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A PROBABILITY THEORY

A.1 Coupling

The proof of Theorem [I| requires a theoretical con-
struction known as coupling. For random variables
¢ and ¢®, with respective distributions P and Q
over a sample space §2, a coupling is any joint distri-
bution P for (¢™M), ¢?)) such that the marginals P(¢(1)

and I@’(C (2)) are equal to P and Q respectively.

Using a construction due to |Fiebig (1993)), one can
create a coupling of two sequences of random vari-
ables, such that the probability that any two corre-
sponding variables are different is upper-bounded by
the ¥-mixing coefficients in Definition[7] The following
is an adaptation of this result (due to |[Samson) [2000)
for continuous domains.

Lemma 1. Let P and Q be probability measures on a
sample space 2, with strictly positive densities with re-
spect to a reference measure on 2. Let ((1) = ((1(-1))‘;\’:1

and C(2) = (CJ(_2))§§/=1 be random variables with re-
spective distributions P and Q. Then there exists a
coupling P of (C(l),C(2)), with marginal distributions
P¢M) = P¢Y) and P(¢P) = Q¢®), such that,
for any j € [N],

B # ¢} < il - @i

)
TV

where P {Cj(.l) #+ CJ(.2)} is the marginal probability that
Qj(l) =+ C;Q), under P.

Note that the requirement of strictly positive densities
is not restrictive, since one can always construct a pos-

itive density from a simply nonnegative one. We defer
to [Samson| (2000) for details.

A.2 Proof of Theorem (1]

Recall that B C Z™ is the subset of “bad” inputs.
For every i € [n], there exists a set of “bad starts”
for which the probability that Z is bad is higher than
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some threshold A\ € [0,1]. More formally, for z € Z¢,
let
I/ZT(Z) é]P){Z EB‘Zm(l:i) :Z}. (6)
and let _
CiE{zecZ ] (z) > \} (7)

denote the set of bad starts. Let B; £ C; x Z*~* denote
the set of inputs that have bad starts, and note that
Z € B; if and only if Z; (1.5 € C;. Using the chain
rule, we have that
v >P{Z € B}

> P{{Z e B} n{Z € B;}}

=P{ZeB|ZecB,}P{Zc B,;}

> lgcf v (z)P{Z € B;}

> A\P{Z € B;}; (8)

therefore, P{Z € B;} < v/A. We then define a new
set of “bad” inputs, By £ |JI_, B;. Note that B, = B,
so B C By. Via the union bound and Equation [8] we
obtain

- nv
P{Z € By} < ;IP’{Z €Bi} <+
What remains is to upper-bound
E {erw(m—ﬁwzn) |Z ¢ Byl . (9)

To do so, we use McDiarmid’s method of bounded dif-
ferences (McDiarmid} [1989)). We define a Doob mar-
tingale difference sequence

Vi® £ E9(Z) | Zry 1)) — E[9(2) | Z, -],
where V™ £ E[p(Z) | Z,,(1)] — E[¢(Z)]. Observe that
E[V;"] = 0 and

Z V™ = ¢(Z) — E[p(Z)].

If V™ is bounded, then the moment-generating func-
tion, E [eTWr |Z ¢ B,\], can be upper-bounded using
Hoeffding’s lemma (Hoeffding, |1963)).
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Lemma 2. If¢ is a random variable, such that E[¢] =
0 and a < & < b almost surely, then for any T € R,

E["€] < exp (72("8“)2> |

Thus, if we can show that

sup V™ — inf V"
— ( E[p(Z) | Zr,1:i) = (2,2)] )
zezi—l _E[@(Z> | Z'rri(l:i) = (Za z )]
2,2/ €Z
< Ci, (10)

then we have that
E [g(so(zrw(zm 1Z ¢ BA}

=E|e™ i Vit

}

=F [eT TSR {eVﬁ' | Zﬂ—i(l'nfl)] |Z ¢ BA}

<E _67—2?;11 Vit | Z & B)\} e

:| n+“n l

VI Z € By e

S E VeT Z?;E

2y 2
< exp <728—1C> (11)

via the law of total expectation and Lemma[2] When
Z1,..., 2, are mutually independent, this is straight-
forward; it becomes complicated when we relax the
independence assumption.

To bound each V;™, we use Lemma [I| to construct a
coupling that bounds the ¢; coefficient in Equation
using the mixing coefficients and the smoothness of .
Fix any z € 2! and 2,2’ € Z, and let N £ n —i.
(Recall that, by Equation [9] (z,2) ¢ C; and (z,2) ¢
C;; this will be important later on.) Define random
variables ¢V £ (C(l)) Y, and ¢ £ (C(z )My, with

coupling distribution P such that

HAD(C(I)) £P (Zﬂi(i+1!n) | Zm(l:i) = (Z, Z))
and P(C?) £ P(Zr, it 1m) | Zry1:) = (2.2)) - (12)

In other words, the marginal distributions of C(l)
and ¢ @) are equal to the conditional distributions of
er,;(iJrl:n) given Zm(l:i) = (Z,Z) and Zﬂ’i(l:i) = (Z,Z/)
respectively. Note that we have renumbered the cou-
pled variables according to m;, but this does not affect
the distribution.

1(7@-(1 in)) =

Denote by m; ! the inverse of m; (i.e., 7,

[n]), and let

¥(z) = ‘P(Zﬂlfl(l;n))-

In other words, i inverts the permutation applied to
its input, so as to ensure 9 (zx,(1.n)) = ©(z). For con-
venience, let

AY 2 (2, 2,¢Y) —y(z, 2, ¢P)

denote the difference, and define events

>

BW 21 {(z,z,C(l)) € B}
and B® 21 {(z,z’,C(z)) € B} :

Using these definitions, we have the following equiva-
lence:

QO(Z) | Zm(l:i) = (Zv Z)] - E[@(Z) | Zm(l:i) = (Z’ Z/)]
B[v(z.2,¢") = v(z.#/.¢?)]

E [Ay)
I@’{ ®n-B®} & Ay |-BY n-BO)]

E

+I@>{ <1>UB<2>} [A¢|B UB(Q)}. (13)

Thus, to bound V;*, we must upper-bound the right-
hand terms.

