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Abstract

Computing the leading eigenvector of a symmet-
ric real matrix is a fundamental primitive of nu-
merical linear algebra with numerous applica-
tions. We consider a natural online extension
of the leading eigenvector problem: a sequence
of matrices is presented and the goal is to pre-
dict for each matrix a unit vector, with the over-
all goal of competing with the leading eigenvec-
tor of the cumulative matrix. Existing regret-
minimization algorithms for this problem either
require to compute an eigen decompostion every
iteration, or suffer from a large dependency of the
regret bound on the dimension. In both cases the
algorithms are not practical for large scale appli-
cations.

In this paper we present new algorithms that
avoid both issues. On one hand they do not re-
quire any expensive matrix decompositions and
on the other, they guarantee regret rates with a
mild dependence on the dimension at most. In
contrast to previous algorithms, our algorithms
also admit implementations that enable to lever-
age sparsity in the data to further reduce com-
putation. We extend our results to also handle
non-symmetric matrices.

1. Introduction

Computing the leading eigenvector of a symmetric real ma-
trix is one of the most important problems in numerical lin-
ear algebra and an important primitive in many algorithms.
Perhaps the best known application of this problem is the
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Principal Component Analysis problem, in which, roughly
speaking, given a set of high-dimensional vectors, the prob-
lem is to find a low-dimensional subspace such that the pro-
jection of the vectors onto this low-dimensional subspace is
close on average to the original vectors. It is well known
that the optimal solution to this problem is to project the
high-dimensional vectors over the several leading eigen-
vectors of the covariance matrix of the data. In this pa-
per we consider an online learning problem that is a natu-
ral extension of the leading eigenvector problem. A deci-
sion maker observes a sequence of matrices. Before a new
matrix is revealed, the decision maker must commit to a
unit vector. Once the matrix is revealed the decision maker
gains the quadratic product of the selected unit vector with
the revealed matrix, and his overall goal is to maximize the
total reward. As standard in such settings, the performance
of the decision maker is measured via the regret which is
given by the difference between the total reward of the best
fixed unit vector in hindsight and the total reward of the de-
cision maker. Indeed the best fixed unit vector in hindsight
is simply given by the leading eigenvector of the sum of
revealed matrices and the associated total reward is the cor-
responding leading eigenvalue. This problem captures as a
special case the problem known as Online Principal Com-
ponent Analysis that was studied in (Warmuth & Kuzmin,
2006a), (Warmuth & Kuzmin, 2006b), (Nie et al., 2013), in
case of a single principal component.

From an optimization theory point of view, the offline lead-
ing eigenvector problem is a non-convex quadratic opti-
mization problem, since w.l.0.g. it requires to maximize a
convex function over a non convex set, i.e. the unit sphere.
However, it could be solved to high precision via eigende-
composition which takes O(n?) time where n is the size of
the matrix, or via iterative approximation algorithms such
as the Power or Lanczos algorithms whose running time for
well-conditioned matrices is roughly O(nnz) where nnz de-
notes the number of non-zeros entries in the input matrix.
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When considering the online problem, three different ap-
proaches come to mind which we now detail.

The Convexification Approach The first approach is
to convexify the problem by lifiting the decision variable
from a unit vector to a matrix, more specifically a pos-
itive semidefinite matrix with unit trace. This approach
corresponds to the problem of Online Linear Optimization
over the Spectrahedron '. This is also the approach taken
in previous works on Online PCA (Warmuth & Kuzmin,
2006a), (Warmuth & Kuzmin, 2006b), (Nie et al., 2013).
While this approach leads to theoretically efficient algo-
rithms with nearly optimal regret bounds, such as the Ma-
trix Multiplicative Weights algorithm (Tsuda et al., 2005;
Arora & Kale, 2007), their major drawback is that they re-
quire super-linear computation per iteration, i.e. they re-
quire to compute a full eigendcomposition which amounts
to O(n3) arithmetic operations per iteration . The latter
is true even if the support of the sequence of matrices is
sparse.

The Oracle-based Approach A natural approach is to
try to reduce the online problem to the offline one. That
is, assume that we are given an oracle for the offline prob-
lem that given a query matrix returns its leading eigenvec-
tor, and derive an online algorithm that is based on making
queries to the oracle. Such a reduction is possible either
via the Follow the Perturbed Leader meta-algorithm (FPL)
(Kalai & Vempala, 2005) or by the recent Online Frank-
Wolfe algorithm presented in (Hazan & Kale, 2012). Both
of these algorithms require on each iteration of the online
problem to make a single query to the eigenvector oracle
which could be implemented using the Power or Lancsoz
algorithms mentioned above with complexity of roughly
O(nnz) arithmetic operations. While the per-iteration com-
plexity of these methods is potentially much more favor-
able than the convexification approach and despite the fact
that the regret bound guaranteed by FPL is optimal in terms
of the length of the sequence, it comes with the price of a
large dependence on the dimension. Indeed when design-
ing online learning algorithms, usually the primary goal is
optimal dependence on the sequence length, however fa-
vorable dependence on the dimension is crucial in order
for the proposed method to be of any practical significance.

