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Abstract

PLMs have been studied such as decision/regression
trees [1], hierarchical mixtures of experts (HMEs) [2],
Bayesian treed linear models (BTLMs) [3], and more
advanced region-specific linear models [9, 10]. For example, regression trees employ partitions specified by
rule chains and constant-valued regressors while the
model proposed by [9] employs linear partition specifiers and linear classifiers.

Piecewise linear models (PLMs) have been
widely used in many enterprise machine
learning problems, which assign linear experts to individual partitions on feature
spaces and express whole models as patches
of local experts. This paper addresses simultaneous model selection issues of PLMs;
partition structure determination and feature
selection of individual experts. Our contributions are mainly three-fold. First, we extend factorized asymptotic Bayesian (FAB)
inference for hierarchical mixtures of experts
(probabilistic PLMs). FAB inference oﬀers
penalty terms w.r.t. partition and expert
complexities, and enable us to resolve the
model selection issue. Second, we propose
posterior optimization which significantly improves predictive accuracy. Roughly speaking, our new posterior optimization mitigates accuracy degradation due to a gap between marginal log-likelihood maximization
and predictive accuracy. Third, we present
an application of energy demand forecasting
as well as benchmark comparisons. The experiments show our capability of acquiring
compact and highly-accurate models.
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A practical requirement to PLMs is compact and interpretable representation in terms of both partitions and
experts as well as high predictive performance. If the
partition structure is too complex (e.g., decision tree
with deep rule chains), it’s very diﬃcult to understand
the meaning of the model, and it eventually loses important advantage (interpretability) over highly nonlinear models like kernel machines [18, 19]. Furthermore, it is significant to make individual linear experts
suﬃciently sparse since locally-significant features may
be diﬀerent among local regions and capturing such
a local feature structure gives us better understanding about data generation processes. We refer to such
PLMs with sparse linear experts as piecewise sparse
linear models (PSLMs). For learning PSLMs, a challenging model selection problem must be addressed; simultaneous partition-structure determination and feature selection for individual experts. To the best of our
knowledge, this simultaneous optimization has not yet
been well studied and remained to be accomplished.
This paper addresses the above described model selection issue of PSLMs, and our contributions are mainly
three-fold as summarized below.

Introduction

Piecewise linear models (PLMs) have been widely used
in many enterprise machine learning problems [13, 14,
15] which assign linear experts to individual partitions
on feature spaces and express whole models as patches
of local experts. Depending on how they characterize partitions and their local linear experts, various

FAB Inference for HMEs This paper employs
HMEs, which is one of the most well-studied probabilistic piecewise models [16, 17], with probabilistic
rule-based partitions. We extend factorized asymptotic Bayesian (FAB) inference for HMEs, which is a
recently-developed Bayesian approximation inference
for latent variable models such as mixture models [4],
hidden Markov models [5], and latent feature models [6]. In FAB/HMEs, two L0 -regularization eﬀects
are naturally induced: 1) structure-level regularization
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which penalizes the complexity of the partition structure, and 2) expert-level regularization which enforces
sparseness to individual experts. By the combination
of the shrinkage step in FAB procedure and an advanced L0 greedy optimization algorithm (the forwardbackward greedy algorithm; FoBa [7]), FAB/HMEs
simultaneously identify the partition structure and
sparseness of individual experts. It is worth noticing
that the optimization of FAB/HMEs starts from the
suﬃcient number of experts (e.g., O(log N ), where N
is the number of samples.) and there is no sensitive
tunable hyper-parameters, and we can obtain PSLMs
in a fully-automatic manner.

a rule-chained (treed) partition structure so that the
learned partition structure is practically understandable. BTLMs [3] are also one of the divide-andconquer models and have hard-partition structures like
RegTree, but local experts represent generalized linear models. The partition structures of BTLMs are
explored by the Markov chain Monte Carlo search.
Recently, the algorithms named local supervised learning through space partitioning (LSL-SP) [9] and costsensitive tree of classifiers (CSTC) [10] are developed.
LSL-SP is only available for classification. The target
of CSTC is test-time speed up rather than our target
(PSLMs as interpretable and accurate models.)

