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A. Derivation of the proximal operation for the smoothed hinge loss

By the definition of the smoothed hinge loss, we have that, for —1 < y;v <0,
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and f7(v) = oo otherwise.
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(otherwise).
Thus by minimizing this with respect to v, we have that

Cu—vy; o Cuy;—1
1+C ( 1< 1+C = 0)’

prox(ulf;/C) = ¢ —yi (=1 > Gz,

0 (otherwise).

B. Proof of the main theorem

In the section, we give the proofs of the theorems in the main body. For notational simplicity, we rewrite the dual problem
as follows:

,pin ; gilx:) + 6 (y). (S-1a)
s.t. Zz 4+ By =0, (S-1b)

where Z € RP*", B € RP*?, This is equivalent to the dual optimization problem in the main text when g; = f;* and
¢ = np*(-/n) (or equivalently ¢* = np). We write g(z) = Y1 gi(x;).
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Then we consider the following update rule:
. _ _ P _ 1 B
y' ¢ argmin g(y) — (w! Y, 2207V + By) + S| 22"V + Byl + Sy — vVl
Yy

_ 1 _
2" argminy " g,(x:) — (D, Zywr + By®) + Ll Zrwr + 2TV + By P + S ller —af Y|
Lo er

w® = w0 yp{n(Za + By®) — (n—n/K)(Z2 + By )},

Gii

Assumption 1 can be interpreted as follows. There is an optimal solution (z*, y*) and corresponding Lagrange multiplier
w* such that

dg(x*) > Z"w*, 9¢(y*) > B w*.
We denote by V f(x) an arbitrary element of the subgradient O (z) of a convex function f at . Moreover, we suppose
that each (dual) loss function g; is v-strongly convex and ¢ is h-smooth:

vl — 2|
2

We also assume that there exit h and v, such that, for all y,u and all y* € )*, there exits y* € Y* which depends on y
and we have

gi(2:) = gi(a}) > (2w, @5 — 27) +

’Ul
o)~ 0(y") 2 (BTw",y — ") + 5 | Pieriey (v — ) I,

h
¢"(u) = ¢"(B'w") > (" u— BTw") + S u— BT w*|*.

Note that the primal and dual are flipped compared with the main text. Once can check that there is a correspondence
between vy, h in the main text and v/, and /2’ such that v}y = 2% and h' = nh.

Define .
F(z,y) =Y gi(w:) + d(y) — (w*, Zz + By) (=nFp(x,y)).
i=1
By the definition of w*, one can easily check that

* * nv *
F(z,y) — F(z*,y") > 7\\%*96 1> > 0.

We define
R'(2,y,w)
=F(y) — Pt + 2 fw® w4 P g0y By L 2+ gl — 91,
P 2 2 , 2K
Here again we have that R" = nRp. Let i = n/K, the expected cardinality of |I], and let Diag;(S) be a block
diagonal matrix whose I, x I, (k = 1,..., K) diagonal elements are non-zero and given by (Diag(5))r,.r, = Si, 1.
k=1,....K).

Theorem 2. Suppose that v = -, Diagz(G) = 2yp(n — n)Diagz(Z " Z) and BT is injective. Then, under the assump-

tions, the objective function converges R-linearly:
T
R(z®,y®, w®) < (1 _ %) R(z©®, y(© (@),
T
E[F®,y") - Fa'y) < (1- 1) R@®.y@w®),

where

— mind v B pOumin(BBT) K, Kvomin(BBT)
o= 2\ 0+ omax(H) ) " 2max{1,4h p, 410 01max (Q)} " 40max(Q) " Omax(Q)(pomax(Z T Z) + 4v) [’
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In particular, we have that

T
®) _ p*21 < P _ﬂ) (0) ,,(0) ,,(0)
E[||w w*||*] 5 (1 R(z™, ¢y w'™).

