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1 DERIVATION OF THE TILTED DISTRIBUTION MOMENT INTEGRALS

Extended derivations of the main results in Section 3 in the main text with regard to the tilted distribution
moment integrals are presented in the following.

1.1 Manipulation of the Tilted Distribution Moment Integrals Using an Integral
Representation of the Dirac Delta Function

Here, the derivation of Equation 3 in the main text is justified by interpreting the integral representation of the
Dirac delta (generalized) function as a limit of a sequence of functions and changing the integration order. We
consider the Gaussian and probit likelihood cases.

1.1.1 Background

We represent the Dirac delta as a limit of a sequence of functions, following Olver et al. [1, p. 37–38]:

δn(ξ) =
1

2π

∫
exp(− t

2

4n
) exp(ıξt)dt. (1)

Specifically, integrals involving the Dirac delta are interpreted as

∫
δ(x− a)φ(x)dx = lim

n→∞

∫
δn(x− a)φ(x)dx = φ(a), (2)

with the conditions that φ(x) is continuous when x ∈ (−∞,∞) and that for each a,
∫

exp(−n(x − a)2)φ(x)dx
converges absolutely for all sufficiently large values of n [1, p. 37–38].

We will also use Fubini’s theorem [2, p. 170–171] and Lebesgue’s dominated convergence theorem [2, p. 91].
Fubini’s theorem allows us to change the order of integration in a double integral of a function, when we know
that the function is integrable in one of the orders (i.e., the integral of the absolute value of the function is finite
in one of the orders). Lebesgue’s dominated convergence theorem states that if |fn(x)| ≤ g(x), where g(x) is
integrable, and limn→∞ fn = f pointwise, then limn→∞

∫
fn(x)dx =

∫
f(x)dx.

Finally, note that | exp(ıx)| = 1 for any real number x.
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1.1.2 First Manipulation: Rewriting with the Dirac Delta

The first manipulation in Equation 3 in the main text is the following:∫
p(y|wTx) exp(s(wTx−wTx))q\(w,x)d(w,x) (3)

=

∫∫
p(y|f) exp(−sf)δ(f −wTx)df exp(swTx)q\(w,x)d(w,x) (4)

=

∫
lim
n→∞

∫
p(y|f) exp(−sf)δn(f −wTx)df exp(swTx)q\(w,x)d(w,x) (5)

=
1

2π

∫
lim
n→∞

∫∫
p(y|f) exp(−sf) exp(− t

2

4n
) exp(ı(f −wTx)t)dtdf exp(swTx)q\(w,x)d(w,x), (6)

where we have dropped the subscripts i and j, the possible dependence of the likelihood on θ, and added the
1 = exp(s(wTx − wTx)) factor needed for the probit case (for Gaussian likelihood, we can take s = 0). The
first row is the tilt normalization integral, the second a formal representation using the Dirac delta function, the
third its interpretation as a limit and the fourth using the integral transformation sequence. According to the
discussion above, this manipulation is justified if φ(f) = p(y|f) exp(−sf) satisfies the conditions given for φ.

For the Gaussian likelihood case with s = 0, φ(f) ∝ exp(− 1
2θ (f−y)2) is continuous and

∫
| exp(−n(f−a)2)φ(f)|df

is a Gaussian integral, which converges when n > 0 and the likelihood variance parameter θ is positive.

For the probit case, φ(f) = Φ(f) exp(−sf) for a positive class y, where Φ is the cumulative distribution function
of the standard normal distribution and we choose s > 0. Again, φ(f) is a continuous function and∫

| exp(−n(f − a)2)φ(f)|df =

∫
exp(−n(f − a)2)Φ(f) exp(−sf)df <

∫
exp(−n(f − a)2) exp(−sf)df, (7)

which is a converging Gaussian integral for n > 0.

1.1.3 Second Manipulation: Changing the Integration Order

The second manipulation in Equation 3 in the main text is the change of integration order (and, here, taking
the limit). We first consider changing the integration order of t and f , then take the limit and, finally, change
the integration order of t and (w,x).

According to Fubini’s theorem, the integration order can be changed when the integral is absolutely convergent
in one of the integration orders. The absolute value of the integrand over (t, f) is

|p(y|f) exp(−sf) exp(− t
2

4n
) exp(ı(f −wTx)t)| = p(y|f) exp(−sf) exp(− t

2

4n
). (8)

The integral over t is convergent for any n > 0. For Gaussian likelihood, the integral over f is a again a converging
Gaussian integral. For probit likelihood, the integral over f converges when s is chosen as explained above.