Improved Posterior Optimization We develop
an algorithm to mitigate a gap between the FAB objective function (factorized information criterion; FIC)
and our true objective one (predictive error). Roughly
speaking, the gap arises because the model optimization is done on posterior expectation while prediction
is done using prior. We introduce a projection step in
posterior optimization, which minimizes distance between posterior and prior, by keeping guarantee of FIC
monotonic increase over FAB EM iterations. In addition, we completely match posterior and prior as postprocessing. We show that these two heuristics significantly improve predictive accuracy in comparison with
naive FAB/HMEs.

FAB for Mixture Models Suppose we have observation data xN = x(1) , · · · , x(N ) where x(n) ∈ RD .
Let us denote latent variable corresponding to xN as
z N = z (1) , · · · , z (N ) where z (n) ∈ {1, 0}C is an indicator vector which means that a mixture component
generates x(n) . FIC is derived as an asymptotic approximation of marginal log-likelihood as follows:
{ [
DZ
F IC mm := max Eq log p(xN , z N |θ̄) −
log N
q
2
}
∑ (n) ]
∑ Dk
log
(1)
−
zk + H(q) ,
2
n
k

where q(z N ) is a variational distribution on z N ; and
θ is a model parameter; θ̄ is the maximum likelihood
estimator (MLE) of p(xN , z N |θ)1 ; DZ and Dk are the
parameter dimensionalities of p(z N ) and pk (xN |zkN );
H(q) is the entropy of q(z N ). The most important
∑ (n)
term in F IC mm (1) is log( n zk ), which oﬀers such
theoretically desirable properties for FAB inference as
automatic shrinkage of irrelevant latent variables and
parameter identifiability [4].

Application to Energy Demand Forecasting
We demonstrate capability of FAB/HMEs in application to a building energy demand forecasting problem.
We show that FAB/HMEs oﬀer a simple but highlyaccurate forecasting model, which captures reasonable
energy usage trend. In addition to energy demand
forecasting, we present experimental results on benchmark and simulation datasets which show the superiority of FAB/HMEs over the other PLMs.

2

Direct optimization of F IC mm is diﬃcult because: (i)
∑ (n)
evaluation of Eq [log n zk ] is computationally infeasible, and (ii) the MLE is not available in practice.
Instead, FAB optimizes a tractable lower bound of
∑ (n)
an FIC [4]. For (i), since − log n zk is a convex function, its linear approximation at N rk > 0
∑ (n)
yields the lower bound − log n zk ≥ −{ log N rk +
∑ (n)
( n zk /N − rk )/rk }, where 0 < rk ≤ 1 is a linearization parameter. For (ii), since, from the definition of the MLE, the inequality log p(xN , z N |θ̄) ≥
log p(xN , z N |θ) holds for any θ, we optimize θ along
with q. Alternating maximization of the lower bound
with respect to q, θ, and rk guarantees a monotonic
increase in the FIC lower bound [4].

Related Work

Piecewise Linear Models The most well-studied
precursors of PLMs are regression tree models (RegTrees) [1], in which partitions are specified by
chains of rules and local experts are constant-valued.
Although the representation of RegTree is highly interpretable, predictive abilities of individual experts are
not high and the tree depth tends to be large in order to achieve good prediction performance. HMEs [2]
adopt a divide-and-conquer strategy for constructing
piecewise models. Their treed-partition structure is
determined by “gating” functions, which are probabilistic soft-partitioning functions. Although HMEs
can express any partition structures by designing the
(probabilistic) gating functions, this paper employs

1
While p(xN |θ) is a non-regular model, p(xN , z N |θ) is
a regular model[22].

239

Riki Eto, Ryohei Fujimaki, Satoshi Morinaga, Hiroshi Tamano

path down to the j-th expert node, and then generate a
target value by the probabilistic model explained next.
The conditional distribution of the j-th expert (linear regression regressors, i.e., y = wjT x + ε with i.i.d.
Gaussian noise ε ∼ N (ε|0, σj2 )) is given by p(y|x, φj ),
that is,
p(y|x, φj ) = N (y|wjT x, σj2 ),

Figure 1: An example of HMEs model.
ձ

where φj = (wj , σj2 ). We here omit the bias term for
notational simplicity. Let us denote regression target
as y N = y (1) , · · · , y (N ) where y (n) corresponds to x(n) .

ղ

Let us here define a few notations. Let us first introduce the i-th gating index set, Gi (i = 1, . . . , G), and
the j-th expert index set, Ej (j = 1, . . . , E). Gi contains all indices of the expert nodes on the sub-tree
of the i-th gating node. Ej contains all indices of the
gating nodes on the unique path from the root node
to the j-th expert node, which is called the j-th path.
For example, in Fig. 1, G2 = {2, 3} and E3 = {1, 2}.
Also, let us define a function ψ as follows:

Figure 2: An example of Bernoulli Gating Node.

