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This note provides supplementary information for the main paper. It has three parts: a) the proof
for the marginalization property of our proposed model, b) detailed derivations for our inference, and
¢) equations to show how the perplexity in the experiment was computed.

1 Proof for Marginalization Property (Theorem 4)

We start with a proposition on the marginalization result for DPM with the product measure then
move on the final proof for our proposed model.

1.1 Marginalization of DPM with product measure

Let H be a measure over some measurable space (0,Y). Let P be the set of all measures over (0,3),
suitably endowed with some o-algebra. Let G ~ DP(aH) be a draw from a Dirichlet process.

Lemma 1. Let S1...5, be n measurable sets in . We form a measurable partition of ©, a collec-
tion of disjoint measurable sets, that generate Si,...,S, as follows. If S is a set, let S' = S and
St =0\S. Then S* = {NL, S|ci € {1,—1}} is a partition of © into a finite collection of disjoint
measurable sets with the property that any S; can be written as a union of some sets in S*. Let the
element of S* be Ay ... Ap+ (note n* <2"). Then the expectation

B(G(S1),...G (5] = [ [[G () DP(G ]| am) 1)
i=1

depends only on o and H(A;). In other words, the above expectation can be written as a function

En(o, H(A1), ... H(Ap-)).

It is easy to see that since S; can always be expressed as the sum of some disjoints A4;, G (.S;)
can respectively be written as the sum of some G (A;). Furthermore, by definition of a Dirich-
let process, the vector (G (A1),...,G (Ay~)) distributed according to a finite Dirichlet distribution
(aH (A1), ...,aH (Ay~)), therefore the expectation Ig [G (S;)] depends only on av and H (A4;) (s).

Definition 2. (DPM) A DPM is a probability measure over ©™ > (64, ..., 6,,) with the usual product
sigma algebra X" such that for every collection of measurable sets {(S1,...,S5,): S; € X,i=1,...,n}:

n

DPM(6y € S, ..., 0, € Shla, H) = / TG (5)DP (dG | o) @)
Giz1



Consider two measurable spaces (01, %1) and (02, X2) and let (O, ) be their product space where
O =01 X O and ¥ = X1 X Yy. We present the general theorem that states the marginal result from
a product base measure.

Proposition 3. Let H* be a measure over the product space © = ©1 x Oq. Let Hi be the marginal
of H* over ©1 in the sense that for any measurable set A € ¥y, Hy (A) = H* (A X ©32). Then:

DPM (99) €Si,....00 8, a, H1> - DPM((9§1),9§2)) €5 %O, .. ., (9,&”,9,@) €S, x O | a,H*)

for every collection of measurable sets {(S1,...,S,) :S; € ¥1,i=1,...,n}.

Proof. Since {(S1,...,S,) :S; € ¥1,i=1,...,n} are rectangles, expanding the RHS using Definition
2 gives:

RHS — /G(s1 X ©3)...G (Sn x O2) dDP(dG]a, H*)

Let T; = S; x ©9, the above expression is the expectation of [ [, G(T;) when G ~ DP(«aH*). Forming
collection of the disjoint measurable sets T* = (Bj ... By+) that generates T;, then note that B; = A; X
O9, and S* = (A; ... A,~) generates S;. By definition of Hy, Hy(A;) = H*(A; x ©9) = H*(B;). Using
the Lemma 1 above, RHS = E,(a, H*(B1)... H*(By+)), while LHS = E, (o, Hi(A1)... Hi(Ap+))
and they are indeed the same. ]

We note that H* can be any arbitrary measure on © and, in general, we do not require H* to
factorize as product measure.

1.2 Marginalization result for our proposed model

Recall that we are considering a product base-measure of the form H* = H x DP(vQy) for the group-
level DP mixture. Drawing from a DP mixture with this base measure, each realization is a pair
(05,Q;); 0; is then used to generate the context z; and @); is used to repeatedly generate the set of
content observations wj; within the group j. Specifically,

U ~ DP (a(H x DP(vQq))) where Qo ~ DP (nS)

(9j,Qj)frl\(JiUf0rj:1,...,J 3)
©Pji i‘fl\(Jij, for each jandi=1,...,N;
In the above, H and S are respectively base measures for context and content parameters 6; and ;.
We start with a definition for nested Dirichlet Process Mixture (nDPM) to proceed further.

