Appendix [Margins, Kernels and Non-linear Smoothed Perceptrons]

1. Unified Proof By Induction of Lemma 5, 8: L, (o) < —3||p]|&

Let d(p) be 1-strongly convex with respect to the #-norm, ie d(q) — d(p) — (Vd(p), ¢ —p) > %|lq —pl[3forany p,q € A,.
Let the #-norm be lower bounded by the G-norm as [|p[|g, < A4 |Ip[|%. For d(p) = 3=, p; log p; + log n, # is the 1-norm,

Ay = land p* = 171—” For d(p) = %Hq — p||3, # is the 2-norm, Az = n and p* = g. Choose pp = 2\ 4.

Let the smoothed minimizer be defined by p,,(a) := argmin,ea, (Ge, p) + pd(p), and p* := argminyea, d(p). The
optimality condition of p,, (o) and p* (the gradient is perpendicular to any feasible direction) is that for any € A,
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—2llpo = p*ll& — (", p0 — p*)a — Ip* & writing po = (po — p*) + p*
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—Zlpo —p* 1% — P, poda + 3P 11 using [|pl|& < A4llpll%
—p10d(po) — (a0, Po)c + &l adding — £ ||po — p*[|3, using Eq. (2)

LHU (ao).

Assume it holds upto k. We drop index k, and write ., for z;41. Let p = (1—0)p+6p,(a) soar = (1—0)a+6p. (3)

Lup(as) = 3llagld = (arpe (00) ), = ned(pu, (1))

= ;Hu—e)awzaui—e<ﬁ,pu+<a+>>c—(1—e)[<a,pu+<a+>>c+ud<pu+<a+>>] using Fq. (3)
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where we used the convexity of ||.||%. Recall p;. = (1 — 0)p + 0p,,, (), sothatpy — p = 0(p,, (ay) —pu(@)). (@)

1,

[l = (@ pula) ), = nd(pa(@)] = (@b () = pul@) ), = 1| d(pie, (1)) = d(py(@))]

Ly(@) = p[d(p, (@4)) = d(pu(@)) = (Va(pu(a)). b, () = pu(@))]  using Eq. (1)

< —5lIpllE = 5P, (ag) = pule)|% using strong convexity of d(p)
< —5lB+ (0= DG — 2 D (a4) = pu(@)lIE using [|plI& < Axllpll%
. . . H . . . .
< —3l8lE — (5.0~ ), ~ 55gale — ol using Eq. (4) and dropping a —3 [p — fg; term.
G 2)\#9

Using (1 — 6)(p — p) = —0(p,(c) — p) and substituting back,

A o N w o o A A
L) < (0=0)] = HalE + i (pmnde) =), — ggalos =l | 48[ = 31512 = (ppac () - 9),

= —3Al13 — (5. pu. (4) — pal@)), —
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< —5lbllE - <p,p+ —p>G —3lp+ —Bll&  using Eq. 4 and % = ey < oy = A

—5llp+ 1l

1-46 R
et VTS

2740

14

This wraps up our unified proof for both settings.