3

Piecewise Sparse Linear Regressors
with FAB/HMEs

3.1

Hierarchical Mixtures of Experts

{

HMEs models are extensions of mixture of experts
models [20] and are represented in tree structures, in
which experts are mixed according to gating functions. Fig. 1 shows a rough sketch of a HMEs
model. Inputting x to the top gating node, the gating nodes (squared nodes) select an appropriate expert
node (a circled node) for prediction, in a soft decision
tree manner.

ψ(a, i, j) :=

a if the j is in the left sub-tree of i
1 − a otherwise

,

ψg (x, i, j) := ψ(g(x, αi ), i, j).
Then, HMEs models are defined as follows:
E ∏
∑

p(y|x, θ; γ) =

The i-th gating node has an associated binary variable
zi ∈ {0, 1} of x and y, where zi = 1 means the data is
generated from one of experts in the left-side branches,
and zi = 0 vice versa. As far as we know, most studies
using HMEs have employed the sigmoid gating function. However, for learning HMEs, we typically need
EM-like iterative optimization, and therefore the sigmoid function is relatively computationally-expensive
to optimize in each single iteration. Alternatively, this
paper employs the following Bernoulli gating function:

ψg (x, i, j)p(y|x, φj ),

(5)

j=1 i∈Ej

where θ = (β1 , . . . , βG , φ1 , . . . , φE ) and γ =
(γ1 , . . . , γG ) represents models of gating nodes. We
define the latent variable related to the j-th path as:
∏

ζj :=

ψz (i, j) ∈ {0, 1},

(6)

i∈Ej

where ψz (i, j) := ψ(zi , i, j). We get conditional distributions as follows:

g(x, αi ) := gi U (ti − x[γi ]) + (1 − gi )U (x[γi ] − ti ),
(2)

p(y N |ζ N , xN , φ) =

where gi ∈ R satisfy [0, 1], U is the step function, γi
is the index w.r.t. the elements of x, ti ∈ R is an
arbitrary value and βi = {gi , ti }. For example, when
x[γi ] < ti , g(x, αi ) = gi and otherwise g(x, αi ) = 1 − gi
as shown in Fig. 2. The probability of zi is given by:
pg (zi |x, βi ; γi ) = g(x, αi )zi [1 − g(x, αi )]1−zi ,

(4)

E
∏

N

p(y N |xN , φj )ζj ,

(7)

j=1

p(ζ N |xN , β; γ) =

N ∏
E ∏
∏

(n)

ψg (x(n) , i, j)ζj ,

(8)

n=1 j=1 i∈Ej

where φ = (φ1 , . . . , φE ), β = (β1 , . . . , βG ). Prediction
is done through the gating functions as follows:

(3)

where the function g(x, αi ) is referred to as the gating
function parameterized by αi = (βi , γi ). Starting at
the top of the tree, we thereby stochastically choose a

ŷ = wjT∗ x

240

where j ∗ = arg max
j

∏
i∈Ej

ψg (x, i, j). (9)
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3.2

Algorithm 1 Optimization of Bernoulli Gating function

FIC and FAB for HMEs

(n)

Input: xN , q (t) (ζj )

By following a standard derivation procedure of FIC,
we obtain F IC hme as follows:
G (
{ [
∑
F IC hme (θ, q) = max Eq log p(y N , ζ N |xN , θ̄) −
q

(t)

i=1

)

}
∑ (n)
Dφj
Dβi
(n)
log
log
ζj
−
ζj
+ H(q) .
2
2
n=1
n=1
j=1
N
∑

E
∑

]

N
∑

j∈Gi

(t)

Output: γi , βi
1: for γi in the dimension of xN do
2:
for ti in the domain of xN do
(t)
3:
Calculate gi by (16).
4:
end for
5: end for
(t)
(t)
6: Choose γi , βi by (15).

(10)
As with the case of mixture models (1), F IC hme is not
available in practice, and we employ the lower bounding techniques (i) and (ii). FAB E-step and M-step
are derived as follow by maximizing the lower bound
of F IC hme . Hereinafter, we refer to the lower bound
hme
or merely F ICLB and let the superscripas F ICLB
tion (t) represents the t-th iteration.