J
Definition 4. (nested DP mixture) A nDPM is a probability measure over Q7/*Xj=1N; equipped with
the usual product sigma algebra XM x ... x ©N7 such that for every collection of measurable sets
{(Sﬂ) :Sji eZ,j:l,...,J,i:l...,Nj}:
1

nDPM(ng S S§ ) -, P1IN, € 57(111)7~--7‘~PJ1 S S%J),...,QOJNJ € S](\}?’OC,U,U,S)

J N '
= [ 311 [ T1@i (52) U @@;) p DP (@0 | aDP (o)) DP (a0 | .)
=17 i=1

We now state the main marginalization result for our proposed model.

Theorem 5. Given o, H and o,v,n,S, let 0 = (0; :Vj) and ¢ = (pj; : Vj,i) be generated as in
Eq (3). Then, marginalizing out ¢ results in DPM (0 | o, H), whereas marginalizing out 6 results in
#DPM (gla, v, 1, 5).

Proof. First we make observation that if we can show Proposition 3 still holds when H;j is random
with Hy is fixed and vice versa, then the proof required is an immediate corollary of Proposition 3 by
letting H* = Hy X Hy where we first let Hy = H, Hy = DP (vQq) to obtain the proof for the first
result, and then swap the order H; = DP (vQq), Ho = H to get the second result.



To see that Proposition 3 still holds when Hs is a random measure and H; is fixed, we let the
product base measure H* = Hi x Hs and further let y be a prior probability measure for Hs, i.e,
Hy ~ i (+). Consider the marginalization over Hj:

/HQ DPM ((9@,99) €5 %O, ..., (95}%95?)) € S, x Oy | a,H*) 1 (Hy)

= / DPM (09) €Sy,...,000es, | oz,Hl) 1 (Hs)
P

constant w.r.t Ho

— DPM (99’ €5,....00 €S, | a,H1> / 10 (Hy)
b

2

— DPM (95” €Si,....00 s, | a,H1>

When H; is random and Hy is fixed. Let A (-) be a prior probability measure for Hy, ie., Hy ~ X (+).
It is clear that Proposition 3 holds for each draw H; from A (-). This complete our proof. ]

1.3 Additional result for correlation analysis in nDPM

We now consider the correlation between ¢, and ;i for arbitrary i,j,k and k', i.e., we need to
evaluate:

P(gplk € Ala@jk” € A2 | Ot,’l’],U,S)

for two measurable sets A1, As € ¥ by integrating out over all immediate random measures. We use
an explicit stick-breaking representation for U where U ~ DP (aDP (v(Qp)) as follows

U=> mdq; (4)
k=1

where m ~ GEM (a) and Qj, ~ “pp (vQo). We use the notation dqr to denote the atomic measure on
measure, placing its mass at measure @);.
For ¢ = j, we have:

P (pir € A1, o1 € A2 | Q1,..., Q) = Qi (A1) Qi (A2)

Sequentially take expectation over (); and U':

Q@i au @) = / Qi (A1) Qs (Az) d (ZmQ;>
k=1
|

—Zﬁk [Qk (A1) Qk (A2)

/U S 7 105 (A1) @} (42)] dDP (U | aDP (1)) = {Zm; [QF (A1) Q; (Az)]}

k=1

—ZET% Q1 (A1) @ (A2)]

Qo (A1NAz) 4+ Qo (A1) Qo (As)

N v(v+1) (%:E[Wk])
Qo (A1 N A2) + Qo (A1) Qo (A2)

N v(v+1)

Integrating out Qo ~ DP (vS) we get:



P (pir € A1, pjir € Az | a,v,m,5) = E

Qoln,S

[Qo (A1 N Ag) + Qo (A1) Qo (Az)]
v(v+1)