By Equation (9, Z ¢ By, which implies Zy,(1.5) & Ci;
this means that the values we condition on in Equa-
tion (z,2) and (z,2'), are not in the set of bad
starts, C;. It therefore follows, via the union bound
and Equations [6] and [7} that

P {Bu) U B(z)} < P{BW} + P{B®)}

=1 (z,2) + V] (z,7)
<A+ A=2A

Further, since ¢ is a-uniformly range-bounded, Ay <
«. Combining these inequalities, we have that

P{B“) U B<2>} i [Aw 1BOUB®] < 2)a.  (14)

Now, conditioned on =BM N -B®) we have that
(z,z,C(l)) ¢ B and (z,z’,C(2)) ¢ B; in other words,
both assignments are “good.” We can therefore use
the difference-boundedness condition to show that

E[Ay|-BY n-B®)]

<E[s Dy (<z, ¢, ¢)) 2B N =B

<BE 1+Z {g“ g<2}| B A LB®
j=1
N
1+ Y B {¢! #¢P =BV n-B® |
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Recall from Lemma [l and Definition [T that

N
1+ ZI@’{CJ@ + (5.2)}
n Zﬂ' i) — (Z Z))
<1+ (J | (1) =
]zz;rl Gm) | Zoy1y = (2,27)) |1y

S Z 075
=i

This holds uniformly for all z € Z~! and 2,2’ € Z.
Thus,

—\B(l) N _\3(2)} [AZ/J | -BM n _\3(2)}

<8 ﬁBnmﬁBz)} Z {C(” C@)}

2

\_/ I

N
<p |1+ p{n £}
j=1

<529J, (15)

In the second inequality, we used the fact that
P{-BM N-B@} <1.

Substituting the upper-bounds from Equations
and [15] into Equation [I3] we then have that
sup V;™ —inf V™
= swp B[v(z,2,¢W) - (z,2,¢?)]

zez'~!
2,2/ €2

§2)\a+ﬁzn:9:j

j=i

< (2 a+B)) 67 (16)

j=i
The last inequality will help simplify the expression.
Then, since we have shown that each V;™ is uniformly

bounded, we can use Equation to upper-bound c¢;
in Equation [T} and thus obtain

E {erwa)—mso(zn) \Z ¢ B)\}

25 (2t 8) S0
8

< exp

2
72 (2Xa + 8)° nmax; (Z:L:L Gl’fj)
8

(72 (2Aa+/3)2n92||§o>
= exp 3 )

< exp

which completes the proof.

A.3 Implications of Theorem

In this section, we discuss some consequences of The-
orem |1} For the following, let Z £ (Z;)*_, be random
variables with joint distribution P, and let ¢ : Z™ — R

be a measurable function.

We first show that Theorem trivially yields a
moment-generating function inequality for uniformly
difference-bounded functions.

Corollary 2. If ¢ is B-uniformly difference-bounded,
then, for any 7 € R and ™ € II(n),

232 ™2
E [ @S] < oxp (”T B !@nllm> .

Proof Since ¢ is [-uniformly difference-bounded,
it is also (P,0,0) difference-bounded; meaning, the
measure of the “bad” set is 0. We therefore take
A =0 and apply Theorem [I} (We interpret v/A = 0/0
as 0, so as to directly use Theorem [I] to upper-bound
P{Z < B,}; though, one could trivially show that
P{Z € B,} = 0.) Since By = 0, there is no need to
condition on Z & Bj. |

We can also use Theorem [I to derive some novel con-
centration inequalities for functions of interdependent
random variables. While not used in this paper, these
results may be of use in other contexts.

Corollary 3. If ¢ is S-uniformly difference-bounded,
then, for any € >0 and 7 € II(n),

—2¢?
P Z) — E[p(Z € exp| ———— | .
(o(Z) — Elp(Z)] > €} < p<n52||@:;||§o>

Proof First, note that, for any 7 € R,

P{p(Z) —Elp(Z)] > ¢} =P {eT(‘p(Z)—EW(Z)]) > e} 7

due to the monotonicity of the exponent. Using
Markov’s inequality and Corollary 2] we then have that

P {er(wm—m«:(zm > ere}

<Llg [ertem-Ble)]

eTE

1 <n6 ||@;f||io>
—exp| ——— .
eTe 8

Optimizing with respect to 7, we take 7 =

IN

4e
np2|O7 1%,
to complete the proof.
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Corollary 4. If v is (P, 8,v) difference-bounded, and
a-uniformly range-bounded, then, for any ¢ > 0 and
m € II(n),

P{p(Z) - Elp(Z)] = €}

< —e2 n 2nvo
= exp p .
2nB2||©7 |2, p

Proof Define the event

EAq {Qmo(mfmw(zn) > ere} ’

and let By be as defined in the proof of Theorem [I]
Using the law of total probability, we have that

P{E} = P{EN{Z ¢ B\}} + P{E N {Z € By}}
<SHE[Z¢B\}+P{EN{Z € B\}}
<P{E|Z ¢ B\} + P{Z € By }.

Via Markov’s inequality and Theorem [T}

1
P{E|Z &B\} < —E [ef(w(z)—E[w(Z)]) | Z ¢ B,\}
eTE

2 2 T2
<L (n @a+h ||c->n||oo> |

eTS

and n
Combining these inequalities, we have that

P{o(Z) — E[p(Z)] = €}
= P{E}

T2
< b exp nt?(2xa + )% ||O7 |2, L
e 8 A

Taklng A&
and 7 =

g / (2a) (which is approximately optimal)

W completes the proof. n

These tail bounds extend some current state-of-the-
art results. In particular, Corollary [3| extends [Kon-
torovich and Ramanan| (2008, Theorem 1.1) by sup-
porting filtrations of the mixing coefficients. Fur-
ther, when Zy,..., Z, are mutually independent (i.e.,
|®7]|., = 1), we recover McDiarmid’s inequality.
Corollaryextends (Kutin) 2002, Theorem 3.6) to in-
terdependent random variables.

A.4 Bounded ||®]] Conditions for Markov
Random Fields

In this section, we describe some general settings under
which the dependency matrix ®] has bounded infinity
norm. Fix a graph G = (V,€). For any node i € V,

and subsets A, B C V), define the distance function
3;(A| B) as the length of the shortest path from 4 to
any node in A, in the induced subgraph over V \ B.
Let X;(k) denote the set of all subset pairs (A, B) :
A, B CV such that 6;,(A|B) > k.

