
000
001
002
003
004
005
006
007
008
009
010
011
012
013
014
015
016
017
018
019
020
021
022
023
024
025
026
027
028
029
030
031
032
033
034
035
036
037
038
039
040
041
042
043
044
045
046
047
048
049
050
051
052
053
054

055
056
057
058
059
060
061
062
063
064
065
066
067
068
069
070
071
072
073
074
075
076
077
078
079
080
081
082
083
084
085
086
087
088
089
090
091
092
093
094
095
096
097
098
099
100
101
102
103
104
105
106
107
108
109

Large-margin Weakly Supervised Dimensionality Reduction
(Supplementary Material)

1. Proof of Theorem 1
Theorem 1. Fix θ ≥ 0. For any preference pair (z1, z2) in low-dimensional space Z ⊂ Rd, which can be partitioned into
K disjoint sets, denoted by {Ci=1}Ki=1, assume that ‖z1 − z2‖ ∈ [a, b]. Given a linear preference learning algorithm A
{w : z → R} and ‖w‖ ≤W , we have for any s ⊂ Z ,

|`(As, z1, z2)− `(As, s1, s2)| ≤W
√
2b2 − 2a2 cos(θ)

∀ i, j = 1, · · · ,K : s1, z1 ∈ Ci and s2, z2 ∈ Cj ,

cos(z1 − z2, s1 − s2) ≥ cos(θ).

Hence A is (K,W
√

2b2 − 2a2 cos(θ))-robust.

Proof. We can partition Z into K disjoint sets so that if preference pairs (s1, s2) and (z1, z2) are close, then

cos(z1 − z2, s1 − s2) ≥ cos(θ).

Therefore,

|`(w, z1, z2)− `(w, s1, s2)|
= |[1− 〈w, z1 − z2〉]+ − [1− 〈w, s1 − s2〉]+|
≤ |〈w, (z1 − z2)− (s1 − s2)〉|
≤W‖(z1 − z2)− (s1 − s2)‖.

For the norm term, we have

‖(z1 − z2)− (s1 − s2)‖2

= ‖z1 − z2‖2 + ‖s1 − s2‖2 − 2〈z1 − z2, s2 − s2〉
≤ 2b2 − 2a2 cos(θ).

By combining the above results, the proof is completed.

2. Proof of Theorem 2
Theorem 2. If a preference learning algorithmA is (K, ε(·))-robust and the training sample s is composed of n preference
pairs {pi = (s1, s2)}ni=1 whose examples are generated from µ, then for any δ > 0, with probability at least 1 − δ, we
have,

|L(As)− `emp(As)| ≤ ε(s) + 2B

√
2K ln 2 + 2 ln(1/δ)

n
.

Proof. Let Ni be the set of index of points of s that fall into the Ci. (|N1|, · · · , |NK |) is a IID random variable with
parameters n and (µ(C1), · · · , µ(CK)). We have

|L(As)− `emp(As)|

= |
K∑
i=1

K∑
j=1

Ez1,z2∼µ(`(As, z1, z2)|z1 ∈ Ci, z2 ∈ C2)µ(Ci)µ(Cj)−
1

n2

n∑
i=1

`(As, p(i,1), p(i,2))|
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≤ |
K∑
i=1

K∑
j=1

Ez1,z2∼µ(`(As, z1, z2)|z1 ∈ Ci, z2 ∈ C2)µ(Ci)µ(Cj)

−
K∑
i=1

K∑
j=1

Ez1,z2∼µ(`(As, z1, z2)|z1 ∈ Ci, z2 ∈ C2)µ(Ci)
Nj
n
|

+ |
K∑
i=1

K∑
j=1

Ez1,z2∼µ(`(As, z1, z2)|z1 ∈ Ci, z2 ∈ C2)µ(Ci)
Nj
n
− 1

n2

n∑
i=1

`(As, p(i,1), p(i,2))|

≤ |
K∑
i=1

K∑
j=1

Ez1,z2∼µ(`(As, z1, z2)|z1 ∈ Ci, z2 ∈ C2)µ(Ci)(µ(Cj)−
Nj
n

)|

+ |
K∑
i=1

K∑
j=1

Ez1,z2∼µ(`(As, z1, z2)|z1 ∈ Ci, z2 ∈ C2)µ(Ci)
Nj
n

−
K∑
i=1

K∑
j=1

Ez1,z2∼µ(`(As, z1, z2)|z1 ∈ Ci, z2 ∈ C2)
Ni
n

Nj
n
|

+ |
K∑
i=1

K∑
j=1

Ez1,z2∼µ(`(As, z1, z2)|z1 ∈ Ci, z2 ∈ C2)
Ni
n

Nj
n

1

n2

n∑
i=1

`(As, p(i,1), p(i,2))|

≤ B|
K∑
j=1

(µ(Cj)−
Nj
n

)|+B|
K∑
i=1

(µ(Ci)−
Ni
n

)|+ | 1
n2

K∑
i=1

K∑
j=1

∑
a∈Ni

∑
b∈Nj

max
z∈Ci

max
z
′∈Cj

|`(As, z, z
′
)− `(As, sa, sb)||

≤ ε(s) + 2B

K∑
i=1

|Ni
n
− µ(Ci)|

≤ ε(s) + 2B

√
2K ln 2 + 2 ln(1/δ)

n
.

The first and second inequalities are due to the triangle inequality, and the third inequality is because of
∑K

i=1 µ(Ci) = 1

and
∑K

i=1
Nj

n = 1. Finally, the last inequality is the application of Proposition 1.