- 1 S(AlﬂAQ)“‘S(Al)S(AQ)
_’v(v+1){S(‘LMMQ)Jr n(n+1) }
. S(AlﬂAg) S(A10A2)+S(A1)S(A2)

v(v+1) v(v+1)n(n+1)

For ¢ # j, since @; and @); are conditionally independent given U, we get:

P (i € A1, i € Ag | Q1,...,Q) = Qi (A1) Qj (A2)

Let ar, = Qj (A1),br = Qj (A2) and using Definition (4), integrating out U conditional on Qo with
the stick-breaking representation in Eq (4):

P (pir € A1, @i € Az | vQo) = (/U Qi (Al)dU> (/U Qj (Az)dU>

=K

S mQi (A1)
k

Z T Qp (A2)
k/

= IE(mal + moas + .. ) (7‘(151 + moby + .. )

=K <Z w,%akbk> +E (Z Wkﬂk/akbk/)

k k#k!
= AE <Z Tr,3> +BE | ) mmw
k k£k'

:A%:E (2] + B (1 —E};E [Wﬂ)
where

Qo (A1 N As) + Qo (A1) Qo (A2)
v(v+1)

A = E[apby] = E[Q, (A1) Q. (A2)] =
and since @} (s) are iid draw from DP (vQ) we have:

B =E[ayby] = E[Q} (A1) Q) (A2)] = E[Q} (A1)] E [Q (A2)]
= Qo (A1) Qo (A2)

Lastly, since (71, 2, ...) ~ GEM (), using the property of its stick-breaking representation ) |, E [7?,%] =
ﬁ. Put things together we obtain the expression for the correlation of ¢;;, and ;s for ¢ # j condi-

tional on Qg as:

P (pix € A1, @i € Az | vQ) = Qo (41 r;lAj)aJ;ﬁS)(fll))Qo (42) +7 j aQo (A1) Qo (A2)
Qo(AlﬁAg) a’U(’U—i—l)—i—l

- (1+Oé)’l)(’l)—|—1) + (1+a)y(v+1)Q0(A1)QO(A2)

Next, integrating out Qo ~ DP (vS) we get:

av(v+1)+1 E [Qo (41N A)]

I+ a)v(v+ 1)E Qo (A1) Qo (A2)] + (I+a)v(v+1)
av(v+1)+1 S(AlﬂA2)+S(A1)S(A2)+ S(AlﬂAQ)
(1+a)v(w+1) n(n+1) (1+a)v(v+1)

P (pix € A1, @i € Az | 0,1, 8) =




@ k— o
fll S
|
OH® @
J Nj k— oo J Nj m — 00

Figure 1: Generative (left) and stick-breaking (right) views of the proposed model.

2 Model Inference Derivations

We provide detailed derivations for model inference with the graphical model displayed in Fig 1. The
variables ¢y, ¥m, T, T, are integrated out due to conjugacy property. We need to sample these latent
variables z, [, € and hyper parameters o, v, 7. For convenience of notation, we denote z_; is a set of
latent context variable z in all documents excluding document j, l;, is all of hidden variables [;; in
document j, and I_j, is all of [ in other documents rather than document j-th.

Sampling z

Sampling context index z; needs to take into account the influence of the corresponding context topics:

pizj=kl|z_j,l,x,0, H) xp(zj =k |z_j,a)p(z; | zj = k,z2_j,x_j, H) (5)

Vv
CRP for context topic  context predictive likelihood

Xp(ljx| zj =k, l_ju,2_j,€,v)

content latent marginal likelihood

The first term can easily be recognized as a form of Chinese Restaurant Process (CRP):

—— if kis previously used

p(zj=klz_ja)=q" """
. Ta if kis new
where n* . is the number of data zj = k excluding z;, and n* ; is the count of all z, except z;.