Definition 13. For an MRF Z on a graph G = (V, £),
with distribution P, define the distance-based ¥-mizing
coefficients as

ZalZp=12,7;=z2)
9k A ( A s 44
(k) iew H P(Za|Zp=2,2;=2")
(A,B)eX; (k)

z,2'€Z

zcz!PBl

TV

The sequence 9¥(1),9(2), ... roughly measures how de-
pendence decays with graph distance.

Proposition 1. Let Z be an MRF on a graph G, with
maximum degree Ag. For any positive constant € > 0,
if Z has a distance-based ¥-mizing sequence such that,
for all k > 1, 9(k) < (Ag + €)~F, then there exists a
filtration m such that

107 ]l <1+ Ac/e

Proof Since ¥(k) uniformly upper-bounds the -

mixing coefficients, each upper-triangular entry of @7

is upper-bounded by
0T. <9 (6

,] —

pi—1))).

We construct the filtration 7 recursively, starting from
any initial permutation my. Then, for i = 2,...,n,
we determine each successive permutation using a
breadth-first search over the variables not conditioned
on in the previous permutation. More precisely, we set
mi(l:i—1)=m_1(1:4—1); then, we set m;(i : n) us-
ing the trace of a breadth-first search over the induced
subgraph of nodes ;1 (i : n), starting at any node.

) (mi(G:n) [mi(1

The degree of any node in this induced subgraph is at
most the maximum degree of the full graph, Ag, so
the number of nodes at distance k from node m;(¢) is
at most Af,. Therefore,

S < s < 3 (505

k=0

This geometric series converges to
1
1-Ag/(Ag +e)

which completes the proof. |

=14+ Ag/e,

Uniformly geometric distance-based 9J-mixing may
seem like a restrictive condition. However, our analy-
sis is overly pessimistic, in that it ignores the structure
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of the MRF beyond simply the maximum degree of the
graph. Further, it does not take advantage of the ac-
tual conditional independencies present in the distri-
bution. Nevertheless, there is a natural interpretation
to the above preconditions that follows from consider-
ing the mixing coefficients at distance 1. For the imme-
diate neighbors of a node—i.e., its Markov blanket—
its ¥-mixing coefficient must be less than 1/A¢. This
loosely means that the combination of all incoming
influence must be less than 1, implying that there is
sufficiently strong influence from local features.

A.5 Gaussian Tail Bounds

The proof of Theorem [6] will require tail bounds for
certain operations on Gaussian random vectors. To
prove these, we begin with some basic properties of
the normal distribution.

Lemma 3. If X is a Gaussian random variable, with
mean p and variance o?, then, for any T € R,

E[e™Y] = exp (TZU?) ; (17)

and for any € > 0,

62
Pri{|X —ul>e} <2 —— . 18
(X ul 2 <20 (-5s). 09

Equation [I§] follows from Equation Lemma, [3] can
now be used to derive the following tail bounds.

Lemma 4. Let X £ (X;)L, be independent Gaussian
random variables, with mean vector p = (1, ..., piq)
2. Then, for any a > 1 and € > 0,

and variance o*.
€2
202 d2/a :

Proof Observe that, if || X — pl|, > €, then there

must exist at least one coordinate ¢ € [d] such that
|X; — pi| > €/d"/*; otherwise, we would have

d 1/a
X —pll, = <Z | Xi — Mz‘|a>
i=1
) e

Accordingly, we apply the union bound and obtain

Pr{|X - pll, = e} < Pr{Zi: X, — | > =7 }
d
< Zpr{mw” >
2
< ZQeXP( de/a> .

Pr{IX - ul, > ¢ < 2dexp -

The last inequality follows from Equation Sum-
ming over i = 1,...,d completes the proof. |

Lemma 5. Let X £ (X;)%, be independent Gaussian
random variables, with mean vector g = (1, ..., ptq)
and variance 2. Letz € R be a vector with ||z||, < 1.
Then, for any e > 0,

Pr{(X — p,2) > e} < exp (—20) |

Proof Let Y 2 X —pu. Fori=1,...,d, let 7, &
7 |zi]. Since each Y; is independent and zero-mean, by
symmetry and Equation

E |:eT<Y,Z):| ) [ﬁ erzml

E [e”iyﬂ

I
—=
-
|
I

©
Il
A

|
.E&

o
Il
s

E [e” sgn(z;) Yz}

E[e”Yi]
20>
exp( . )
1
2 2 d
(75 Zw)-
i=1

Observe that Zle |2 = ||z||§ < 1, since ||z]|, < 1.
Therefore, using Markov’s inequality, we have that

|
.E&

o
Il
s

I
E&

o
Il

I
@
»
o

Pr{{X—p,z) >¢} =Pr {eT<X_"’Z> > e"}
<ty {erw,zq
- eTE

<7202|z3 )

< exp f—re
(5

< exp 5 —Te|.

Taking 7 = ¢/0% completes the proof. |

B PAC-BAYES PROOFS

B.1 Change of Measure

The following lemma, often called the change of mea-
sure inequality, is due to |[Donsker and Varadhan
(1975)).
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Lemma 6. For any measurable function ¢ : H — R,
and any two distributions H,Q on H,

B [e(W)] < Dxw(QIIH) +1n B [e#®].

A straightforward proof appears in [McAllester| (2003)).

B.2 Stability of the Loss

The following technical lemmas are used in the proofs
of Theorems [ and [3

Lemma 7. Let ¢ be (M, A)-admissible.
1. If h has B-uniform collective stability, then £ o h
has (M + AB)-uniform collective stability.

2. If h has (P,v, B) collective stability, then o h has
(P, v, M 4+ AB) collective stability.

Proof For any assignments z,z’ € 2", let T = {i €
[n] : z; # zi} denote the set of coordinates at which
their values differ. By definition,

_Z |0(y;, 1y (%)) — £(3f} by (X))
= (i, hi(x)) — €(yi, hi(x'))]

ieT
+ ) 1y, hi (%)) = Llys, by (x)] -
J¢L
Focusing on the first sum, for any ¢ € Z, we have via
the first admissibility condition that

[€(yi, hi(x)) — €(y;, hi(x))]
< l(yi, hi(x)) — €(yi, hi(x"))]
+ 1€(yi, hi(x")) — £(y;, hi(x"))]
< [l(yi, hi(x)) — £(y;, hi (X)) + M.

