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1. Analysis
Theorem 1. («) Fixing for any Z; the residual

|X =21 ZHyp| 3 (1)

decreases monotonically under the update rule for H and similarly, (3) fixing H, the update rule for Z; results in mini-
mizing the objective function.

To prove (o), we now fix all the weights Z; and solve for H imposing non-negativity constrains. To show that the final
factors of the solution for the update rule for H (Equation 3) is correct we can show that at convergence it satisfies the
KarushKuhnTucker (KKT) condition. Additionally, we show that the iteration of the update rule for H converges.

Proposition 1. The limiting solution for the update rule for H satisfies the KKT condition.

Proof. We introduce the Lagrangian function with the Lagrangian multipliers 3;;, in order to enforce the non-negativity
constrains for matrix H.
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The fixed point equation that results from the gradient of the Lagrangian L is 9H -~ 20X +2HTUUT — 3 =0.

From the complementary slackness condition, we obtain (—2X vl +2oH T\II\IIT)Z-;CHHc = Bix H;, = 0. At convergence
we have H(") = (41 = H() = H | as the update rule satisfies the fixed point equation conditions.
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As O T = [BW TP — (BT ]"¢ and similarly @7 X = [@ 7 X — [T X", then the Eq. 3 reduces to
(—2X¥'" +2H 9O "), H2 =0. “)

Thus, Equation 4 is equivalent to Equation 3 as the first factor is similar and the second factor for Equation 4 is zero exactly
when Equation 3 is zero and vice versa. u
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Proposition 2. The residual Equation 1 is monotonically decreasing under the update rule of Equation 3 for Z1 for any
layer 1.

Proof. We rewrite the objective function J as in (Lee & Seung, 2001)

G=Tr[-2B"?"G +2BT)G + GATP*GT + GATGT) (5)

where A=09% " B=X"WandG = H.
Using auxiliary functions F and G, as in (Lee & Seung, 2001) we define:
Definition 1.1. G(h, 1’) is an auxiliary function for F(h) if the conditions

G(h, /') > F(h), G(h,h) = F(h) (6)

are satisfied.

Lemma 1.2. If G is an auxiliary function, the F is non-increasing under the the update
Rt = arg m}jn G(h,h") (7
Proof. F(hU+D) < G(hHD bty < G(hi, ht) = F(h) [ |

Thus G is a monotonically decreasing function if we find an appropriate auxiliary function satisfying the conditions. Using
the auxiliary function

G(G,G') = Z 2BP” e G“@ + Gii (8)
APH') HE, Hq:kHu
2 (H’k Z Ay HH (1 log 3 ) ©)

ik ikl

as in (Ding et al., 2010) we can prove that G is such a function. F(G,G’) satisfies the necessary requirements and
furthermore it’s a convex function in G and its global minima is

[\I,TX]neg 4 [‘IlT‘Il]ne‘gGi

[(OTX]ree 4 (BT WG, (10

G = argm}}nG(h, Y =G; e \/

as been proved by (Ding et al., 2010).
]

We prove (f3) by fixing the rest of the weights for the i, layer using the fact that Z is minimal when 0C'/0Z; = 0. That
iss 21 - Z]XHT + 2] 2], ZT Zy - Z; 1 Z;H:H, =0.

Z, = (90O XH, (HH )
Z;, = v XH] (11)

where W = Z,---Z;,_1.
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In this Supplementary Material, we provide experimental results in regards to the reconstruction error of each of the tested
NMF solvers, their variants, Multi-Layer NMF and Deep Semi-NMF. We show the mean reconstruction error for each
of the algorithms with a variable number of components. The error quantifies the deviation of the reconstruction with
the original matrix X, using the Euclidean objective function: || X — X||2, with N amount of samples. In all of the
experiments we see that Deep Semi-NMF has a comparable reconstruction error to that of Semi-NMF, which is in contrast
with the multi-layer NMF and GNMF which sacrifice the reconstruction quality, in return for uncovering more meaningful
features.

Number of components

] Name 20 25 30 35 40 45 50 55 60 65 70
CMU MultiPIE—Pixel Intensities
NMF (MUL) 291 2.80 2.68 2.59 2.52 2.45 2.41 2.36 2.32 2.28 2.23
NeNMF 2.69 2.53 2.40 2.29 2.20 2.12 2.04 1.98 1.92 1.86 1.80
GNMF 3.16 3.10 3.05 3.04 3.03 3.01 2.98 3.00 3.02 3.02 3.02
Semi-NMF 2.66 2.50 2.37 2.26 2.16 2.08 2.01 1.95 1.89 1.83 1.78

Multi-layer NMF | 296 283 271 262 254 247 242 236 231 226 222
Deep Semi-NMF | 2.69 253 240 230 220 213 207 2.01 196 190 1.86
CMU MultiPIE—Image Gradient Orientations

Semi-NMF 0.14 014 014 013 013 013 013 013 012 0.12 0.12
Deep Semi-NMF | 0.14 0.14 0.14 0.14 013 0.13 013 0.13 0.13 0.12 0.12

CMU PIE Pose dataset

NMF (MUL) 1053 9.84 936 885 85I 8.18 791 7.64 742 720 7.00
NeNMF 983 9.06 839 787 739 697 660 624 594 561 536
GNMF 1056 996 935 904 873 846 818 799 7.81 7.64  7.48
Semi-NMF 9.14 828 757 695 643 596 553 512 476 442 413

Multi-layer NMF | 11.11 10.58 10.16 9.56 9.28 898 849 797 763 730 698
Deep Semi-NMF | 9.18  8.31 7.61 7.01 6.50 6.02 567 528 499 470 4.39
CMU PIE Pose using IGO features dataset

Deep Semi-NMF | 0.35 033 032 031 029 028 027 027 026 025 024

Semi-NMF 0.35 0.33 032 030 029 028 027 026 0.25 024 024
XM2VTS dataset

NMF (MUL) 9.20 8.82 8.51 8.29 8.08 7.91 7.75 7.61 7.49 7.38 7.28
NeNMF 8.45 799 759 727 6.98 6.74  6.52 6.31 6.12 595 5.79
GNMF 10.60 1048 10.36 10.33 10.31 10.28 10.25 1026 10.27 10.32 10.36
Semi-NMF 8.43 7.95 7.55 722 693 6.68 6.46 6.25 6.05 5.88 5.72

Multi-layer NMF | 9.17 886 852 819 796 779 759 744 732 720 720
Deep Semi-NMF | 8.48  8.01 7.61 729 700 675 652 632 614 598 582

XM2VTS using IGO features dataset

Semi-NMF 046 045 044 043 042 042 041 040 040 039 039
Deep Semi-NMF | 046 045 044 043 042 042 041 040 040 039 039
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