
Proof of Lemma 2.

Proof. Let θ be the coordinate of p ∈ U ⊂ Mn un-
der some smooth coordinate map ϕU and γ be the coor-
dinate of f(p) ∈ U ′ ⊂ Nm under some smooth coordinate
map ϕU ′ . Since p′ approaches p, we have θ′ = θ + dθ,
where θ′ is the coordinate of p′ under the coordinate map
ϕU and dθ is an infinitesimal small change approaching
0. Furthermore, since f : Mn −→ Nm is a differ-
ential map, the function ϕU ′ ◦ f ◦ ϕ−1U : Θ −→ Γ,
which we will denote by g, is also differentiable. Ac-
cording to the Taylor expansion, we have γ′ = g(θ′) =
g(θ + dθ) = g(θ) + 5g(θ)dθ + Rg(dθ,θ) = γ +
Jdθ + Rg(dθ,θ), where γ′ is the coordinate of f(p′) un-
der the coordinate map ϕU ′ , J is the Jacobian matrix of the
function g at point θ and Rg(dθ,θ) is the remainder term
of linear approximation. Finally, according to the defini-
tion of pullback metric, we have limdθ→0

dG(γ)(γ
′,γ)

dG∗(θ)(θ
′,θ) =

limdθ→0
(Jdθ+Rg(dθ,θ))

TG(γ)(Jdθ+Rg(dθ,θ))

dθTJTG(γ)Jdθ
= 1. This

ends the proof.