Therefore,
D 16y, hi(x)) — £y, hi(x))|
=

< MZ|+ Y |6yi, hi(x) = Ly, hi (X)) -

i€l

Combining this with the second sum, we have that

D s 1y () = 055 s ()]

< MIZ|+ Y [ys, hy(x)) = Llyz, by (x))]

j=1

< MIZ|+ A [lhy(x) = b (X)),
j=1

= M |Z| + AJh(x) — h(x)]; ,

where we have used the second admissibility condi-
tion. Observe that |Z| = Dy(z,2’). Upper-bounding
[|h(x) — h(x")||; by the uniform or probabilistic collec-
tive stability conditions completes the proof. |

Note that Lemma [7] still holds when the cardinality of
X does not equal that of Y.

The following lemmas follow trivially from the defini-
tion of L (Equation [I]).

Lemma 8. For any loss £ and hypothesis h:

1. If £ o h has B-uniform collective stability, then
L(h,-) is (8/(mn))-uniformly difference-bounded.

2. IfLoh has (P,v, ) collective stability, then L(h,-)
is (P,v, B8/(mn)) difference-bounded.

Lemma 9. If ¢ is (M, A)-admissible, then L is M-
uniformly range-bounded.

B.3 Proof of Theorem 2|

Let

and note that

E [2002)] =T(© - L@2).

Recall that the “bad” set By is the set of hypotheses
that do not have S-uniform collective stability. By
assumption, this set has measure Q{h € By} < n for
all applicable posteriors. Further, by Lemma [9} L is
M -uniformly range-bounded, so

E [@(h,Z)m € By| < sup L(h) — L(h, Z)
h~Q heBy

< sup L(h,z) — L(h,Z)
heBy
zcZ"

< M.

For @' as defined in Equation 4, and a free parameter
u € R, we have that

hIE@ {(I)(h, Z)]
= Q{h € B} E_ [@(h, Z)|he BH} +.E, [qﬂ(h, Z)}
<nM + % hIE

~

[u o' (h, Z)}
<M+ % (DKL(QHH) +InE_ [euq”W)D , (19)

where the last inequality follows from Lemma [6]

What remains is to bound E; g [e“‘bl(h’z)] and opti-
mize u. Since the KL divergence term is a function

of the (learned) posterior, we cannot optimize u for
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all posteriors simultaneously. We therefore use dis-
cretization to cover the range of optimal parameter
values for all possible posteriors, thereby ensuring that
Equation [I9] is bounded with high probability for all
discrete values.

Let Beoy & M + AB. By Lemma Beoy 18 a uniform
upper bound on the uniform collective stability of £ o
h for any “good” hypothesis h ¢ By. Further, by
Lemma 8] L(h, -) is (B¢on/(mn))-uniformly difference-
bounded. Therefore, since @' outputs 0 for any h €
By, we have that ®'(h,-) is (Beop/(mn))-uniformly
difference-bounded for all h € H.

For 7 =0,1,2,..., define a parameter

A o) Smnln%
U =2 2 or 2
/BéoHH n||oo

let 6; £ §2~U+D | and define an event

E; 2

s 1 u2B2,4, 109715
u; @ (h,2)| - 1 LoH
I {hINE]HI {e ’ } T4 exp ( 8mn

By the union bound, the probability that any E; oc-

curs is -
U, B} < e,
J:

Further, by Markov’s inequality and the law of total
expectation,

P{E;}

2 @ , .
< d;exp ( ﬂeogn!n ) JE. oti® (h7z)}
=0 exp QIBZOH 16z @'(h,Z)}
J 8mn h~H ZN]P)m ’
Since ®'(h,-) is (Beon/( n) -uniformly difference-

bounded, and Ez pm [®'(h,Z)] = 0, we apply Corol-
lary 2] to the above mequahty and obtain

o > u2 B30 1O |12
jIoloH n oo
P U7, 5 < 3 sem (-
J:
x E
h~

8mn
exp [ 3P 197 I
H 8mn
o0
= Z o =

j=0
Therefore, with probability at least 1 — ¢ over realiza-
tions of Z, every u; satisfies
) e

T2
E |: u; @’ (h, Z):| l exp <u?ﬁl?o?-£ Hen”oo

h~H 0 8mn

Note that we have applied Corollary [2| to a function
of mn interdependent variables. However, since there
is independence between examples, the dependency
matrix of Z (denoted @T, ) is in fact block diago-
nal, with each sub-matrix equal to ®]. Therefore,
17l = 1107

For any particular posterior Q, there exists an

approximately-optimal u;~ by taking

Lo 1 Dy (Q||H)
= 1 1 . 21
J {21112 "\ ey T 1)
Since, for all v € R, v — 1 < |v] < v, we can use
Equation [21] to show that

Dy, (Q[/H)
In(2/4)

Dy (Q|[H)
In(2/0)

therefore,

. \/Zmn (Dki(Q|H) + In 2)
i = 12
Bron 197115
and e < \/8mn (Dkr(Q|H) 4+ In 2) (22)
3= 2 :
ﬂl?o’;‘-[ ||®:;||oo

Further, by definition of §;x,

In = lng +7In2
P
= hl% M 211111122 n <D{<nL((2(/D§|;H) - 1>
- ln§ 4 %m <DKL((@H) +ln ?) - %mln%
< ln§ + % (DKL(QHH) +1n Z)

for all 6 € (0, 1); therefore,

Da(@IE) +1n 5 < 3 (D @i +1 ). @)

Putting it all together, we now have that, with proba-
bility at least 1 —d, the approximately-optimal u;~ for
any posterior QQ satisfies

— (DKL(Q||H)+1n E [eu_j*@/(h,z)D
J* h~H
2
L, B 19T
i 0j+ 8mn
3 (Dx(QIH) +13) | upe B O 2,

2w 8mn

2Beon 1O | \/ 2
— /D H)+In-.
V2mn KL(Q” ) " ]

<DKL(Q”H) +1n

IN
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The first inequality is due to Equation the second
inequality is from Equation [23} the last inequality uses
the lower and upper bounds from Equation 22} Com-
bining this with Equation [I9] and replacing B3 with
its definition, completes the proof.

