A new Q()) with interim forward view and Monte Carlo equivalence

Supplementary material

Here we prove the theorems and derive the recursive relationships stated but not proved in the main text. First we prove
the recursions in the time horizon ¢ for the forward-view errors used by PTD(\) and PQ()). We then prove a recursion in
k for PTD (Lemma 1) and use it to prove Theorem 3 for PTD. Next we prove an analogous recursion in k (Lemma 2) and
theorem (Theorem 5) for PQ and for action values. Finally, we provide some further detail on a key step in the derivations
of the update of the provisional weights, u;, for both algorithms.

S.1 Derivation of Equation (11), the PTD recursion in ¢

From (6), for k < ¢, we immediately have
O = ok > O (U= ek + (1 = A)GE] + prCE[(1 = s ™ + 70185
i=k+1

t—1
= ok > O (U= 0)eh 91 = M)5E] + oGy (1= el + (1 = A
i=k+1

+ pC, {(1 —Yep1)en ! + %+15;tf1]

t—1
=p », Cit {(1 —yi)er + il — /\1:)5?;} + oGyt [(1 —Ye)el, + %5}2}

i=k+1
5
— O+ [(1 —er)e 7t+152+1}
- 52§ - kalifl,yt)\tS}; + prCh [(1 _ %H)e}?l I ’7t+152+1} . o8)

Although this is already a recursion of the desired form, expressing 52“; 41 in terms of 5,;\@, we are not done yet. The
recursion can be simplified further by noting that

t41 41
(1= e41) ( Z R; — 0T¢k> + Y41 ( Z Ri+67¢p 41 — HTqbk)

(1- W’t+1)€§f1 + Y165

i=k+1 i=k+1
t+1
T T
= Z Ri =0 ¢+ 71410 brpa
i=k+1

t
D Ri—07¢r+ Ryt +7110 dii1 — 07 + 679,
i=h+1

t
> Ri—07dr+0+6¢,
i=k+1

Substituting this in (28), we obtain our final recursion:
62,pt+1 = 52,‘;& - pkcliil%)\tgltc + Pkcltc (gltc + 5t)
= 03— prCE MOk + prCL e Aepedk + prChOe
= 03, + pRChOs + (pr — Dy hepiCy 0} (11)
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S.2 Derivation of Equation (24), the PQ recursion in ¢

The first steps of this derivation are directly analogous to those in the previous section leading to (28), except here using
the definitions for the action-value case in Section 5. We do not repeat these steps here. In this case they lead to

001 = 00— G Al + CE[ (L= )™ + a3 (29)

for all k < t. Note that, compared to (28), p. is absent.

Again, this recursion can be simplified. Using (20-22) we get

t+1 t+1
(1 —41) ( Z R; — 0T¢k> + Vi1 ( Z R, +0'¢f , — GTqbk)

(1- ’Yt+1)€§€+1 + %+1SZ+1

i=k+1 i=k-+1
41
T T
= Z R; — 0 ¢ + 71410 @F 4
i—ht1

t
> Ri—07dr+ Ry + 7410767, — 0+ 6
i=k+1

:€2+5t+0—r¢t
=6l —0'pr +6,+ 0",
=0t +0+0" (¢ — 7).

Using this in (29), we obtain our final recursion:
52,’2+1 = 51;\[; — Cy ' Ad; + CF (0 + 60+ 0 (¢ — 7))
= 03 — CL '\l + CL ' epidf, + Choy + CLO T (b — B7)
= 63 + Chde + CLO (¢ — &) + (pr — D\ CL 10 (24)

S.3 Lemma 1: PTD recursion in £

The following lemma, used in proving Theorem 3 in the next section, shows how 52‘@ depends on 5,2‘i1 ;- All definitions
are from Sections 2—4 (the state-value or PTD case).