Theorem 1 in the main text can be obtained using the relation v(’j) = %‘ﬁ, h' = nh, F = nFp and R = nRp. The
convergence of the primal objective is obtained by using the following fact: Since g is strongly convex around z*, we have
that

vl — |2

o@) - o) > (2T a - a) + L g
T k|12
() < g (27w + (ot u - 2Tty 22

where we used Z " \* € dg(x*). Using this, we have that,

2T @ —w))?
2nv
2T @ w2
2nv

%ifi(z;w(t)) - %ifz(zz—rw*) < <Zx*/n,w(t) - w*>
i=1

i=1

= (~y"/n. BT (@® —w"))

)

where we used the relation Zz* + By* = 0. Moreover, using the relation (B w) < ¢(BTw*) + (y*/n, BT (w—w*)) +
I ||w — w*|| + lz||w — w*||?> and the Jensen’s inequality E[||w(™) — w*||]? < E[||w™) — w*||?], we obtain the assertion.

Proof of Theorem 2.
Step 1 (Deriving a basic inequality):

g(@) =g ) + o) = oY)
=3 aial?”) = 3 aial! ™) + 66 — 6l 1)

i€l il
_ 1 _

:Zgi(%(-t)) _ (w(t D, Za® 4 By(t)> + g||Zm(t) + By(t)||2 + §||x$t) _ xgt 1)H%M

iel

_ p 1 _
+ (w(t U,Zq;(t) + By(t)> _ §||Zl‘(t) + By(t)HQ _ §||x§t) _ xgt 1)H2G”
=S @) 4 oy ®) — (Y. (S-2)
iel

~ (t—1)
Here we define that Z; = [Z\;Z;] and 7 := lx\f ] for a given x 7, and
xrr

- 1 A - P - 1 _
gr(xr) == Zgl(xl) - <w(t Y Z1i+ By(t)> + §HZ133 + By® |2 + §||x[ - x(lt 1)||2GM.
el

Then by the update rule of a:(t), we have that

~ t ~ * v * 14 t * 1 t *
ar(af?) < gr(ap) = Sl = @il = SN2 —apIP = Sllat” ~ il .



Stochastic Dual Coordinate Descent with ADMM

which implies

1 _
Zgz‘(wgt)) _ <w(t71)’ Za® o By<t>> + g\lva(” + By + 5”1'?) G 1)”%;”

iel
Pl -1 Lo« 1)
<> gila; < ., Zrxy + Zy g2l + By? > + 5l Zrey + Z\ﬂ{tl "+ By W2 + Sz = i
i€l

v t * P t * 1 t *
slat” —1? = 5121l — 2D = 3llei” ~ aille.

=Y gilal) = (V. Zia — 7)) = (w0, 22 + By®)
icl
. - 1. . _
+ 2120 + 2l + ByOI? = 21200 + ByO|? + 212D + ByO|? + 5l — 2l VIR,

vt ; p t . Lo .
= gl =il = S1Zial — DI - 5l 2l

:Zgz(xf) — <w(t_1)7 Z(xy — xgt))>

i€l
Uyo(t t * 1 @ *
= Sl a3l = LlZi(al? = 2D = 5llaf ~ @il

t 0w P2 P ¢ Lo -1)
fp<z\1x§}+8y“ Zi(a) = o) + 1 Ziail? = 51 Zea P + Sl — 2 VI,

_ <w<f*1>, Z2® 1 By(f>> n guzsn(f*l) + By®|2.
Using this, the RHS of Eq. (S-2) can be further bounded by
RHS) <Y gi(w)) = Y gi(al ™) = (WD, Zy(a7 — 2f))
icl i€l
~ e = 251 - E120e — eI - Sl - 2l

t t * 4 * P t
— o2y} + By, 2y — o) + Gl Zeaf — G 2o

1 « t—1 1 t t—1
Slai =2y Vg, , - Sl — 2 VR,

+ o(y") — p(y' V). ($-3)

Here, we bound the term

* P * P
—p(Zel) + By, 21l —ap) + G Ziaill” = G 212

\
By Lemma 3, the expectation of this term is equivalent to
E [—B<Zx(t_1) + By®W, Z(nz® — (n — n)zt=H — )>}
* P
+ 2KH$(t b x ||2DiagI(ZTZ) - iE Hl‘ —al! 1)||2DiagI(ZTZ):| :