The Iterative Approach A third approach is to design
online algorithms that directly tackle the non-convex opti-
mization problem, i.e. online analogues of iterative algo-
rithms for the offline problem such as the Power Method
with an update step that roughly amounts to computing a
single matrix-vector product, which is much more efficient
than both previous approaches. Such an approach is remi-

formally defined as {X € R™*" | X = 0, Tr(X) = 1}

niscent of the Online Gradient Decent method presented in
(Zinkevich, 2003) which is an online analogue of the gradi-
ent descent method for offline convex optimization. For the
specific problem of Stochastic Principal Component Anal-
ysis, such algorithms with provable guarantees exist (Bal-
subramani et al., 2013), (Shamir, 2014), however we are
not aware of any such method for the online setting consid-
ered here.

Our interest in this work is to study algorithms for the on-
line eigenvector problem that may be of use for large scale
instances. Towards this end we part from the convexi-
fication approach that was the main approach studied in
previous related problems and requires super-linear com-
putations, and focus on the oracle-based and iterative ap-
proaches which allow for more efficient implementations
and may leverage sparsity in the data.

1.1. Our Results

Our main result is an online algorithm that takes the so
called oracle approach and is based on the Follow the Per-
turbed Leader meta-algorithm. The algorithm requires on
each iteration to perform only a single call to an offline
eigenvector oracle and attains near-optimal regret in terms
of the sequence length. In contrast to previous such algo-
rithms, the dependence of the obtained regret bound on the
dimension is much more favorable. Moreover, as opposed
to previous oracle-based approaches, our algorithm admits
an implementation that may leverage sparsity in the data
to further reduce computation. On the technical side, our
algorithm is based on a novel analysis of FPL. While pre-
vious approaches to analyzing the FPL algorithm are ge-
ometric in nature, which seems to inevitably introduce a
large dependence on the dimension, our approach exploits
the specific structure of the problem at hand and is alge-
braic in nature. More precisely, we study the spectrum of
symmetric real matrices under Gaussian perturbations and
apply tools from matrix perturbation theory to derive the
regret bound.

We also consider a somewhat easier stochastic setting, in
which we assume that the sequence of matrices is sampled
from a fixed and unknown distribution. We present an al-
gorithm that takes the so called iterative approach and is
analogues to the Power algorithm for the offline setting,
i.e. it computes a single matrix-vector product on each iter-
ation. The regret of the algorithm is nearly optimal in terms
of the sequence length and depends on the dimension only
through a logarithmic factor. The analysis of the algorithm
is especially accessible and requires only a black-box appli-
cation of the offline Power method and a, by now standard,
matrix concentration inequality.

A comparison of our results to previous related work is de-
tailed in Table 1.
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Method Regret bound | Iteration complexity
Matrix Mul. Weights (Tsuda et al., 2005; Arora & Kale, 2007) VT n3 (SVD)
Follow the Perturbed Leader (Kalai & Vempala, 2005) (see Subsection 4.1) n®/4/T EV

Online Frank-Wolfe (Hazan & Kale, 2012) nl/2T3/4 EV

This paper, online setting (see Section 5)

vnT EV

This paper, stochastic setting (see Section 3)

\/T nnz

Table 1. Comparison between different algorithms for the online eigenvector problem. We denote by EV the computation of the leading
eigenvector of a given matrix. We omit the dependence on constants and logarithmic factors in n, T'.

A performance measure that seems natural for comparing
between online algorithms with different regret bounds and
iteration complexity is the worst case overall time complex-
ity to achieve € average (expected) regret. This measure
is important for instance when considering the application
of online learning algorithms to saddle-point optimization
problems (Grigoriadis & Khachiyan, 1995; Clarkson et al.,
2012; Garber & Hazan, 2011). The overall complexity re-
quired for the Matrix Mul. Weights method to achieve
€ average regret is O(n‘ge*z). Our online algorithm on
the other hand admits an implementation with overall run-
ning time O(n3/2¢~7/2nnz), where nnz denotes the joint-
sparsity of observed matrices (see subsection 5.1 for de-
tails). Hence in case ¢%/?nnz = O(n?®/?), it is overall
faster.

Finally, we extend our results to handle non-symmetric ma-
trices as well.