Lemma 1 (PTD error recursion in k). Forall k <t —1,

60 = pr (G + (D = 1) 4 i M8, ) (30)
where
t—1 ‘
D= Y Ci'l—wh)+Cit (31)

i=k+1
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Proof. First note that from definitions (3) and (4) it is clear that
5p=¢ +07g, (32)
and
€k = Ris1+ Riga + -+ Ri — 0y 3)
= Rip1+ Rpgo+-+ Ri — 01 + 0 oy — 0y,
=Rps1+€q +0 i1 — 07y

=0, €l (33)
Using these, the lemma can be directly derived:
t—1
i—1 i t—1 t st :
< CL (1 — e + (1 — )\i)§k] + [(1 — V)€, +fyt5k}> (as in (6))
1=k+1
t—1 .
( C -1 (1 — 'yl)ek +v(1 =) (6;c + 0T¢i)] + C,t;l {(1 — y)€h 4+ v (e?€ + 0T¢t)]> (using (32))
1=k+1
t—1 ] .
( CH (U= hi)eh + 71 = X)07ei| + C 7 e+ %0%}) (34)
1=k+1 B
t—1
( G (L= 90A)eh + (1 = X)8Ts] + CL [ + 707
1=k+2

+Cy [(1 — Vet Mo 1) ey A Yer1 (1 — Nt 1)0 T¢k+1}>

t—1
= Pk ( > oot [(1 —ix) (O + €fa) + 71— Ai)e%z} +C! [5’,;“ + €1 + %0%} (using (33))
i=k+2

+ (1= Yes1 e41) (Ripr — 0 i) + Y (1 — )\k+1)9T¢>k+1> (using CF = 1)

t—1 t—1
=pk< >0 G (= aA e (0= 20T + O ea +28T0] + D2 G (- mA)a O
i=k+2 i=k+2

+ Rig1 — 0 i + Y410 "t — V1 Arr1 (R — 0T + 0T¢k+1)>

t—1
= Pk ( > Y1 Ars1o1Ch L [(1 —YiAi)elpr + (1 - /\i)OT@} + Vet 1 e+ 101 Ch [EZH + %9T¢>t}
i=k+2

+ Z Oyt (L —y\)optt + CL oyt + 6 — 7k+1)\k+151]§+1>
i=kt2

= Pk 7k+1)\k+15£‘il¢ + Z i A)+ 1= Yp1 e +Cp = ] SEtt 4 5k> (using (34))
Li=k+2
= pr | Wet1 10001 o+ | D CH L= 7ide) + CE(L = yrsr degn) + Cf 7t = 11 S+ 5k>

i—k+2

Pk

7k+1)\k+15ﬁil,t + Z Y i)+ Oy - ] 5t +5k>
Li=k+1

A/~ 7 N /N /N

O + [D,tC — 1] SII:_H + 7k+1/\k+152ﬁ1,t> . O

Il
=
B
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S.4 Proof of Theorem 3 (On-policy and off-policy expectations for PTD)

All definitions here are from Sections 2-4 (the state-value or PTD case).

Theorem 3 (On-policy and off-policy expectations). For any state s,
E, [525‘& =s| = E. [52},5‘5% =], (35)
where Ey, and K. denote expectations under the behavior and target policies, and 52‘,11‘/ denotes 62’; with py = 1 for all t.

Proof. First we note that

t
Pk H YiXipi

i=k+1

= 3" blals) Y5, a) 7;((;';) A

fz (als) Zp "Is,a)(s)A(s")Es | pra H YiXipi
i=k+2

S ) S p(s s A) ) S 0 N

t
H Vi | Sk S] ,

i=k+1

Eb [ka’tC|Sk = S] = Eb

Sk28‘|

t
H ViNipi

i=k+2

Siy=35,Ar =a,Sp11 = s’]

Sk+1 = S

from which one can show

t—1
]Eb [ka]tc‘Sk = S] = Eb [pk ( Z 0271(1 — ’%)\J + C]tcl> Sk = S] (using (31))
i=k+1
t—1 i t
= Eﬂ'l Z H YiXi(1 = i) + H ViAi| Sk = s
i=k+1i=k+1 1=k+1
=1. (36)
Now we can start directly from the left-hand side of the theorem statement:

E, {62§ Sy = s} =FE, {pk ((Sk + (D}, — 1) 65t + ’Yk)+1)\k+161/€\i1,t) S = s} (using Lemma 1)
=L, [Pk (5k + ’Yk+1)\k+152i1¢> ‘Sk = S} (using (36))
= Zb (Eb[5k|5k S, Ak = a} + Eb {’yk+1)‘k+152-7-1,t Sk =S, Ak = aD
—Z (Eb 5k|Sk =S Ak —CL} + Ey {7k+1>\k+15k+1t’5 S,Ak :a})