Note that, for any block diagonal matrix S which satisfies S7, r,, = (Si ) jyer x1,, = O (Vk # k'), we have that
Bllef” = 7l5, ) = Bllley” — )™+ 2f 7 = 2711,
= Blll2;” — 2~ ”||s”1 + B 2 2T s, )+ Bl - 21,
= Efl=® — D3] + B2t — o=, 0D — %)) 4 2 oD — a3

* — * 1 — *
= E[|lz® —a*[[3] - E[J«"“" — II§]+KIISE“ Y-}

* 1 - *
— B — "] - (1 & ) Elle ) - a7 3],
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where the expectation is taken with respect to the choice of I € {I4,..., Ik }. Moreover, for a fixed vector ¢, we have that
t *
El(gr,#j’) —o})]
=El{ar, 2" —2{ ™ + (™ — 27)] = Bl(g, 2® — 2~V)] + El(gr, 2§ - 27)]
K

:E[<q7x(t) _ x(t_1)>] +E

1[I = Lil{gr,, 2y " - mm]
k=1

K

1 _ 1 - .

=E[(q, o) — o))+ = Y1 = L{gr @, —af,) = Bllg.e® — o)+ (.27 o)
k=1

(4]

Then, by taking expectation with respect to / and multiplying both sides of the above inequality by n, we have that

nE[g(z™) + ¢(y™) — g(z"1) — oy~
<g(a*) — g(a" ) + E[(w", Z(nz® — (n — 2)z"~Y —iz))]

n,U * np * n *
—E |20 — 2|2+ Z2)e® — 2" Bing 272+ 5100 = 2" Bragyic)

; P atn

(n—n)v, (1) _ (n=1)p, -
TH( Y 1] + T”x( D -

+E [—p(Zm(t_l) + By®, Z(nz® — (n —n)2t=H — ﬁx*)ﬂ

2
>k”DiagI(ZTZ) + *”DiagI(G)

. np -
P2t = 0" iugyzmz) — E [0 = 2D By 272

_ X n _
§||m(t b T ||2DiagI(G) - §E[||1‘( - x(t 1)||2DiagI(G)]
+ne(y™) —ne(y* ). (S-4)
Here, note that the last two term n¢(y™®) — ng(y*~1) is bounded as
no(y™) —noy =)
=a(6") = oy ) + (n —A)(ey") — oy )
<ilo(y") - o) + (Voly), (n = ) (0 =y ) + 2y — y*))
ok
1B w = Vo).
for arbitrary y* € V* where we used Lemma 4 in the last line. Define
@ = D — p(Z2zD + By®).
Note that BTa(® — Q(y® — y=1) € dg(y®).
Next, adding E[n(w*, Z(z*=1) — ) + B(y*~1) — y®)))] to the both sides of Eq. (S-4), we have that
nE[F(x(t),y(t)) _ F(x(t_1)7y(t_1))]
<A(F(a*,y") = Fa'Y,y71)
B[ — ', Z(na® — (0 — #)aD — )]
+E[@" —w*, Bny® — (n - a)y ™ — ﬁy*)>]
— Q"W =y ),y — (n—a)y" Y —ay”)

—E| e —a*? + 22 — 2%
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n—n)v n
R S (RS PO

+E [—p(Zm(t_l) + By, Z(nzW — (n — n)z=Y — na*))

-
= SB[ =2 | = S BTwt = Vel ™). (8-5)
Step 2 (Rearranging cross terms between (z®),y® w®)) and (21 4= p(t=1)):

Now, we define (") := na(®) — (n —7)2*=Y and §® := ny® — (n —n)y*—1. Then by the update rule of w(*), we have
that w® = w1 —yp(Z® + Bj®)). We evaluate the term E[(w*~Y —w*, Z(2®) —az*))] +E[(w®) —w*, B(5®*) —
Ay )
<w<t D —w*, 23 - qz*)) + (@® —w*, By — ay*))
(' — w2 )+ (D~ p(Ze0D 4 By®) — ', B — )
=(w® + w(Zx“> + Bgt) —w*, 22" — nav))
+ (W +4p(22 + BgW)) — p(Z2 + ByW) —w*, B — iy*))