The second expression is the predictive likelihood from the context observations under the context
component ¢. Specifically, let f (- | ¢) and h () be respectively the density function for F'(¢) and
H, the conjugacy between F' and H allows us to integrate out the mixture component parameter ¢y
, leaving us the conditional density of x; under the mixture component % given all the context data
items exclude z;:

Jo flailon) T1 f (x| éx) h(or)don
§'# b=k

Jo. IT f(zy | o) h(on)dor

J'#h=k

=/, (x5)

p(zj|zj=kz_j,x_;,H)=



Finally, the last term is the contribution from the multiple latent variables of corresponding topics

to that context. Since lj; | z; = k 5 Mult (1) where 71 ~ Dir (veq, ..., vepr, €new), we shall attempt
to integrate out 7 . Using the Multinomial-Dirichlet conjugacy property we proceed to compute the
last term in Eq (5) as following:

pljx | zj =k, z—j,1_ji, €,0) :/ p(ljx | TK) XD (Tk | {lj/* | zjp = k, ;' 7éj} J€, U) dTy, (6)
Tk

Recognizing the term p (Tk ] {lj/* | zjp =k, j' # j} , €, v) is a posterior density, it is Dirichlet-distributed
with the updated parameters

D (‘rk | {lj/* | zjp = k,j # j}) =Dir (vel + c];]i, cven + c,;]éu,venew) (7)
where c,:zn = Zj,;éj Zzzjll]l (lj/i =m,zy = k) is the count of topic m being assigned to context k

excluding document j. Using this result, p (I;« | T1) is a predictive likelihood for I, under the posterior
Dirichlet parameters 7 in Eq 7 and therefore can be evaluated to be:

Pl | zj =k, z2—j,1_ji, €,0) :/ p(lj« | Tk) x Dir (Uel + c,;ji, L veEN + cﬁ\/[,venew) dry,
Tk

M .
M ) J M )
ci m I (Zmzl (Uem + Ck,m)) veerc;Jm—l
[ Lt

Tk

k,m M _
m=1 Hm T <vem + Ck]m> m=1

_F (Z%zl (vem + ck m veerck I Al =1

I /
r (Z%ﬂ (“m + cl?m)) ot T
1L ( 1

vem—l—c,: me=1

vem—i—ck -FC‘,jg

: ) I (it )

Hnj\f: V€m + c];f ) T (Z _ <vem + c;in 4 czm))

T (Zf\n/[ 1 (vem + ¢ m)) M T (vem + c;zn + 017<:m)

T (Z%:l <vem + Cl;m) Ny) m=1 T (’Uem + CE&)
r Zm Uenl+07zn I'(vem—+c ,m . .

A= ngm{vem—kc::m}; IL. ngeerc:{ﬂg if k previously used
T\ ) Deetedn)

B L(X%,, vem+N;) II T(oem) if k= kpew

note that € = (e, €2, ...€p1, €new), here 1.7 = (€1, €2, ...€ar), when sampling z; we only use M active
components from the previous iteration. In summary, the conditional distribution to sample z; is
given as:

plzj=k|z_jl,x, 0, H) x k g X f;; I (zj) x A %f k previousely used
Oéka (‘rﬂ) X B lfk:knew

Implementation note: to evaluate A and B, we make use of the marginal likelihood resulted from a
Multinomial-Dirichlet conjugacy.

Sampling [

Let w_j; be the same set as w excluding wj;, i.e w—_j; = {wyy : u # jNv # i}, then we can write

p(lii =m | l_ji, zj = k,v,w,S) ocp(wy; | w_ji, i = m, p) X p(Lji =m | 1_ji, 2z = k,em,v)  (8)

TV vV
content predictive likelihood CRF for content topic



The first argument is computed as log likelihood predictive of the content with the component v,

| s (wji | Am) Huew_ﬂ- o V(U Am) | s(Am)dAm
p(wj; | w_ji, lj =m,p) = 4 [ o) } 9)
f)\m [HUEw,ﬁ(m) Y ('LL ’ )\m)i| S ()\m) d/\m

é:ym’w]’b (

wji)
And the second term is inspired by Chinese Restaurant Franchise (CRF) as

Ck,m + V€,  if mis used previously

p(l_jz =m | l*j’iaemav) = { (10)

V€new ifm= Mpew
where ¢y, is the number of data point |[{l;;|lj; =m,z; =k,1 < j < J,1 <i < N;}|. The final form

to sample [;; is given as:

— W4 . . .
c + vey,) X 7 (w;;)  if mis used previousl
p(lLii=m |l ji,z; =k w,v,€) x (¢km _n:u)l ym > (wji) ) P Y
Vénew X Ym (w]z) if m = mpew

Sampling €

Note that sampling € require both z and .

plellz,v,n) xp(l|ev,2z,m) xp(e|n) (11)

Isolating the content variables l ; generated by the same context z; = k into one group
lk ={l;; :1<i<Nj,z = k:} the first term of 11 can be expressed following:

p(l]ewv,z,m) = ﬁ/ (lf*|7'k>p(7'k|e)d7'k

ﬁ I( vem + nkm)

I(ven,)

H :é]x H

U + nk* m=1
where ng, = [{wj; | zj = k,i =1,...N;}| and ngy, = {wji | 25 =k, 1 =m, 1 <j < J1<i <Ny, b

Let n, = %, Nnew = R} n and recall that € ~ Dir (n,,..., 7%, Tnew), the last term of Eq 11 is a
Dirichlet density:

p (e | n) =Dir | n1,m2, .00, Mnew
~—_—
M

M
:F<M X 1+ Nnew) H

677'r 1677new 1

PO e 2,
Using the result:
F Nkm
Lo+ 1hm) _ S S6501 (0, 1am) ()

(vep,)

Okm =0

Thus, Eq 11 becomes:



M Nem

p(e|l,z,v,n) =M1 H H em=1 Z Stirl (0km, kem) (Ve )oF™

(v+n
+ k m=1 Okm =0
Nkm M
new—1 m—1 . m
=¢me Z H W + - H € Stirl (0gm, Mkem) (Vem,) %"
okm—Ok L k) m=1
M
new—1 m—1 . m
p(e,0|l,z,v,n) =ehy H H e Stirl (Ogm, Mkm) (V€)%
U ‘|‘ nk*

m=1
The probability of the auxiliary variable og,, is computed as:

Nkm

P(0km) = Z Stirl (0gm, Miem) (Ve ) k™

Okm =0
Now let 0 = (ogm, : Yk, m) we derive the following joint distribution:
M - )
1 H € K Okm+Nm—
m

p(e ’ 0>l7Z7U777) - Eg’éfzy

m=1

As R — oo, we have

1 >k Okm—1
p(E|O,l,Z,U7] _egeWH ®

Finally, we sample ¢ jointly with the auxiliary variable og,, by:

P (0pm = h | -) o< Stirl (h, npm) (V)™ h=0,1,... N

Sampling hyperparameters

In the proposed model, there are three hyper-parameters which need to be sampled : «,v and n.

Sampling 7

Using similar strategy and using technique from Escobar and West [3], we have
: I'(n)
M | n,u) = Stirl (M, u m_2 D)
p(M [ n,u) (M u)n T+ )

where u = ) Uy, With up, = ) Ok is in the previous sampling e and M is the number of active
content atoms. Let n ~ Gamma (11, 72). Recall that:

g -0 13

that we have just introduced an auxiliary variable ¢



p(t|n) oc (1 - )"~ = Beta (5 + 1,u)

Therefore,

p (0 | 1) o g exp (g} x 7 (1 1)1 1(1+“)
n

= MM Cexp {—n(n2 —logt)} x (1 — )" + M ML exp {—n(n2 — logt)} x (1 —¢)*

oc MM exp {—n(ny — logt)} + un™ ML exp {—n(ny — logt)}
= mGamma (n; + M, n2 —logt) + (1 — m) Gamma (1 + M — 1,12 — logt) (12)
where 7; satisfies this following equation to make the above expression a proper mixture density:
" m+M—1

= 1
1—m  u(ny —logt) (13)

To re-sample 7, we first sample t ~ Beta (7 + 1, u), compute 7; as in equation 13, and then use m; to
select the correct Gamma distribution to sample n as in Eq. 12.