=E,[0k|Sk = s] + Zﬂ'(a\s) Zp(s’\s, a)y(s)A(s")E, {52i1,t‘5k+1 = 8/:|

=E, [51« + Vi1 A e+1Ep [&?fﬁu Sk+1} ‘Sk = 8}

=Er [5k + Ve 1 A+ 10k +1 + Vet 2 Ak +2Ep {525.2,1& Sk+2] ‘Sk = 5}
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tgf(ﬁ% Z)ask_s

j=k \i=k+1

It thus only remains to show that 6,? ; 1s equal to this sum, which we can show directly from (11) and the definition of (5,;\1t:

t—1
S = Onpor + ( 1T ’)’Mi) Or—1

i=k+1
kt 2+< H Vi z>5t 2+< H Vi z>5t 1
1=k-+1 i=k-+1

S.5 Lemma 2: PQ recursion in £

This lemma is the analog of Lemma 1 for the action-value case, showing how 5 , depends on 6k ‘t1,+ when these errors
are defined by (18-24). This lemma assists in proving Theorem 5 below. All deﬁmtlons here are as in Section 5 (the
action-value or PQ case), plus Dt as in Lemma 1.

Lemma 2 (PQ error recursion in k). Forall k <t — 1,
52)@ =0 + 7k+1>\k+1pk+152i1,t + Vet 1 410 (Brg1 — Bpyy) + (Dh — 1) (6 + 0 Tprss) - (37)

Proof. The proof is analogous to that of Lemma 1. Here we have the helper identities

8 = ¢, + 077, (38)
and ' ,
e =ci e + 0 dria (39)
Then we can proceed directly:
t_l . r . — —
Sh=Y Cit (= y)e +7ill - /\1)5;} + (1 = el +7e0L] (as in (23))
i=k+1 B
t—1 ] _ ) _ B ~
= Y M= y)e + 71 =) (e + 0T¢?)] +C7! [(1 —ye)eh 4+ (ef, + 67 ;f)] (using (38))
i=k+1 )
= Y G =)k + (L = 2)07T6T | + Ol |+ 677 (40)
i=k+1 )
= Y G = id)ek +(L = )07 + O |+ 677

i=k+2
+C¥ [(1 — Y1 M) e e (1= Agy1)0 T&ZH}
= Z Cir (1= 7) (s + €6 4 07i1) + (1 = M)OTHT | + O [y + €™ + 0T bpsr + 70797
1=k+2

+ (1= Y1 Me+1) (Rig1 — 07) +vig1(1 — Aey1)0 'pf g (using (39) and Cf = 1)



A new Q()) with interim forward view and Monte Carlo equivalence

t—1
> G (1= M) + (L= A)8TET| + CE [ehiy + 1077
i=k+2

t—1
+ 30 O =) (T 07 dkn) | + O e + 0T
i=k+2

+ Ri1— 0 ' + Y410 b5 1 — Vi1 Akr1 (Rigr — 0 ' + 0 f )
t—1

= > Wik Gl [(1 — %iAi)ehyy + il — Az‘)aT(?Bﬂ + Vrr1 Ak 1Pk1Ch g {GEH + 10 d]
i=k+2

-1
+ Z Cp {(1 =) (6 + 0T¢k+1)} +C {EZH + 9T¢k+1} + 0k — Yr1 1O
i=k+2

t—1
= ’Yk+1)\k+1,0k+1625_17t + ( Z O (1 —yihi) + C,Zl> (fT + 0 T rs1) + 0k — Y1 M1 0 T
i=k+2
(using (40); now add and subtract (1 — 7k+1)\k+1)(e§+1 + 07y 11), the first element of the summation)
t—1

= 'Yk+1)\k+1pk+152_7_17t + ( Z Ci'(l—yd)+Ct =1+ ’Yk+1)\k+1> (EZH + 0T¢k+1) + 6k — Yrr1 A1
i=k+1

= 'Yk+1>\k+1pk+1§;>€\i17t + (D = 14+ Y1 Mer1) (65 + 0 drr1) + 0k — Y1 Aes10,
=0 + ’Yk+1)\k+1ﬂk+15;;\i1,t + ra1 1 (6T 4+ 0 g — 5T + (D] — 1) (e + 0 rn)
= 0k + Va1 et 1 Pk 10001 ¢+ Vet 1 Ak4 10 (Prgr — By ) + (Df — 1) (e + 0 ) (using (38))

O

S.6 Theorem 5: On-policy and off-policy expectations for PQ

All definitions here are from Section 5 (the state-value or PQ case), plus DZ from Lemma 1.