_ %W” — o, w® — D)
+pll 23 + By = p(22070 + By, B —iy”)
== 5= (10 =" P+ o = D = ) )
+ 0l + By |2 — p(Za D 4 By, B ~ y))
1

:% (—Hw(t) — w*||2 + ||w(t—1) _ w*||2) + ?HZJA:(t) + Bg(t)HQ

p(Za=V + By, B3 — ).
Therefore,
(WD —w, 2O — z®) + (@0 —w*, BEO — ay))
— p(Z2"Y + By Z(nz® — (n — )zt — az*))
= (M = P+ ) — ) + 222 + By
— p(Z2Y 4 By®W 7220 4 By

1
=5 (I = P D )

P e X . .
+ 7nQHZl.(t) + By(t)HQ + 7(71 _ n)2||Zx(t N4 By(t 1)”2
— ypn(n — ﬁ)(Zx(t) + By(t)7 Zt=1 4 By(t—1)>

p(Zm(t_l) + By(t)7 Z(nx(t) —(n— ﬁ)x(t—l)) + B(ny(t) —(n— ﬁ)y(t—l)».

Next, we expand the non-squared term:

—ypn(n — ) (ZzW + By®, Zxt=1 4 Byt=)
— p(ZzY 4 By®), Z(mc(t) — (n =)z V) + Bny® — (n — n)y*Y))

= —ypn(n — ) (Za® — Za*, 22V — Zz*)
—vpn(n —a)(By" — By*, By'"~" — By*)
—ypn(n —a)(Zz'") — Zz*, By~ — By")
— ypn(n —n)(By® — By*, Zz*~Y — Zz*)
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—np(ZzY — Za* Z (2 — 2*)) + (n — a)p|| Z2TY — Za*||?
+(n—n)p(By") — By*, B(y"V —y*)) — np|| By — By*||?

— p(Z2"D = Za*, By — (n — a)y" Y —ay*))

—p(ByY —y), Z(naV — (n - n)z"*" —Az"))

— (ypn(n — 7)) +np)(Za® — Za*, 224V — Za*)

— (ypn(n — ) = (n — 2)p)(By" — By*, By ") — By")
—ypn(n —a)(Zz'") — Za*, By~ — By")

— (vpn(n — 1) +np — (n —i)p)(By" — By*, Za"=Y — Za*)
(- A)pl ZaD — Za* 2 — g By® — By*|?

— p(n—n)(Za""Y = Zz*, B(y* -y Y))

— p(By" —y*), Z(@® —z*)). (S-6)

Using the relation

(Zx(t) _ Zx*7By(t_1) — By*) = (Z(a:(t) _ m*),B(y(t) — ")) + <Z(.%'(t) _ x*),B(y(t 1) _ y(t))>
(By — By, 220D — Z2) = (B - y¢0), 2D — ) + (B0 - ), 20D o)),

the RHS of Eq. (S-6) is equivalent to

— (ypn(n —n) + np)(Zx(t) — Zz*, ZatD — Zx™)

— (ypn(n — ) — (n = n)p)(By"” — By*, By~ — By")

(n—n)p)| Za"~ — Za*|* — np|| By — By*|®

{=(von(n —2) + pi) + p(n — ) Z2" ™D = Za*, B(y" =D —y"))
= (ypn(n — ) + pn)(B(y"Y — y*), Z(a¥) —2%))

—ypn(n —a)(Z (@' — %), By" " —yV))

— (’ypn(n —n)+ pn)(By(t) — By Y, 201 _ Zz").