Sampling «

Again sampling « is similar to Escobar et al [3]. Assuming o ~ Gamma (aq,ag) with the auxiliary
variable t:

p(t] o, K) oct® (1 —t)7 !
p(t] o, K) xBeta(a; +1,J)

J: number of document

p(n|t,K)~mGamma (a1 + K, g — log(t)) + (1 — m;)Gamma (o + K — 1, a0 — log(t))

a1+ K—1
J(ap—logt)

where ¢, d are prior parameter for sampling 7 following Gamma distribution and 1:% =

Sampling v

Sampling v is similar to sampling concentration parameter in HDP [6]. Denote og. = ), Ogm, Where
Okm is defined previously during the sampling step for €, ng« = >, N, where ny, is the count of
{lji | zjs = k,lj; = m}|. Using similar technique in [6], we write:

or. _ L(v)

P (010,020 0160 | 0100y o) = [ ] Stinl(nge, or)a -2

where the last term can be expressed as

F(U) 1 /1 -1 kox
= b (1= )™ (14 2 ) ap
Dot ) D) Jy 00 o )
Assuming v ~ Gamma (v1,v2), define the auxiliary variables b = (by | k=1,...,K),b; € [0,1] and

t=(tr|k=1,...,K),t, € {0,1} we have

K L b
q (v, b,t) oc v 72k Me exp { —po; } H by (1 — by) M <k>
v

k=1



We will sample the auxiliary variables by, t; in accordance with v that are defined below:

q(br, | v) =Beta (v + 1, 0ky)
q (tx | .) =Bernoulli (Ok*/v>

1+ ops /v

q(v|.) =Gamma (vl + Z (O — t) ,v2 — Zlog bk>
k

k

3 Relative Roles of Context and Content Data

Regarding the inference of the cluster index z; (Eq. 5), to obtain the marginal likelihood (the third
term in Eq. 5) one has to integrate out the words’ topic labels /;;. In doing so, it can be shown that
the sufficient statistics coming from the content data toward the inference of the topic frequencies and
the clustering labels will just be the empirical word frequency from each document. As each document
becomes sufficiently long, the empirical word frequency quickly concentrates around its mean by the
central limit theorem (CLT), so as soon as the effect of CLT kicks in, increasing document length
further will do very little in improving this sufficient statistics.

Increasing the document length will probably not hurt, of course. But to what extent it contributes

relative to the number of documents awaits a longer and richer story to be told.

We confirm this argument by varying the document length and the number of documents in the
synthetic document and see how they affect the posterior of the clustering labels. Each experiment
is repeated 20 times. We record the mean and standard deviation of the clustering performance by
NMI score. As can be seen from Fig 2, using context observation makes the model more robust in
recovering the true document clusters.

4 Perplexity Evaluation

The standard perplexity proposed by Blei et al [2], used to evaluate the proposed model as following:

ZJTesc logp ( Test)

JTest Test
Z]‘:1 Nj

perplexity (wTeSt) =expy —

During individual sampling iteration ¢, we utilize the important sampling approach [5] to compute
P (wrest). The posterior estimation of 1), in a Multinomial-Dirichlet case is defined below, note that
it can be in other types of conjugacies [4] (e.g. Gaussian-Wishart, Binomial-Poisson):

o » +smooth
mou T
EZ | Mpp + V' X smooth
¢ Ckm + VU X €y
Tk,m -

Z%:l (Chym + vV X €)
t

where n;, , is number of times a word v, v € {1,...,V'} is assigned to context topic 1, in iteration

t, and ¢y, is the count of the set {wj; | z; = k,1j;; =m,0 < j < J,0 <i < N;}. There is a constant

smooth parameter [1] that influence on the count, roughly set as 0.1. Supposed that we estimate
TeSt =k and lTBSt = m, then the probability p ( TeSt) is computed as:

NTest
Test H § :
Test
=1 =1

where T is the number of collected Gibbs samples.

10



J: number of document. .
NJ: number of word per document. MC2 on Synthetic Data
NMI: normalized mutual information.
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Note: Document clustering performance is evaluated on the estimated document cluster z_j vs their groundtruth.

Figure 2: Document clustering performance with different numbers of observed words and documents.
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