Theorem 5 (On-policy and off-policy expectations). For any state s,

E, [5,?{;

Sp = s, Aj, = a] - E, [52;

Sk =S, Ak = CL:| 5
where Ey, and B, denote expectations under the behavior and target policies, and 52"175 denotes 52‘1 with py = 1 for all t.

Proof. The proof is analogous to that for Theorem 3. Using Lemma 2, the left-hand side can be written

Eb |0}

S =58,A, = a]
=E [51: + ’Yk+1)\k+1pk+151;\i1,t + Yra1 410 (Prs1 — Dy 1) + (D = 1) (7 + 0 T ppy1) ‘Sk =s,Ar=a
= [5k + ’Yk-i—l)\k-&-lpk-&-l(s;i\il}t + Vi1 Ae+10 T (Prg1 — <132+1)‘5k =35,A, = a}
(using Ep[X|S = s, A, = a] = Ex[Ep[X|Sk+1]|Sk = s, Ak = a])
=E, :Eb [5k + 7k+1)\k+1pk+15211¢ + Vo1 Mo 10 (D1 — $2+1)‘Sk+1} ‘Sk =s, A = a}
(using E [Ep[X|Sk+1]|Sk = 8, Ax = a] = E;[X|Sk = s, Ay, = a] for all X not depending on A1)
=E, :5k + V1 k1 Ep [Pk+152_7_1,t’5k+1} + Vi1 Ak 410 (Prgr — <7_57kr+1)‘5k’ =5, Ay = a}

(using, as in Theorem 3, Ey[pr X |Sk = s] = E;[Ep[X|Ar = a]|Sk = s])
=Er |0k + Yet1 A1 En [52i1,t Sk-ﬁ-l,Ak-i-l} + Ve 1 Me10 T (Prorr — $Z+1)‘Sk =5,A = a}




A new Q()) with interim forward view and Monte Carlo equivalence

(repeatedly expand the 6 term until, finally, (53‘ i 1.6 = 0t-1)

t—1 J
=E. > ( 11 wz) (6;+07(d; — &) — 0 (s — B])|Sk = 5, Ax = a

j=k \i=k+1

It thus only remains to show that (5,?1t is equal to the quantity whose expectation is being taken here:

Snt = Ok + Y1 A10  (Prs1 — Pigy) + 7k+1)\k+152i1,t

= 0k + Vet 1 M+ 10k41 + Vi1 Mk10 T (Drg1 — Pigr) + Vrr 1 M1 V42 A0 420 (i1 — P ) + ’Yk+2)\k+25;;\i2,t

t—1 J
= ( %M) (6; +07(p; — 7)) — 07(dr — &)

j=k \i=k+1

The last term is there because 5,5)‘_1” = d4_1, so in the summation the indices of the ¢ range from k to ¢ — 1, but the indices
on the other terms range from k + 1 to ¢. O

S.7 Additional detail on the provisional-weight updates (15) and (27)

A key step in the derivation of (15) is the transition from the second to the third equation, involving a re-writing of 52 in
terms of 6,’;*1. Here we spell it out more fully:

St =Rpp1+ -+ R+ R+ 07— 0"y, (from (4))
=Rpy1++ R 1+ R +0T— 0+ 01— 0y
=Rpp1+- -+ R+ 9T¢t71 - 0T¢k + R + o' t — o' t—1 (regrouping)
5t 81
=0 oy

The derivation for PQ’s provisional weight update (27) is similar to that for PTD, but was not included in the main text to
save space. We include it here:

t—1
U = QY Z C,ﬁ.‘lgiqﬁk
k=0
t—2 ) )
= e Z Cy ' our + Cf:115§—1¢t—1]
k=0
t—2 ) ) ) )
=y lz Clt;l {51271 + 52—1 + 0T(¢t—1 - ¢f71)] bk + 5€1¢t11
k=0
= YA (pt—lut—l +adl_jer 1+ af' (-1 — P7_1) (€11 — ¢t—1))- (27)

As in the PTD derivation, the key step is moving from the second to the third equation by writing 52 in terms of 52_1, as
follows:
0 =Riy1+ - +Ri1 + R +07¢] —07¢y, (from (21))
=Rpp1+ 4+ R 1+R+0'¢d] -0 +0 7 — 0] +0"_1— 04
= (Riy1+ -+ R 1 +0'¢]  —0'dp)+ (R +0'¢] —07¢p, 1) —0'¢] , +60'¢, 1 (regrouping)
= 52—1 +6;,+67 (¢t—1 - @T_l) .