Thus, we can first integrate over f and then over t in Equation 6. Integrating over f gives

1

2π

∫
lim
n→∞

∫
L(t) exp(− t

2

4n
) exp(−ıwTxt)dt exp(swTx)q\(w,x)d(w,x), (9)

where L(t) ∝ exp(yıt− 1
2θt

2) for Gaussian likelihood and L(t) ∝ y
s−ıt exp(− 1

2 (t2+2stı)) for probit likelihood. Note

that g(t) = |L(t)| are integrable functions independent of n and that exp(− t2

4n ) ∈ [0, 1] and | exp(−ıwTxt)| = 1.
The absolute value of the integrand over t in Equation 9 can then be bounded by g(t) and according to the
Lebesgue’s dominated convergence theorem, the order of taking the limit and the integration over t can be
changed in the equation. Taking the limit leaves

1

2π

∫∫
L(t) exp(−ıwTxt)dt exp(swTx)q\(w,x)d(w,x). (10)

We appeal again to Fubini’s theorem on changing the integration order of t and (w,x). To this end, note
that L(t) is absolutely integrable for Gaussian and probit likelihoods and that

∫
exp(swTx)q\(w,x)d(w,x) is a

converging Gaussian integral (for such selection of s that the covariance matrix is positive definite; see below).
Thus, we have that∫

p(y|wTx) exp(s(wTx−wTx))q\(w,x)d(w,x) =
1

2π

∫∫
L(t) exp(−ıwTxt) exp(swTx)q\(w,x)d(w,x)dt,

(11)
which is the final form of Equation 3 in the main text for s = 0, except that here L(t, f) has already been
integrated over f .
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1.2 Gaussian Form of the Integrand over (w, x)

The integrand over (w,x) in Equation 11 can be seen to be of Gaussian form. We derive its mean, covariance
and normalization constant in the following. The integrand is denoted with C(t,w,x) (when s = 0) in the main
text. Here,

C(t,w,x) = exp((s− ıt)wTx)q\(w,x) (12)

= (2π)−K(|Γ\w||Γ\x|)
1
2 exp((s− ıt)wTx) exp(−1

2
(w −m\w)TΓ\w(w −m\w)) exp(−1

2
(x−m\x)TΓ\x(x−m\x)).

(13)

This is an unnormalized Gaussian form in the real variables w and x with complex mean and covariance. We
refer to page 10 of Neretin [3] for the result showing that the integral over w and x behaves similarly to the
common real parameter version with the condition that the real-part of the covariance matrix is positive definite.

If p(x) is a Gaussian density, we can find its mean, for example, by solving ∂
∂x log p(x) = 0 for x, and the

covariance as −[ ∂2

∂xxT log p(x)]−1. For the Gaussian form 13 in the concatenated variable [wT xT]T, we find:[
∂
∂w logC(t,w,x)
∂
∂x logC(t,w,x)

]
=

[
−(ıt− s)x− Γ

\
ww + Γ

\
wm

\
w

−(ıt− s)w − Γ
\
xx+ Γ

\
xm
\
x

]
, (14)

which can be solved at zero to give the mean[
m̄w(t)
m̄x(t)

]
=

[
Γ
\
xΓ
\
wΣ(t)T(m

\
w − (ıt− s)(Γ\w)−1m

\
x)

Γ
\
wΓ
\
xΣ(t)(m

\
x − (ıt− s)(Γ\x)−1m

\
w)

]
, (15)

where Σ(t) = (Γ
\
wΓ
\
x − (ıt − s)2I)−1 and which is the same as given in Equation 4 in the main text (except

that ıt is replaced with (ıt − s) when s 6= 0). The covariance is solved by computing ∂2

∂w∂wT logC(t,w,x),
∂2

∂x∂xT logC(t,w,x) and ∂2

∂x∂wT logC(t,w,x). The resulting covariance matrix is

V̄ (t) =

[
Γ
\
w (ıt− s)I

(ıt− s)I Γ
\
x

]−1
, (16)

which is the same as given in Equation 5 in the main text (except that ıt has again been replaced with (ıt− s)).
The normalization constant for the Gaussian form in Equation 13 is

D(t) =

∫
C(t,w,x)d(w,x) = (|Γ\w||Γ\x||V̄ (t)|) 1

2 exp(−1

2
d(t)), (17)

where

d(t) = −(ıt− s)2((m\w)TΣ(t)Γ\wm
\
w + (m\x)TΣ(t)TΓ\xm

\
x) + 2(ıt− s)(m\w)TΣ(t)Γ\wΓ\xm

\
x. (18)