About details of these optimization, we describe in the
subsections 3.3 and 3.4.
FAB Shrinkage Step As is shown in FAB E-step,
smaller and more complex paths are likely to become
smaller. FAB removes such “non-eﬀective” experts
from the model as follows:
{
(t)
0 if Nφj < δ
(t) (n)
q (ζj ) =
, (14)
(n)
(t)
q (t) (ζj )/Qj
otherwise

Note that the following FAB EM iteration monotonically increases F ICLB , and therefore we employ
(t)
(t−1)
F ICLB − F ICLB < δ as the condition of algorithm
termination.

(t)

where δ and Qj are a threshold value and a normal∑E
(n)
ization constant for j=1 q (t) (ζj ) = 1.

FAB E-step The E-step optimizes the variational
distribution q as follows:
∏
(t−1)
(n)
)
q (t) (ζj ) ∝
ψg(t−1) (x(n) , i, j)p(y (n) |x(n) , φj
i∈Ej

exp

{ ∑ −D
βi
(t−1)

i∈Ej

+

2Nβi

(t)

−Dφj }
,
(t−1)
2Nφj
(t)

This shrinkage step addresses one of our model selection issues, i.e., partition structure determination.
Starting from a symmetric tree with a suﬃciently large
number of experts, FAB/HMEs gradually remove irrelevant experts in this shrinkage step.

(11)

3.3

(t)

where ψg (x(n) , i, j) = ψ(g(x(n) , αi ), i, j), Nβi =
∑N
∑N ∑
(t)
(t) (n)
(t) (n)
n=1 q (ζj ).
n=1
j∈Gi q (ζj ) and Nφj =
Similar to the other FAB algorithms [4, 5, 6], the
FAB unique regularization
as exponen{ ∑ eﬀect appears−D
}
−Dβi
φj
tiated form, i.e., exp
+
. This
(t−1)
(t−1)
i∈Ej
2Nβ

i

2Nφ

Algorithm 1 solves (12) which is rewritten as follows:
[ ∑ { ∑
(n)
(t)
(t)
q (t) (ζj ) log(1 − gi )
γi , βi = arg max
γi ,βi

j

+

regularization penalizes smaller and more complex experts, and eventually such experts are likely to become smaller. This makes it possible to prune the
tree-structure naturally.

+

(t)

(t)

n=1 j∈Gi

}
Dβ i
(t)
log(Nβi ) ,
(12)
2
N
{∑
(n)
= arg max
q (t) (ζj ) log p(y (n) |x(n) , φj )
Sj ,φj

q

(t)

n∈Tli

(n)
(ζj ) log gi

∑

}

+

j∈GiL

∑ { ∑
n∈Tsi

(n)
q (t) (ζj ) log(1

}]
− gi ) ,

(n)

q (t) (ζj ) log gi

j∈GiL

(15)

j∈GiR

−

Sj , φ j

∑
j∈GiR

FAB M-step The M-step optimizes the models of
expert and gating nodes: S, γ and the parameter θ as
follows:
N ∑
{∑
(t)
(t)
γi , βi = arg max
q (t) (ζj (n) ) log ψg (x(n) , i, j)
γi ,βi

Gating Function Optimization

where Tli , Tsi are the sets of samples whose the γi -th
dimension is larger or smaller than ti , GiL contains
all indices of the expert nodes on the left sub-tree of
the i-th gating node and GiR is similarly defined for
the right sub-tree of the i-th gating node. At line3,
(15) has the analytic solutions with given γi and ti as
follows:
}
∑ ∑
1 { ∑ ∑ (t) (n)
(t)
(n)
q (ζj ) +
gi = (t)
q (t) (ζj ) .
Nβi n∈Tsi j∈GiL
n∈Tli j∈GiR
(16)

n=1

−

}
Dφj
(t)
log(Nφj ) .
2

In practical implementation, we calculate the
attribute-wise sort before the FAB EM itera-