+ o+

The last two terms are transformed to

_ fyp’n(’n — ﬁ)<Z(x(t) _ .Z'*), B(y(t—l) _ y(t)>>
- (f}/pn(n - ﬁ) + pfl)(By(t) - By(tfl),Zx(tfl) o ZI'*>
:’ypn(n - )<Z(x(t) — l‘(t_l))7B(y(t) _ y(t—l))>

— pn(By( ) — By*, ZzY — VARNES pﬁ(By(tfl) — By*, Zz — Zx").
Thus, the RHS of Eq. (S-6) is further transformed to

— (ypn(n — ) + np)(Zz® — Za*, Z2Y — Zz)

— (ypn(n — n) — (n—2)p)(By") — By*, By~ — By*)
+ (n—a)pl| Z2'""Y = Za*||* = np|| By — By*|?
+{=ypn(n —n) + p(n — ﬁ)}(Zx(t’l) — Zx*, B(y(tfl) — )
— (ypn(n —2) + pn)(B(y"Y — y*), Z(«¥) - 2%))
+ ypn(n — ﬁ)<Z(z(t) _ I(tfl))v B(y(t) _ y(t71))>
— pi(By"Y — By*, Z2\""V — Za").
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By Lemma 5 and Zz* = —By*, this is equivalent to

1 ~ * — * —
- 5(70”(” — 1) + np){[| Zz® — Za*|? + | 22" — Za*|? — || 22V — Z27D)2)

1 ~ ~ * - * —
= 5(ypn(n =) = (n - )p){|| By — By*||> + | By*Y — By*||? — | By — By*~Y|?}
+ (n—2)p|| Zz"Y — Z2*||? — np|| By — By*||?

1 ~ ~ — * — * — —

= 5{=vpn(n —7) + p(n — A1 ZaD = Za* P+ | By =y P~ 227D + By Y|P
1 R X %

+5(vpn(n =) + pn) (|22 — Za* > + 1By —y")|? — 122 + By @)

+ypn(n —n)(Z(@" —2"Y), By —yt1))

— pi(By® — By*, Zz*=Y — Za*)

pn _ " 1 . _
=— 7||Zl“(t V- Zo*|* + 5(%0”(“ — 1) +np)||Zz® — Zz7D|2

PRy w2, 1 X . ®) (t—1) 2

- 7||By - By"|| +§(wn(n—n)—(n—n)p)||3y - By
1 . . _ _

- 5{7/)”(” —n) — p(n—n)}|ZaY + ByY)2
1 .

- 5{7/)71(71 — 1) + pn}|| Zz") + By®|?

+ypn(n — ﬁ)<Z(x(t) _ x(tfl))’ B(y(t) _ y(tﬂ)»
—ip(By'") — By*, Zz\""Y) — Za7)

== TNz + By
+ = (vpn(n —n) +np) || 22D — Z2 |2

+ 5 (ypn(n —n) = (n = n)p)|| By — By V|

—= N = DN

— 5 {ven(n — i) = pln — )} 22~ + By V)P
1 A
= g {en(n =) + o} 2o + By |
+ypn(n —a)Z(@® — z0-D) B(y® — =Dy, .
Since

von(n —a)(Z(z") — 2071), B(y® —y= 1))

ypn(n —n) - -
< 12" =P+ B -y )P,
the RHS of Eq. (S-7) is bounded by

- 22 4 By O

1 - _
+ 5 @yon(n = ) + np)| Ze®) — Za V|2
1 ~ ~ _
+ 5 @ypn(n —7) = (n—)p)|| By — By“~V|?
1 i ) . . 1 )
— 5 lven(n — ) = p(n =)} 22V + By V|2 — S {ypn(n — ) + pn}|| 22 + By |,

Combining this and Eq. (S-5), and noticing || Zz® — Zz(=D || = || Z; (2" — 207V)|| = [|2® — 2= IDiag, (27 z)» We
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obtain

nE[F(z®,y®) = F(z(t=1 yt=1)]
<A(F(*,y*) — F(z=D 5 t=1))

1
o (e = w2 4 D - w2)
2vp
n _
- P22 + By
1 .
+ 5 {ven? —ypn(n — ) — pn}|| 22 + By |2
1 . X . _ -
+ 5 {vp(n = 2)* —ypn(n —7) + p(n — )} 27 + By |2
nv x n *
—E | T la® — |+ Sle® - 2|}
+ (n —Zn)UHx(t—l) _ x*HQ + ng(t—l) _ 35*“%1
o —_ n _
+ ’}/p’I’L(’I’L - TL)E |:||x(t) - x(t 1)||%iagI(ZTZ):| - §E[||m(t) - ‘r(t 1)H%iagI(G)]
X n—n _
+ (on(n ) — L) (g0 -0

— QU™ —y "), ny® — (n — )y —ay")
b .
- THBTW — Vo (y™)|*.
Since we have assumed Diag;(G) = 2yp(n — 7)Diagz(Z " Z), it holds that
. _ n _
ypn(n — n)E Hx(t) — ! 1)||2DiagI(ZTZ)] - EE[H@@) —al 1)||2DiagI(G)] <0.