1.3 One-dimensional Tilted Distribution Moment Integrals

The Equation 11 is the tilted distribution normalization integral. Substituting the Gaussian form C(t,w,x)
given above and integrating over w and x gives

Ẑ =
1

2π

∫
L(t)

∫
C(t,w,x)d(w,x)dt =

1

2π

∫
L(t)D(t)dt. (19)

The mean of the tilted distribution for w is given as

m̂w =
1

2π

1

Ẑ

∫
L(t)

∫
wC(t,w,x)d(w,x)dt (20)

=
1

2π

1

Ẑ

∫
L(t)D(t)

∫
w

1

D(t)
C(t,w,x)d(w,x)dt (21)

=
1

2π

1

Ẑ

∫
L(t)D(t)m̄w(t)dt. (22)
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m̂x is computed similarly. The covariance of the tilted distribution for w is given as

Γ̂−1w =
1

2π

1

Ẑ

∫
L(t)

∫
wwTC(t,w,x)d(w,x)dt− m̂wm̂

T
w (23)

=
1

2π

1

Ẑ

∫
L(t)D(t)

∫
wwT 1

D(t)
C(t,w,x)d(w,x)dt− m̂wm̂

T
w (24)

=
1

2π

1

Ẑ

∫
L(t)D(t)[V̄w(t) + m̄w(t)m̄w(t)T]dt− m̂wm̂

T
w, (25)

where V̄w(t) is the part of V̄ (t) corresponding to covariance of w. Using block matrix inversion formula, one

finds that V̄w(t) = Γ
\
xΣ(t). Γ̂−1x is computed similarly.
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2 SUPPLEMENTARY RESULTS

2.1 Sparse PCA – Gaussian Likelihood
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Figure 1: Boxplots of ρ over the 50 replicate datasets for Gaussian SPCA. The theoretically optimal values are
shown with gray horizontal lines.
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Figure 2: Boxplots of AUC over the 50 replicate datasets for Gaussian SPCA.

5



0.02 0.05 0.1 0.15 0.2 0.5 0.9
0

0.2

0.4

0.6

0.8

1

ω

M
S
E
(w

)
(×

1
0
−
3
)

m = 2000

EP

VB-EP

DMP

0.02 0.05 0.1 0.15 0.2 0.5 0.9
0

0.2

0.4

0.6

0.8

1

ω

M
S
E
(w

)
(×

1
0
−
3
)

m = 1333

EP

VB-EP

DMP

0.02 0.05 0.1 0.15 0.2 0.5 0.9
0

0.2

0.4

0.6

0.8

1

ω

M
S
E
(w

)
(×

1
0
−
3
)

m = 1000

EP

VB-EP

DMP

0.02 0.05 0.1 0.15 0.2 0.5 0.9
0

0.2

0.4

0.6

0.8

1

ω

M
S
E
(w

)
(×

1
0
−
3
)

m = 800

EP

VB-EP

DMP

Figure 3: Boxplots of MSE(w) over the 50 replicate datasets for Gaussian SPCA.
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Figure 4: Boxplots of MSE(x) over the 50 replicate datasets for Gaussian SPCA.
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Figure 5: Boxplots of MAE(p(γ = 1)) over the 50 replicate datasets for Gaussian SPCA.
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2.2 Sparse PCA – Probit Likelihood
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Figure 6: Boxplots of ρ over the 50 replicate datasets for Probit SPCA.
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Figure 7: Boxplots of AUC over the 50 replicate datasets for Probit SPCA.
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Figure 8: Boxplots of MSE(w) over the 50 replicate datasets for Probit SPCA.
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Figure 9: Boxplots of MSE(x) over the 50 replicate datasets for Probit SPCA.
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Figure 10: Boxplots of MAE(p(γ = 1)) over the 50 replicate datasets for Probit SPCA.

10


	DERIVATION OF THE TILTED DISTRIBUTION MOMENT INTEGRALS
	Manipulation of the Tilted Distribution Moment Integrals Using an Integral Representation of the Dirac Delta Function
	Background
	First Manipulation: Rewriting with the Dirac Delta
	Second Manipulation: Changing the Integration Order

	Gaussian Form of the Integrand over (w,x)
	One-dimensional Tilted Distribution Moment Integrals

	SUPPLEMENTARY RESULTS
	Sparse PCA – Gaussian Likelihood
	Sparse PCA – Probit Likelihood