(13)
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Algorithm 2 FoBa for FAB M-step

tion (O(N log N )). Then, (16) can be solved with
O(N ) time complexity.
3.4

Input: y N , xN , q (t) (ζ (n) ), σ 2
Output: w∗
1: Let F (0) = ∅, w(0) = 0, k = 0
2: while TRUE do
3:
%% forward step
(k)
4:
i(k) = arg maxi∈F
, σ 2 )i |
/ (k) : |∇w Q(w
(k+1)
(k)
(k)
(k+1)
5:
F
= F ∪ {i }, w
= φ̂(F (k+1) )
6:
k =k+1
7:
%% stopping determination
(t)
8:
if Q(w(k−1) , σ 2 ) − Q(w(k) , σ 2 ) ≤ log(Nφj )/2
then
9:
k = k − 1 and break
10:
end if
11:
%% backward step
12:
while TRUE do
(k)
13:
if mini Q(w(k) − wi ei , σ 2 ) − Q(w(k) , σ 2 ) >
(t)
log(Nφj )/2 then
14:
break
15:
else
(k)
16:
i(k) = arg min Q(w(k) − wi ei , σ 2 )

Sparse Optimization of Linear Regressors

In (13), Dφj is the dimensionality of φj given Sj and
can be rewrite using the L0 -norm of φj as Dφj =
||wj ||0 + 1 (we should add the dimensionality of σj2 ).
Then, we transform (13) to the following feature selection problem with the sparse constraint:
(t)

wj = arg min Q(wj , (σj2 )(t−1) )
wj

s.t. ||wj ||0 ≤ K,
(17)

2(t)
σj

= arg

(t)
min Q(wj , σj2 ),

(18)

σj2

Q(wj , σj2 ) = −

N
∑

(n)

q (t) (ζj ) log p(y (n) |x(n) , wj , σj2 ),

n=1

(19)
where K is a constant corresponding to the regular(t)
ization term Dφj log(Nφj )/2.

i

17:
k =k−1
18:
F (k) = F (k+1) − {i(k+1) }, w(k) = φ̂(F (k) )
19:
end if
20:
end while
21: end while
22: w∗ = w(k)

We solve the L0 -regularized feature selection problem
(17) by applying the forward backward greedy (FoBa)
algorithm [7, 8] since it oﬀers the tightest upper
bounds of feature selection error, estimation error, and
objective error. Although the upper bounds for the
original FoBa algorithm have been derived for (nonweighted) least square regression, we can achieve the
same bounds by slightly modifying the proofs of [8] (we
omit the details because of space limitation).

single expert which maximizes the “gating probability”. However, in the FAB M-step, each expert is optimized using variational posterior (i.e., q(ζ N )). This
gap between predictive objective and FIC maximization causes predictive performance degradation. This
paper introduces two techniques for filling this gap.
A key idea behind both techniques is to match the
variational posterior q(ζ N ) and the gating probability
p(ζ N |xN , β; γ).

The FoBa algorithm of (17) is described in Algorithm 2 (for notational simplicity, we omit the index
j in Algorithm 2). In Algorithm 2, the superscription
(k) represents the iteration number of FoBa, F (k) is
the index set of non-zero elements of w(k) , ei is the
natural base of the i-th feature, and φ̂(F (k) ) is the
minimizer of Q(wj , σj2 ) under the constrains that the
elements of wj outside F (k) are zero. ∇wj Q(wj , σj2 ) is
gradient of Q(wj , σj2 ) w.r.t. wj , i.e.,
∇wj Q(wj , σj2 ) =

N
∑

(n)

q (t) (ζj )

n=1

Projection E-step In stead of maximizing F ICLB
like (11), by following the idea of the generalized EM
(GEM) algorithm [21], our new E-step updates the
variational posterior such that F ICLB (θ(t−1) , q (t) ) >
F ICLB (θ(t−1) , q (t−1) ) holds. Although the GEM algorithm is motivated to make optimization problems
tractable, our new E-step is motivated to fix the gap
between q(ζ N ) and p(ζ N |xN , β; γ).

1
(wT x(n) − y (n) )x(n) .
σj2 j
(20)

Note that we do not need
In each M-step (and for
automatically adjust the
(t)
log(Nφj )/2, depending on
3.5

to manually set K in (17).
each expert), FAB/HMEs
value of K, equivalently
q (t) .

(t)

Let us define ρ = (ρ(1) , . . . , ρ(n) ) and qρ (ζ (n) ) =
ρ(n) q (t) (ζ (n) ).
The following lemma describes
a function which satisfies F ICLB (θ(t−1) , q (t) ) >
F ICLB (θ(t−1) , q (t−1) ).