B.4 Proof of Theorem [3

The proof of Theorem [3| proceeds similarly to that of
Theorem [2| Let By denote the set of “bad” hypothe-
ses. In Equation [I9], we isolate By, in the first term,
then focus on the concentration of ®' for the “good”
set. In Definition [5] the measure of the “bad” assign-
ments B depends on whether h is in B; conditioned
on h & By, B has measure at most v, under P. Fur-
ther, every h ¢ By satisfies Equation [3| with stability
B for every pair of “good” inputs z,z ¢ B. Therefore,
every good hypothesis h & By has (P, v, ) collective
stability.

We again let By 2 M + AB. By Lemmal[q o h
has (P, v, Beon ) collective stability for any h & By. It
therefore follows from Lemma [§] and Equation [ that
®'(h,-) is (P, v, Beop/(mn)) difference-bounded for all
h € H. Finally, by Lemma [0} L—hence, ®'—is M-
uniformly range-bounded.

Let
5 As_ 2vM (mn)?
Beon

By assumption in the theorem statement,

2vM (mn)?
ﬁZoH

2vM(mn)?®

§ > 2v(mn)? > M1 AD

sod >0. For j=0,1,2,...,

A o 2mnln%
U, =2 w2 )
BZO’HH@nHoo

G+ and define an event

define a parameter

let 4, £ §'9-
E; £
1 1 u2B2,, 1072
u; ®'(h,7Z) > — j P LoH n lloo
1 {hIEH {6 } 5 exp ( 2mn ’

Let By be as defined in Theorem [1} Using the law of
total probability and the union bound, we have that
the probability that any E; occurs is

P{U", B} <PzeB}+p{J_ BE|2¢B\}

<P{ZeB\}+ ) P{E;|Z ¢ By}

J=0

By applying Markov’s inequality and rearranging the
expectations, we obtain

P{E; |Z & B}
u2B2,, ||e7 |
< 5]_ exp ( jﬁlo;‘-[, || n”oo)
mn
w;® (h,2) | H
% hIE]H[ ZLEﬁ:Dm [e 12 ¢ B’\} '

We then apply Theorem I, with A £ Beop/(2Mmn).
Since ®'(h,-) is (P, v, Beow/(mn)) difference-bounded
and M-uniformly range-bounded, we have that

2
w5 8703 197 115
P 2mn ’

2vM (mn)?
Beonw
Combining these inequalities, we then have that

IP’{ :‘;OEj}§2Van +Z‘S

) E |:eujq>’(h72) ‘ Z g B)\:| <e
Z~Pm

and
P{Z € B} <

/BZOH

_ 2vM (mn)? L5
Bron

= 4.

Therefore, with probability at least 1 — ¢ over realiza-
tions of Z, every u; satisfies

2
E |: uj.:p (h Z):| l p U?BC%O’H H(")Z:Hoo (24)
h~H 8; 2mn ’

Now, using Equation (with 0’ instead of ) to select
j* for a given posterior QQ, we have that

” >\/mn(DKL(Q||H)+ln52,)
Jjr =
2624, 1107 11%
2 D H)+1n 2
and uj*g\/ mn ( QKL(Q”_”)2 na). (25)
ﬁlo?—[ ||®n||oo

Therefore, with probability at least 1 — §, the
approximately-optimal u;« satisfies

L ujx @' (h,2Z)
(DKL(QHH) +In E_ [e D

j*
2
1 + U?*Bgo’}i ||®Z’:Hoo
0 2mn

2
L 0B OF 2

< <DKL(QHH) +1In

j*

3 (Dx(Q[H) +1n )

- 2w+ 2mn
4B ||O7 Il \/

< o0 Dk H) +1

< T (Q[IH) + n6
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The first inequality is due to Equation the second
inequality is from Equation [23| (with ¢’ instead of §);
the last inequality uses the lower and upper bounds
from Equation 25} To complete the proof, we combine
this with Equation and substitute Syo3 and §" with
their respective definitions, noting that

1 2 =1 2 <l 2
n 5 n 5— 2vM(mn)?2 — n 5 — 2V(mn)2 !
M+AB

C STRONG CONVEXITY AND
COLLECTIVE STABILITY

C.1 Strong Convexity

The following definition is a specialization of a more
general definition involving an arbitrary norm.

Definition 14. A function ¢ : § — R is k-strongly
convez (with respect to the 1-norm) if S is a convex
set and, for any s,s’ € S and 7 € [0, 1],

K
3 T =7)lls = s'l[} + o(rs + (1= 7)s")

< 7p(s) + (1= m)e(s).

Strongly convex functions have the following useful
properties.

Lemma 10. Let ¢ : S — R be k-strongly convez, and
let $ £ argmingcg @(s). Then, for any s € S

(p(s) = (3)) -

2 2
s =3I} < "
Proof Let As £ s — 5. By Definition for any
T€[0,1],

5 T(1=7) A} +o(3+7A8) —0(8) < 7 ((s) — ¢(3)).
Since § is, by definition, the unique minimizer of ¢, it
follows that ¢(s + 7As) — ¢($) > 0; so the above in-
equality is preserved when this term is dropped. Thus,
dividing both sides by 7x/2, we have that

2 .
1As]} < (1—7)[|As]} < — (@(s) = (3))

where the left inequality follows from the fact that
(1 — 7) is maximized at 7 = 0. ]

Lemma 11. Let ¢ : 2 x S — R be k-strongly convex
inS. If, for all s € S and w,w’ € Q : Dy(w,w’) =1,

(e, 5) — (e, )| < A, then
. . ;o 2A
argmin ¢(w, s) — argmin p(w’, s")|| <41/ —.

s€S s'eS 1 K

Proof Let § £ argminggp(w,s) and § =
argming g ¢(w’, s"). Without loss of generality, as-
sume that p(w, $) > (W', §). If p(w’,§) > (w,$),
we could state this in terms of w’.) Using Lemma
we have that

g2 2 . .
1" = 3l < = (p(w, 8) = p(w, 3))
< 2 (plw.#) o, 8) < 2.
— K b ) K
Taking the square root completes the proof. |

C.2 Proof of Theorem [4]

Lemma implies that the maximum of the energy
function has uniform collective stability if the negative
energy is strongly convex and uniformly difference-
bounded. We prove the latter property in the following
lemma.