Moreover, we have that
— Q" —y "), ny® — (n =AYy —fy")

— 1 — — * *
= —nfy® -y VG + §{||y(t) —y IS+ Iy =yl — Ny - v 115}
f _ o . f .
e C e B e el [ s (A 2
2 2 2
Finally, we achieve

nE[F (2", y") — Fa=1, 4= 1)
Sfl(F({E*,y*) - F(x(tfl)’ y(tfl)))

1
o (<l — w2 4 D - w?)
2vp
B pn(l —7) (n—n)(1+7)
2

p _ _
1220 + By® |2 + 22T 7000 4 py G-V

nv " n «
~B[Z )2 —a*|? + 22 — 2 %]

n—n)v n
A 0 g2 4 P et 0y

2
o _ n _
+ 'ypn(n - ’I'L)E |:||x(t) - w(t b ||%iagI(ZTZ):| - §E[||$(t) - x(t 2 H%iagI(G)]

+

= 27200 + By

+ (=) - B0 -y
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) _ (. y n "
- (n - 2) e o e T R A A 2

T

Note that Eq. (S-8) holds for arbitrary y* € V*.

Step 3: (Deriving the assertion)

(i) Now, since we can take Vo (y™) = BTw=Y — p(Zz¢=1 + By®) — Q(y™® — y*=1), it holds that
IBTw" = Vo(y)|? = |B" (w* —w"™Y) = p(Za""V + By®) = Q(y") -y~ I)|%.

Since B is injective, this gives that

h' .
= S IBTw" = Vo))

IA

— W omn(BBT)Jw* —w " V|? + 20| 22D + By + 20| Q" — V)7

IN

Now, dividing both sides by max{1,4h’p, 4h'onax(Q)} (> 1), we have
nh/

BT W~ Vo)

_ ﬁhlomin(BBT) L ﬁ
- max{l, 4h'p, 4h,0max(Q)}

(i) Next, it holds that, for some 7* € V*,

1 * * — — U/ — Sk
3 (FG 07 = FGUD400)) < =1 a0 =)

On the other hand, for arbitrary a > 0, it follows that
— LY zztD 4 Byt
8
1 _ N 1 _ _ e
<-gl- a)]| Z(x"Y —2%)|? — gll-a YIB! — 7)1

2v

m, we have that

Thus, setting a = 1 +

~ £l1ZaY 4 By

14 2v . (1) ;.
<c——F = 0max(Z Z _
Spgmax(ZT Z)U a ( )HJ} T ||
P 2vp T N e s
Q min(BB P,
8 pomax(ZTZ) + 41)0 ( i Ker(B)(y el

VPO min(BBT)
A pomax(ZTZ) + 4v

v — * — Sk
:znx(t 2 - ||2 - )HPI%er(B)(y(t 2 -y )H2
Combining Egs. (S-10), (S-11), we have that

n - T A - B
5 (Fly) =Pty 0)) = 222070 4 Byt

>
) ) ! 2
<) e - P [ mevomnBBT) Y — 7l
— 4 n X pamax(ZTZ) + 4v 4Umax(Q)
) ! @)
<) _ ez = B iy Ly, 20 min( BE ) ly 1 — ¥4,
o " . /)Umax(ZTZ) +4v 4Umax(Q)

— W omin(BBT)|Jw* — w2 4+ 21/ || 22 + By W |2 + 21/ 00ax (Q) [y — y V13,

* t— np - t t—
o = w22 22D 4 By 4 2y - y ¢,

(S8-8)