Improving Posterior Optimization

Although the inference of the FAB/HME algorithm
works as expected, it might have an issue for prediction. The predictive function (9) is defined to used a

(t)

(t−1)

Lemma 1 F ICLB (θ(t−1) , qρ
+ q1−ρ )
F ICLB (θ(t−1) , q (t−1) ) holds with any ρ(n) ∈ [0, 1].
242
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Algorithm 3 Projection E-step
N

(t−1)

summarized as follows. First, we update the branching
probabilities as follow:
{
1 if gi > 0.5
hard
.
(23)
gi
=
0 otherwise

(t−1)

Input: x , q
,θ
Output: q (t)
1: Calculate q (t) (ζ N ) by (11).
(t)
2: Calculate qgate (ζ N ) = p(ζ N |xN , β (t) ; γ (t) ) by (12).
3: Calculate ρ(n) by (21).
4: if 0 < ρ(n) < 1 then
5:
Update q (t) (ζ (n) ) by (22).
6: end if

(n)

4

Proof Because of additive form of F ICLB in terms of
(t−1)
(t)
q, we can decompose F ICLB (θ(t−1) , qρ + q1−ρ ) as:
(t−1)

F ICLB (θ(t−1) , qρ(t) + q1−ρ )
= F ICLB (θ

, qρ(t) )

≥ F ICLB (θ

(t−1)

, qρ(t−1) )

Experiments

We employed δ = 10−5 (termination condition) and
 = N × 10−2 (shrinkage threshold). The number of
initial experts was 32 (5-depth symmetric tree). Observation and target values were standardized in advance. We denote FAB/HMEs with the projection Estep and hard-gate post-processing as FAB/HMEs+ .

Figure 3: Geometric interpretation of the projection
E-step.

(t−1)

4.1

+ F ICLB (θ

(t−1)

(n)

With gihard , q hard (ζj ) = p(ζj |x(n) , β hard ;γ) ∈
{1, 0} is satisfied, where β hard = (gihard , ti ). Then,
(n)
with q new (ζj ), we re-optimize the gates and experts
by (12) and (13), and re-update the branching probabilities by (23). After this post-processing, the branching probabilities which values are 0 or 1 provide hardpartitioning, and therefore we refer to this procedure
as hard-gate post-processing.

(t−1)
, q1−ρ )

Artificial Simulation

We first demonstrate how the model selection of
FAB/HMEs+ works using simple artificial data. The
true tree structure is described in Fig. 4, which has
5 experts and each expert uses 2-4 features. On
the i-th gating node, gi was fixed to 1, γi and ti
were randomly selected from [1, D] and [0, 1], respectively. On the j-th expert, the non-zero elements of
wj were randomly sampled from [0, 1]. xN and y N are
sampled from Uniform[0, 1] and N (y (n) |wjT x(n) , 0.1),
where N = 3000 and D = 10.

(t−1)

+ F ICLB (θ(t−1) , q1−ρ )

= F ICLB (θ(t−1) , q (t−1) )
Algorithm 3 summarizes our new E-step which we refer to as the projection E-step. We first calculate
(t)
q (t) (ζ N ) and qgate (ζ N ) (line1 and line2). Then, we calculate ρ by minimizing L2 distance between q (t) (ζ N )
(t)
and qgate (ζ N ) as follows:

(t)

ρ(n) =

Fig. 4 illustrates F ICLB (top) and estimated expert
coeﬃcient matrix (bottom) over the FAB EM iteration. At t = 1, 32 experts were randomly initialized.
Over the EM iteration (t = 5, 11), FAB/HME+ simultaneously selected a partition structure and expert
sparseness, and it successfully recovered experts’ signals and the tree partition structure at the convergence
(t)
point (t = 18). F ICLB monotonically increases except
two points (dashed circle and square) where the shrinkage operation and post-processing were conducted.

(21)

(t)

(qgate (ζ (n) ) − q (t−1) (ζ (n) ))T (q (t) (ζ (n) ) − q (t−1) (ζ (n) ))
.
kq (t) (ζ (n) ) − q (t−1) (ζ (n) )||22
On the basis of Lemma 1, for all n satisfying 0 < ρ(n) <
1, we update q (t) (ζ (n) ) as follows:
(t)
qnew
(ζ (n) ) = ρ(n) q (t) (ζ (n) ) + (1 − ρ(n) )q (t−1) (ζ (n) ).
(22)
(t)

As Fig. 3 explains, qnew (ζ (n) ) calculated by (22) is an
(t)
orthogonal projection of qgate (ζ (n) ) onto the interval
between q (t) (ζ (n) ) and q (t−1) (ζ (n) ).

