
error at each iteration. However, this problem was resolved in the proof of Munos and Szepesvari [2008,
Theorem 2] by using the fact that the algorithm collects independent samples at each iteration.

The iterate Vj;4+1 depends on the random variable Vj, and the random samples Sy containing the N x Lx|O|
next states, rewards, and trajectory lengths. Let the function

F(Sk, Vie) = T{IVier1 (Vi, Sk) = TViellp,p < bp,u(TV, F) + €'} = (1= 8')

where we have written Viy1(Vk, Sk) to emphasize Vi11’s dependence on both random variables Vi and
Sk. Notice that Vi and Si are independent because S was not used to generate Vi and the simula-
tor S generates independent samples. Because Vi and Sj are independent random variables, we can ap-
ply [Munos and Szepesvari, 2008, Lemma 5]. This lemma tells us that E[f(Sg, Vi) | Vk] > 0 provided

10



that E[f(Sk,v)] > 0 for all v € F. For any v € F, by Lemma 1, and by our choice of N and L,
we have that P(||Vk+1(v, Sk) — Toll, , < bpwﬂ(']l‘v,]:)Jrs') > 1 —¢’. This implies that E[f(Sk,v)] >
0. By Munos and Szepesvari [2008, Lemma 5], we have that E[f(Sk, Vi) | Vik] > 0. Thus we have
P (\\Vk+1(Vk, Sk) = TVill, . < bp (T, F) + 5’) > 1—¢’. By the union bound, this ensures that |||, <€
for all K iterations with probability at least 1 — K§' =1 — K(§/K) =1—4.

P =
The result follows by applying Lemma 7 with ||exp, < bp o (TVi, F) + €.

a—) (1—7v)
= GOl (bpu(TF F) + o+ e(1 =12/ (21 CHD))
-\ 1/p "
K+1+(1-¢)(d-1)[Z/]] 2|v —Vonx)
+ (7 ’ ) ( (I=7)

-\ 1/p -
- 7(13“1{)20;/,f(bpu(’]1‘]:,f)+a)—|—e+<7K+1+(1—1/})(d—1)LZ/JJ) (2IIV(17:§\I00)

-\ *
Ve —ves,, < %ci/f(bp,u(qrf,f)jtaﬂfw(7K+1+<1—w>(d—1>LZ/JJ) ”(M)

4 Experiment Details

In this section, we specify additional details and parameters from our experiments.

4.1 Optimal Replacement Task

In the optimal replacement problem introduced by Munos and Szepesvari [2008] there are two primitive
action A = {K, R} and the state is a 1-dimensional value in the interval X = [0,10]. The dynamics of the
system while executing the action K, representing maintaining the current product, are defined by

e Blu—2) ify >y

)

while the dynamics of the system while executing the action R, representing replacing the current product,

are defined by
e PY ify>0
prigie ) ={ 07 HYZ0

where 8 = 0.5 in our experiments. The reward function was defined by

(2,0) = —c(z) = -4z ifa=K
M a) = —c(z)-C=—-42—-30 ifa=R

where the choice of our parameters § = 0.5, C' = 30, ¢(z) = 4z, and discount factor v = 0.6 were chosen
to match the experiments from Munos and Szepesvari [2008]. This allowed us to directly compare our
experimental results to the experimental results from Munos and Szepesvéri [2008].

The optimal value function for this problem can be computed in closed form by

sy —10z+30 (220 —1) ifz <z
V(x)_{—lox if >z

where Z ~ 4.8665, as derived in Munos and Szepesvéri [2008].
The features used by are function approximation architecture were fourth order polynomials. For state
x, we used features (1, z, 2%, 2%, 2*). This choice in features was selected so that our results could be directly

compared with the results from Munos and Szepesvéri [2008].
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For the OFVI condition, we augmented the primitive action set A = {K, R} by a single option o =
0 ifz<z
1 ife>z
Here = Z + A. For the experiments shown in this paper, we set A = 0. However, in further experiments
we found that increasing A decreased the convergence rate gained from including the option o.

We repeated all experiments 100 times for each condition.

(Ip, 0, Bo) Where the initial state set I, = {z € X|z < &}, Voexmo(x) = K, and B,(x) =

4.2 Inventory Management Task

In a basic inventory management task, the objective is to maintain stock of one or more commodities to meet
customer demand while at the same time minimizing ordering costs and storage costs [Scarf, 1959, Sethi and
Cheng, 1997]. At each time period, the agent is given the opportunity to order shipments of commodities to
resupply its warehouse.

We created an inventory management problem where the agent resupplies a warehouse with n = 8
different commodities. The warehouse has limited storage (500 units in our experiments). Demand for each
commodity is stochastic and depends on the time of year. Figure 1 shows the expected demand + one
standard deviation over the course of twelve months. The agent is given the opportunity to place an order
twice each month for a total of 24 order periods per demand cycle.

The state {7, 2} of the inventory management problem was a vector specifying the time of year 7 and
the number of each commodity stored in the warehouse x. We will denote the quantity of each commodity
by z; for ¢ = 1,2,...,n. During each timestep, a demand vector £ was drawn by sampling the demand for
each commodity independently according to

&~ IN (7))l

where N is the normal distribution with mean f;(7) and standard deviation ;. The mean

wi(T) = % (cos (W) + 1) ;

where 7 refers to the mathematical constant and the values of g;,(;, and o; can be found in Table 1. The
demand vector was then subtracted from the number of each commodity stored in the warehouse. If any of
the commodities were negative after subtracting the demand vector, the agent received an unmet demand
penalty

oSt us Yy = &) i Y [ — &) <0
Pua( =€) = { 0 otherwise (17)
z ifz<0

where up = 2, ug = 10, and [z]_ = 0 otherwise °

Then the agent was given the opportunity to either resupply it’s warehouse or order nothing. The
primitive actions available to the agent were the ability to order nothing or to order any single commodity in
quantities of 25 up to the maximum size of the warehouse. An action a = (i, ¢) was defined by a commodity
index ¢ and a quantity ¢g. The cost of an order was defined by

0 ifg=0

oy + 05,iq otherwise (18)

Doc (i, Q) = {
where 0, = 8 is the base ordering cost and os; (see Table 1) is the commodity dependent unit cost. The new
state steps forward half a month into the future and the quantities in the inventory are updated to remove
the purchased commodities and add the ordered commodities (if any). If the agent orders more than will fit
in the inventory, then only the portion of the order the fits in the warehouse will be kept (but the agent will
be charged for the complete order). At the end of each decision step, the agent receives a cost which is the
sum of the unmet demands and the order cost.

We repeated all experiments 8 times for each condition.
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Figure 1: Expected demand (+ standard deviation) for eight commodities.



Table 1: Commodity Properties

’ Commodity Index H 1 \ 2 \ 3 \ 4 \ 5 \ 6 \ 7 \ ‘
Unit Cost (0s,;) 113120511 1
Demand Peak (Month, ¢;) 1137|1085 12| 1 |55
Demand Std. Deviation (o) 2011232 |2]|1]|2
Max. Expected Demand (g;) || 16 | 10 [ 20 | 4 | 10 | 9 | 20 | 16
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