Lemma 12. For any h € H, with weights w,
and any s € S, the energy function FEy(-,s) is
(2]|w||, Ca)-uniformly difference-bounded.

Proof Without loss of generality, assume that assign-
ments x,x’ € X" differ at a single coordinate 7. Using
Hoélder’s inequality, we have that

|Ew(x,s) — Ew(x',s)]
= |<W,f(X, s)) — \II(S) -
= [{w,f(x,5) — £(x',8))]
< wll, If(x,s) — £(x, )], -

(w,f(x',5)) + U(s)]

Note that the features of (x,s) and (x’, s) only differ at
any grounding involving node i. The number of such
groundings is uniformly upper-bounded by Cg, so at
most Cg features will change. Further, the b-norm of
any feature function is, by Definition[9} upper-bounded
by 1. Therefore, using the triangle inequality, we have
that
I£(x,s) — £(x, )],

o\ 1/b

= Z Z ]l{l e C} (ft(Xc, ) ft(xca SC))

teT ||cet(G)

< Z Z 1{i € ¢} || fe(xc,8c) — fr(xL.so)l,

teT cet(G)
< 92Ce.

b

Since this holds for any single coordinate perturbation,
for any x,x’ € X™ with Dy(x,x’) > 1, we have that

|Ew(x,s) — Ew(x',s)| < (2[lw], Cc) Du(x,x'),
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which completes the proof. ||

We are now equipped to prove Theorem Fix any
h € H5F, with weights w. By Deﬁnition@ ¢ is convex
and V¥ is k-strongly convex, for some x > 0. This
implies that —F is at least k-strongly convex in S.
Now, fix any x,x’ € X", and let s,s' € S denote
their respective maximizers of Fy,. Using the additive
property of linear transformations, and the property
[IT]l; <1, we have that

[h(x) = h(x")[; = IT(s) = T(s");
= T(s = sl
< Tl lIs = s"lly
<ls-— S/Hl :
Thus, telescoping (s — s’) into a sum of single-site dif-
ferences, and applying Lemmas [I1] and we have

that
C
24/ 7HW”“ ¢ Dy(x,x").
K

Corollary [1] follows directly by using R as a uniform
upper bound for ||wl|,.

Is = s'll; <

C.3 Strong Convexity and p-Norms

The requirement of strong convexity with respect to
the 1-norm may at first seem restrictive. However,
observe that strong convexity with respect to any p-
norm suffices for collective stability.

Claim 1. Let S C R™ be a convez set, for n € [1,00),
and suppose ¢ : & — R is a differentiable function
that is k-strongly convexr with respect to the p-norm,
for p > 1. Then, for K > n?> 2/? Ky is k-strongly
convex with respect to the 1-norm.

Proof Since ¢ is differentiable and strongly convex,
using an alternate definition of strong convexity, one
can shown that

< (Vg(s) = Ve(s'),s = '),

for any s,s € S. To lower-bound the left-hand side,
we use the following p-norm identity: for any v € R”
and p > 1,

2
klls =5l

vl < o' =7 lv],

Since all p-norms are nonnegative, this inequality holds
when we square both sides. Now, let ¢(s) £ Ko(s),
and note that V@(s) = KVo(s). We therefore have
that

ks — 8|7 < 0?27 |ls — 5|
< Krls— |
< K (Vg(s) = Vip(s),s — 8)
= (V@(s) — V@(s'),s — )

which completes the proof. ||

It is common that p = 2, in which case K > n suf-
fices. Ome should also note that Theorem [ does not
depend on the magnitude of ¥; thus, we can replace
¥ with any suitably scaled, strongly convex surrogate,
without penalty. That said, scaling ¥ may affect the
inference algorithm, and therefore also affect the em-
pirical risk.

D PROOFS OF EXAMPLES

D.1 Modified Margin Loss

In collective classification, one often wishes to bound
the expected 0-1 loss, ¢y. Unfortunately, this loss is not
admissible, so one cannot directly apply our general-
ization bounds. A common workaround is to upper-
bound ¢; using a surrogate loss that satisfies admissi-
bility. For this, we use a modified margin loss,

max

14 ) d é T ) j) — /7 d ) )
oY) = Ty <<y Y) R, (v, )

where v > 0, p > 0 and r,,, is the thresholded ramp
function,

1 for a <,
ryp(@) £ {1 —(a=7)/p fory<a<y+p,
0 for a > v+ p.

Note that £y o = ¢y and £, 9 = £,.

Lemma 13. The modified margin loss, £,,, is
(1,1/p)-admissible for any v > 0 and p > 0, and 1-
uniformly range-bounded over all v > 0 and p > 0.

Proof By definition, ¢, , is bounded in the interval
[0, 1], independent of « and p. Thus, it is 1-uniformly
range-bounded over all values of 7 and p, which also
establishes the first admissibility condition for a given
~ and p.

For any 4,9’ € Y, let u £ arg max,, cy., . (¥, ) and
u £ arg max,,cy., ., (¥, 7). Without loss of gener-
ality, assume that (y, ) — (u, §) > (y,9') — (v, §’). For
any y € ), we have that

((y,9) = (w,9)) = (g, 9") = (W', 5))]

=y, 5 —9') + (W, 9) — (u, 9)]
< Ky, 4 — y>+<U’,@’>—<u’,l}>|
=y .5 -9

< Hyfu/ll g —4'll,

< Hy Z/||1

Further, for any a,a’ € R,

|7y.0(a) — T%p(a/” <

p p

a—79 a’—v‘
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Combining these inequalities, we have that
oW 0) = Lyp(y, 9] < (1/p) 9= 9'lly, which
establishes the second admissibility condition. |

D.2 Properties of Pairwise TSMs

The class of pairwise TSMs have some useful structural
properties.