4.2

Benchmark Evaluation

We compared FAB/HMEs, on 9 regression datasets in
LIACC repository [12] and UCI repository [11], with
EM/HMEs, BTLMs2 , RegTree3 . Also, support vector

Hard-Gate Post-Processing Although the projection E-step mitigates the gap, it cannot completely
fix the gap. We employ a heuristic post-processing after the FAB EM iteration converges. The procedure is

2
3
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gate1
gate3

gate2

iteration: t

gate4
expert1 expert2

expert5

expert3 expert4

t = 18

t = 11
t=5

True model
t=1

Figure 4: Model selection procedure of FAB/HMEs+ . Binary maps represent the (intermediate) estimated
coeﬃcients of experts, where the rows and columns mean the number of experts and that of features, respectively.
regression with RBF kernel (RBF-SVR)3 [23] was compared in order to evaluate performance degradation
from highly-non-linear regression model (in general,
non-linear regression is better in performance than
PLMs.) We used 2-loop cross validation with 10-fold
outer loop for evaluating test RMSE and 3-fold inner
loop for parameter selection. Note that FAB/HMEs do
not need 2-loop cross validation and have advantage in
computational eﬃciency while we did not evaluate it
because of implementation diﬀerence.

Table 2: Comparison of model complexities (average
over 9 benchmark datasets).
num of experts
cardinality
total

BTLMs
12.7
33.0
419.1

RegTree
97.0
1.0
97.0

prediction accuracy. For example, in energy demand
forecasting which is demonstrated in this paper, we
can control energy generation on the basis of forecasting results (high predictive accuracy). Further,
the forecasting model itself would be useful for energy generation planning (interpretable model representation). FAB/HMEs’ compact representation for
the latter contribution is one of significant features in
this kind of applications.

Table 1 and 2 summarize test RMSEs and complexities
of learned models. We observe:
• For all datasets, FAB/HMEs+ was significantly better than FAB/HMEs and we confirmed the eﬀect of
our improved posterior optimization.
• FAB/HMEs+ and BTLMs performed competitively
with each other w.r.t. test RMSE. They performed
better than EM/HMEs and RegTree.
• FAB/HMEs+ obtained the most compact representations. The number of experts was much smaller
than RegTree and expert cardinality was much
smaller than BTLMs.
• Except kin8nm and pol, FAB/HMEs+ performed
slightly worse than RBF-SVR, but the diﬀerence
was not significant. For puma32H, FAB/HME+ performed even better than RBF-SVR.

Data Description We collected energy consumption of an oﬃce building for which we would like
to make hourly demand forecasting in order to control/plan energy generation. We have 14 attributes;
day of the week (7 binary attributes), time (1 integer attribute ranging in [0, 23]), holiday status (1 binary attribute), and power[i] (5 numeric attributes,
i.e., i = 0, −1, . . . , −4). The task is to predict power[1]
(energy consumption of 1 hour ahead). We have 3500
samples (roughly 5 months) for training and 1000 samples (roughly 1.5 months) for testing.

In summary, the results indicate that FAB/HMEs+
achieved close-to-best performance with the simplest
model representation.
4.3

FAB/HMEs+
9.7
5.1
49.5

Result and Discussion Table 3 summarizes quantitative comparisons of FAB/HMEs+ , BTLMs and
RegTree. With respect to test RMSE, FAB/HMEs+ is
slightly better than the others. Further, the number of
experts and total complexity of FAB/HMEs+ is much
smaller than those of BTLMs and RegTree. Fig. 5 and
Table 4 illustrate the learned forecasting model. We

Energy Demand Forecasting

Motivation One of important and typical industrial applications of FAB/HMEs is demand forecasting. In real world demand forecasting projects, we
are often required to explain how our demand forecasters predict target values as well as to achieve high
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Table 1: Comparison of test RMSEs. The numbers shown in parentheses are standard deviations. The best and
second best piecewise linear methods are highlighted in bold and bold italic faces, respectively.
data
abalone
ailerons
bank32nh
cal-housing
communities
comp-active
kin8nm
pol
puma32H

sample
4177
13750
8192
20460
1994
8192
8192
15000
8192

dim
8
40
32
8
99
22
8
48
32

FAB/HMEs
0.80(0.01)
0.47(0.03)
0.93(0.05)
0.66(0.05)
0.73(0.06)
0.18(0.05)
0.89(0.07)
1.22(0.02)
0.35(0.03)