(5-9)

(S-10)

(S-11)

(S-12)
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(S-13)

(iii) By the assumption Diag;(G) = 2vp(n — 7)Diag;(Z T Z), it holds that
. . n _
ypon(n —n)E {Hf(t) — 1)||2D1agI(ZTZ)] - 5E[||x(t) — U”%)iagI(G)] <0

m}fp/ﬁ nVOmin (BB ") /R }

(iv) Therefore, if v = ﬁ, applying Eq. (5-9), Eq. (S-12) and Eq. (S-13) to Eq. (S-8), for
B pomin(BBT)
"2max{1,4h p, 40 0 1nmax(Q)} 40 max (@) 40max(Q)(pomax(Z T Z) + 4v)

V—ﬁmin 1 Y
T n 4 \ v+ opmax(H)
we have that
B[P, y) — F@*,y%) + 5 fw® —w|?
2nyp
PA=7) 1y ) o Bu®)2 4 L0 _ o2 TN
[Z2™ + By |7 + 512" — 2™ 157,40 + 517 —¥*lI5
2 2n
=D — w2

+
SULO{F@“IRMt”)F@ﬂyﬂ+

2nyp
_ — 1 - * ﬁ *
||Zx(t 1) —|—By(t 1)H2—|— §||a:(t Dz ||12;IP+H+%||Z/@ 2 -y |?Q}

+pu;w

Setting 1 := nv /1, this gives the assertion.

* P * P
'+ By, 2,2 —a7) + L)1 212 - 21121l

Lemma 3.
E [—p(Z\i:cS;
<E {—%(Z:c(tfl) + By, Z(na® — (n — )zt — x*))]
+ %”x(t_l) - m*HQDiagI(ZTZ) - gE [Hx(t) - x(t_1)||2DiagI(ZTZ)} :
Proof.
T Ziwi = 2l + p(By", Zi(a; — o)) + Bl ZiwhI? - SN2l

PV —a)

P<Z\I$§
- * * P * P
=p(22"), 21 (] = o)) + p(By®, Z(a} — 2f)) + DN Ziai | - S 212
I

—p(2ya ™Y, Zy(a} - =)
AR zgt_l) — xﬁ”)} + p(By(t), Zi(x] — 20 4y

U Zi(ag - 2y

=p(Z2""V, Z; (a7
T

P « P
+ 512 |? = 51202 | — p(Zre

=p(Z2"" + By, 2w} — ! 7V))
P -1 * P -1
+ 5121 T = apIP = S Zi () =2 F )P

+ p(ZzY 4 By® | Z(zt1) — 2®)),
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The expectation of the RHS is evaluated as
P — * - 4 — *
(227D + By, Z(2" = 2D)) + oY = g7 )
p _ _ _
— LEIZ(") =2 D) 2]+ pE[(Za D + By, Z(x7Y) 2 ®))]

= pE[(Zx(t_l) + By®W, Z(nz® — (n —a)z®Y — z%))]

=
P (- . P -
o2t = a7y 2y — SENIZG® - D))

This gives the assertion.

Lemma 4. For all y € R? and y* € V*, we have

* * h/ *
oY) — oy™) < (Voly),y —y") — S IVely) — Vol )I*.
Proof. By assumption, for all y* € J*, we have that

d(y) = =¢"(Ve(y)) + (v, Vo(y))
< ¢ (Vo)) + (0", Voly") — Volu)) — 'y Vo) — Vow)I? + v, Vo)

=(Vo(y"),y") + o(y") + (v, Vo(y*) — Vo(y)) — %IIW(@/*) —Vo)® + (y, Vo))
=(Vo(y™),y") + o(y") + (¥, Vo(y") — Vo(y)) — %IIW(?/*) —Vo)l® + (y, Vé(y))

= 6l") + (y— 1", Vo) — o IV6(y) ~ Vo)

C. Auxiliary Lemmas

Lemma 5. For all symmetric matrix H, we have

1 1
(a=b)"H(c=b) = glla=bllE = 5lla—clf +

1
; Slle = bl

Proof.

(S-14)