Lemma 14. Let G be a graph on n nodes, with maz-
imum degree Ag. Let T contain only the unary and
pairwise clique templates. Then, the following hold:

1. The mazxzimum number of groundings involving
any single variable is at most Ag + 1.

2. The total number of groundings is at most

n(Ag + 2)

5 .
Proof Any single node may only participate in one
unary grounding and up to Ag pairwise groundings.
By the handshaking lemma, the number of edges in
the graph is equal to the sum of the degrees, divided
by two; this is at most nAg/2. Since there are n
nodes, this makes the total number of groundings at
most n + nAg/2. [ ]

D.3 Proof of Theorem [5

For the proof, we will use a modified margin loss de-
scribed in Appendix The benefit of this loss is
that it is admissible, per Lemma

Define the prior H as the uniform distribution on
(£R)?. Given a (learned) hypothesis h € Feows With
parameters w € (+R)?, define the posterior Qj as
the uniform distribution on the hypercube (w +¢)4 N
(£R)?, where

& Ky

N In(Ag +2) '

The proof requires two intermediate lemmas: first, we
show that the loss of h is always “close” to that of any
hypothesis drawn from the posterior; then, we bound
the KL divergence of the constructed prior and poste-
rior.

Lemma 15. For any h € Hp') and z € Z",

3

LO(h,z) < L3°3(Qn,2z) < L7 (h,2).

Proof Fix any h' ~ Qy, and let w and w’ denote the
respective weights of h and h’. Recall that z = (x,y).
Let s and s’ be the respective maximizers of Fy (X, )
and Eyw-(x,-). Since I is a projection with |||, <1,

[h(x) = '), = IT(s =), < lls = sl -

Further, since —F is k-strongly convex in S, using
Lemma [T0}, we have that

1 2 2
5 (Is"=sllF + s = s'I1)

< % (Bu(x,8) — Bu(x,8))

2
HS_S/||1

+ Egr (X, S/) — By (X, S))

—_

= — ((w,f(x,s) — f(x,s')) — ¥(s) + ¥(s')
+ (W', f(x,8") — f(x,8)) — U(s") + ¥(s))

_ % (w—w' E(x,8) — £(x,8)). (26)

=

Now, using Holder’s inequality,
1
" <W - W/, f(X, S) - f(X, S,)>
K
1
< —lw = wl [£Ges) = £ 8D, -
Due to the construction of Qy,
2
/ Ky
_ <g=_— T
v =wlle < €= 5 g +2)

Moreover, since the features of HPRA% obey the simplex

constraint,

[f(x,s) - £(x,8");

= Z Z (ft(Xc,Sc) - ft(xcaslc))

teT ||cet(G)

<3 3 filxerse) — filxershl,
)

teT cet(G
SIPI
teT cet(G)
< n(Ag +2), (27)

1

where the last inequality follows from Lemma
Combining these inequalities, we have that

[1h(x) = ' (%)l
< [[h(x) = 1 (%)l

<ls=s'll;

1
= \/K lw —w'[ [[£(x,8) = £(x, )]

1 K2
< fZ.——r
- \//{ In(Ag + 2) nAg +2)

v

g.
This means that each coordinate of the output vectors
differs by at most /3. As a result,

by hi(x) =1 = {3 2(yi, hi(x)) = 1;
E%)%(y,,h;(x)) <l = Eo(yl,hz(x)) =0.
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Similarly,
0< g%,%(yhh;(x)) <1 = /¢ (yzv 1( )) =1
O (yishi(x) =0 = €3 2(yi, hi(x)) = 0.

Therefore, for any h € HE, h ~ Qp, z € Z" and
i€[n],

go(yivhl(x)) < g%,%(ylvh;(x)) <t (yw 1( ))7

which means that

ol
3

LO(h,z) < L33 (W, z) < L7 (h,z). (28)

Taking the expectation over A’ ~ Qj completes the
proof. |

Lemma 16. For any h € 7.[%\712}

Dx(Qx[H) < dln (M"(AM> '

K2

Proof For a uniform distribution U, denote by
dom(U) its domain, and define its volume as

vol(U) & /]l{x € dom(U)} dz.

Recall that Hp' is essentially just the hypercube
(£R)?; therefore, vol(H) = (2R)“.

2 d
>ed = _ M
- In(Ag+2))

(The lower-bound, €%, is because Q, is truncated if w
is at a corner of the hypercube (+R)%.) Denote by p
and g the respective density functions of H and Qj,.
By definition,

Similarly,

vol(Qp)

Dra(QullD) = [ a1t n 2400

_ / 1{n € dom((@h)}1
vol(Qp)

I vol(H)

o VOl(Qh)

In(Ag + 2))d

K2

dn’

vol(H)

TR

<In (QR-

which completes the proof. |

We are now ready to prove Theorem[5} Via Corollary[]]
and Lemma | the class Hi #M has S-uniform collective
stability wit

ﬂAQ\/RCG <2\/R(AG+1).

K K

It therefore has (Q,0,53) collective stability with re-
spect to any posterior Q. We apply Theorem [2| to
the prior H and posterior Qj,, using Lemma [I3] for the
admissibility of 81 1 and Lemma @ to upper-bound
Dk, (Qp||H), which y1elds

L33 (@) — L33 (Qn, 2)
201070 [, . 6 [R(Ag+1)
<O0Ox M 4+ ————== \/m <1~6—7 . >

% \/dln (18R7L(A2G+2)) +lng.
Ky 1)

To complete the proof, we use Lemma to lower-

bound f%’%((@h) and upper-bound L33 (Qp, Z).
Since L33 (Qp, Z) domlnates Lo(h Z) taking the ex-

pectation over Z yields L (h) <3 (Qp). Similarly,
since L7(h,Z) dominates L3’3 (Qn,Z), it follows for
m examples that L33 (Qp,2) < L (h, Z).

D.4 Proof of Theorem

As in the proof of Theorem [5, we will use the modi-
fied margin loss from Appendix Throughout this
section, it will be convenient to use the shorthand

AW

w (29)

K
for parameters (w, k) of a hypothesis h € H™V°. We
define the prior H as an isotropic, unit-variance Gaus-
sian, with density

1) 2 iy o (=5 Il

Let

a (W)Zln(mn). (30)

(Note that ¢ > 1, due to our assumptions that n > 2
and v < y/n.) Given a (learned) hypothesis h € H"°,
we define the posterior Q;, as an isotropic Gaussian,
with mean w = w/k and variance 1/¢, whose density

i) 2 () exp (<5 1~ wl)

The proof proceeds similarly to that of Theorem 5| via
a sequence of intermediate lemmas. We first show that
the loss of the deterministic predictor, h, is almost al-
ways “close” to the loss of a hypothesis drawn from the
posterior (i.e., the Gibbs classifier). We then bound
the KL divergence of the constructed prior and poste-
rior. Finally, we show that, with high probability, the
collective stability of a random predictor from H"VC is
within a constant additive factor of the stability of h.
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Lemma 17. For any h € H™° and z € Z",

. 1
Lo(ha Z) L3 §((@h; ) \/m
and L'(h,z) > L33 (Qn,2 )f\/%.