FAB/HMEs+
0.68(0.03)
0.41(0.02)
0.68(0.03)
0.56(0.02)
0.63(0.04)
0.14(0.01)
0.67(0.03)
0.43(0.14)
0.33(0.03)

EM/HMEs
0.70(0.03)
0.62(0.02)
0.69(0.04)
0.61(0.03)
0.60(0.00)
0.54(0.07)
0.77(0.06)
0.77(0.00)
0.76(0.03)

Table 3: Comparison of test RMSE and model complexities (energy demand forecasting).
+

RMSE
num of experts
cardinality
total

FAB/HMEs
0.195
6
4.5
27

BTLMs
0.211
11
14
154

RegTree
0.197
256
1
256

Monday

gate2

No
gate3
Time in [19, 23]

Power[0] > -1.0

Yes

No

gate4

Yes

expert2

Yes

expert3

RBF-SVR
0.66(0.04)
0.40(0.01)
0.67(0.03)
0.48(0.01)
0.59(0.04)
0.17(0.02)
0.28(0.01)
0.24(0.01)
0.46(0.03)

1
0.17
-0.16
1.46
-1.13
0.65
-0.19
0.65
0
0
0
0
0
0
0

2
0.31
-0.43
0
0
0.36
0
0
0
0
0
0
0
0
0

3
0.29
-0.20
0.41
0
0
0
0
0
0
0
0
0
0
0

4
0
0
0.83
0
0.29
0
-0.19
0
0.17
0.07
0.14
0
0
0

5
0
-0.29
0.61
0.05
0
0
0
0
0
0
0
0
-0.28
-0.21

6
0
-0.16
0.76
0
0
0
0
0
0.05
0
0
0
0
0

gate5

Time in [9,18]

Saturday

expert1

No

RegTree
0.72(0.05)
0.46(0.00)
0.78(0.01)
0.64(0.00)
0.65(0.00)
0.19(0.02)
0.73(0.03)
0.19(0.00)
0.36(0.01)

Table 4: Coeﬃcients of learned model.
expert
Time
Holiday
Power[0]
Power[-1]
Power[-2]
Power[-3]
Power[-4]
Mon
Tue
Wed
Thu
Fri
Sat
Sun

gate1

Yes

BTLMs
0.67(0.04)
0.43(0.01)
0.68(0.04)
0.53(0.03)
0.60(0.03)
0.17(0.02)
0.55(0.04)
0.59(0.05)
0.35(0.17)

No

expert4

expert5

5

No

Yes

Summary and Future Work

This paper addressed the model selection issue of
PSLMs by extending FAB to HMEs. FAB/HMEs enable us to simultaneously select of a partition structure and local experts’ sparsity and oﬀer compact but
highly-accurate PSLMs. Also, our new “projection”
E-step and “hard-gate” post-processing further improve predictive accuracy by fixing the gap between
a predictive objective and FIC maximization. In addition to simulation and benchmark experiments, we
confirmed the capability of FAB/HMEs in application
to a real-world building energy demand forecasting
problem.

expert6

Figure 5: Tree structure of learned model.

can give the following interpretation for this model.
• Since the target is an oﬃce building, the energy
consumption largely changed between weekday and
weekend. FAB/HMEs+ distinguished Monday and
Saturday with the others by gate1 and gate4, since
they are change points. Expert1, expert2 and expert3 correspond to Monday and Saturday.
• Expert4 and expert6 correspond to time before/after working hour. Since very few people work
in this time, the changes of hourly energy consumption are small. Therefore, power[0] is dominant.
• Expert5 is for working hour. Weekend and holidays consume less energy, which appear as negative
weight values.

A few important studies remain as our future study.
While this paper focused on piecewise sparse linear regression, FAB/HMEs as piecewise sparse linear classification are also promising. Technically, the Mstep (L0 regularization for classification) is the most
challenging and a FoBa extension for smooth convex
loss functions [24, 25] may address the issue. Another important direction is computational eﬃciency.
[16, 17] proposed HME learning algorithms using growing strategies rather than EM-iteration. It is interesting to integrate such ideas into FAB/HMEs learning.

Since there are only 5 gates and experts use roughly
5 features on average, the model interpretation of
FAB/HMEs+ is much easier than the others.
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