Proof The proof is similar to that of Lemma Fix
any b/ ~ Qp, and let (w, k) and (w',x’) denote the
respective parameters of h and h'. Let s and s’ be the
respective maximizers of Ey .(%,-) and Eyw (X, ).
Adapting Equation [26] we have that

Is = 'l
=5 (Is = <17+ 1’ = oI?)
< (B (5,5) — B (x,9))
+ o (Bun(x,8) — Bunlxs)
= = (W B0 8) — £(x,8)) — K U(S) R 0()
(W, £ 5) — F(x,8) — #U(s) + KT(S)))
= (W) — £(x,9))
o (W B(x,5) — £, 5)
= (£ ) — £, 8)) + (w0, Fx,5) — £ )
= (W~ fx,) — £, 8)
We also have that
f(x,s') — £(x,s) |
e e R
fes) “ IS g +2)

= f(x,s) — f(x,s)[l,

via Equation since the features of H"YC obey the
simplex constraint and the templates are unary and
pairwise. For notational convenience, let

f(x,s") — f(x,s)
1£(x,s") — £(x,s)ll

Af £

Note that Af has ||Af]|, < 1.

Define the event

peu{w wanz ool

Since Qy, is Gaussian, with mean w and variance 1/,

using Lemma [5] and Equation [30, we have that

S 2 ?
Qu{E} <exp <2 <9n(AG+2)> >

e (_m(gm))
1

NG (31)
This means that, with probability at least 1—(m )_1/ 2
2
over draws of ' ~ Qp, (W — w, Af) < m and
Ih(x) = ' (x)[l, = [[T(s = ")
<l[s-s ||1

< \/<w’ —w, f(x,8) — f(x,s))
< V(W —w, Af)n(Ag +2)

72
<) n(Ag+2
\/9n(AG+2) n(Ag +2)
-7
5
Now, for any z € Z",
L(h,z) — L33 (Qn, 2)
70 _ 22y
=L"(h,z) h/i]?,@h [Ls 5(h 7Z)}
— 0 .2
=, E {L (h,z) — L3 &(h,z)}
<Qu{E} E_[L(hz)- L3F(,2)| E]
h'~Qp,
0 _ %,l / 4
+,E [L0(h,2) = L33 (W, 2)| ~E] .

Recall from Lemma [13] that ¢, , 1-
uniformly range-bounded over all inputs and values of
v and p. Therefore, using Equation [31] to upper-bound
the measure of E, we have that

1
vmn:

@B} B |LO(hz)~ LT (H.2)| E] <

Further, conditioned on —F, we have that each co-
ordinate of the output vectors differs by at most /3.
Using the same reasoning as in the proof of Lemma
we would then have that Equation 28 holds, so

E |L°(h,z) - L%’%(h’,z)\ﬁE} <0.

h'~Qp

Therefore, combining the inequalities, we have that
1

LO(h,z) — L33 (Qp,2) <

§

By the same reasoning, it is straightforward to show

that
1

L33 (Qpy2) — L (hy2) <

f
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The lemma follows directly from these inequalities. B

Lemma 18. For any h € H"VC,

In(Ag + 2)

2
Dia (@) < atn (240942 ) + VL2

2K2

Proof By definition,
D1 (Qn||H)

o / HQh(h/) /
7/lq,,,(h)1 ol

()2 3l

()2 e~ $lel3

qh (h/) In

— T T

d 1 2 < 2
an(0) (G s+ 3 W13 = § o' =l ) v

IN

d 1 2 1 2
anlt) (Gt g 1713 = 5’ = ) an

IN

1
qn(h) (;l Ing + 3 lw —w + w||§) dn’

d 1
[ ) ( - ||w|§) ai
. 2 2

d 1.
= §1n<+§ flells -

The first inequality follows from ¢ > 1, by assumptions
n > 2 and v < /n; the second inequality follows from
the triangle inequality. Substituting Equation for
w, and Equation [30| for ¢, completes the proof. ||

Lemma 19. For any h € H™C, the class H™C has

(@h,jjl,z\/(%u) <AG+1>>

collective stability.

Proof Define the “bad” set as
Bl £ (W € H™ : | —w],, > 1}.

Since Qy, is Gaussian, with mean w and variance 1/g,
using Lemma with @ £ 0o and € £ 1, we have that

Qu {h € By}
= Qn{llv" —wl =1}
< 2dexp (f%)
2
= 2d exp (—; (W) ln(mn)>
< 2dexp (—In(mn))
2d

mn

The second inequality uses the fact that v < y/n and
9(Ag +2) > V2.

Since H"'¢ is a subset of H5¢, Theorem [4] holds for
every hypothesis in H*V¢. Thus, using Equation
any h' € H"VC has B-uniform collective stability for

W/
g2 2/l ¢, =9 flr) e

For any h' ¢ B;f‘p\vc, using the triangle inequality, we
have that

= [lwlloo + o'l = lwll

< Hwllo + llo” = wll

< lwllo + 1.

6"l o

Therefore, using Lemma every h' ¢ B?{m must
have
B<2y/(lwlle +1) Ca

<2 /(lwll + 1) (Ag +1).

Replacing w with Equation [29] completes the proof. B

The proof of Theorem [6] now follows directly from
Theorem [} using Lemma [I3] for the admissibility
constants, Lemma for collective stability, and
Lemma for the KL divergence. With probability
at least 1 — § over realizations of Z,

2d
+ 1> (AG + 1))

_ L33 7) <
(Qn) 33 (Qp, 2) < .
2||ler
2mn ¥ K
Iwlly , | 2
ln(mn)>—|— 52 —|—lng.

§ \/dln (Qn(A(;—i- 2)
Y

Further, using Lemma we have that

ol
3

z )

ol
3

Combining these inequalities completes the proof.
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