2. Notation and Problem Setting

We denote by S,, the linear space of all n X n real sym-
metric matrices. We denote by S the Euclidean sphere
in R™, that is S = {z € R™|||z|]2 = 1}. Given a matrix
A € S, we denote its eigenvalues by A\j(A4) > Az(A4) >
.An (A). We also refer to A\ (A) as Apax Which is given by
Amax = Max,cs & Azx. We denote by §(A) the eigengap
of the matrix A which is given by §(A4) = A1 (A4) — A2(A).
Unless specified else, given a vector z € R™ we denote
by ||z| its standard Euclidean norm and given a matrix
A €'S,, we denote by || A|| its spectral norm. We also de-
note by || Al and || A, the Frobenius and nuclear norms
of A respectively. Recall that ||A||,||A|« are dual norms
and thus according to Holder’s inequality, it holds for any
two matrices A, B € S,, that A e B < ||A]| - | B||« where
e denotes the standard inner product for matrices, that is
A e B = Zi,j Ai7j . Bz’j

In this work we consider the following repeated game: an
adversary chooses a sequence of matrices Ay, Ao, ..., Ap €
S,,. Then, for T" rounds, the player is required on each
round ¢ € [T'] to choose a vector z;; € S. After making his
choice, the matrix A; is revealed and the player gains the
profit 2] A;x;. Such an adversary is referred to in the liter-

ature as oblivious since he chooses the sequence of matrices
without any knowledge of the actual actions of the player.
A stronger type of adversary, known as adaptive adversary,
need not commit in advance to the entire sequence of ma-
trices, but may choose on time ¢ the matrix A; to depend
on the entire history of the game, that is on Ay,..., 4, 1
and x1, ..., z¢—1. Throughout the paper (especially in Sec-
tions 4, 5) we consider only an oblivious adversary. In the
full version of the paper we detail how our results could be
easily extended to also handle an adaptive adversary.

We measure the overall performance of the player accord-
ing to the regret which is given by.

T T
regret, = meaéc E x! Ay — E thAtxt
xr
t=1 t=1

T T
= /\Inax <Z At> - Z I:Atl‘t.
t=1 t=1

In case the decision maker uses randomization to choose is
actions it also makes sense to consider the expected regret
which is given by

T T
_ T _ T
E[regret,]| = max tzzl x Az E[Z x; Arxyl,

t=1

where the expectation is taken over the randomness intro-
duced by the decision maker.

We assume without losing generality that ||A;|| < 1 and
that A, is positive definite (note that adding a multiplicity
of the identity matrix to A; does not change the regret).

2.1. The Asymmetric Case

It makes sense to also consider the asymmetric case in
which the input matrices Ay, ..., Ar are not necessarily
symmetric but are m X n real matrices for fixed m,n.
In this case a prediction is a rank-one matrix uv ' where
u € R™ v € R™ and both are unit vectors. In this case the
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regret is given by

T

T
max Z u' Ajw — Z uz—Atvt
ueR™, |ul =1 = =1

veR" v =1

T T

= A TA

= Omax t ] — Uy AtUt,
t=1 t=1

regrety =

where oax () denotes the largest singular value.

We now show how given a low-regret algorithm for the
symmetric problem we can use it to achieve low-regret on
the asymmetric problem via a randomized conversion. The
algorithm is given below. The following lemma bounds the

Algorithm 1 Asymmetric to Symmetric Conversion Algo-
rithm
1: Input: Algorithm A for the online eigenvector problem
in dimension m X n.
2: fort=1,...,T do
3:  Receive prediction x; € R™" from A.
4:  Decompose x; into x; = (¢, 0;) for 4 € R™, oy €

R™.

5:  With probability 2||a||||0¢]] set (ut,ve) =
(H%H’H%H and with remaining probability
set (ug,v;) = (u,v), for uniformly chosen unit

vectors u € R™, v € R".
6: Observe A;.

7. Feed the matrix A, = ( OZ?’” OAt > to A.
t nxn

8: end for

regret of Algorithm 1 in terms of the regret of an algorithm
for the symmetric problem 2. The proof is given in the ap-
pendix.

Lemma 1. Assume that for all t € [T] it holds that
|A¢ll < 1. Then it holds for all t € [T7] that Ay is sym-
metric, ||A¢|| < 1and

T

T
E[Umax (Z At) — ZutTAtvt] =
t=1 t=1
T T
Amax (Z zzlt) - Zﬂfjfitl“t,
t=1 t=1

where the expectation is taken over the randomness in
choosing ug, vy.

?Note that the matrix A, defined in the algorithm is not posi-
tive definite as we assumed in the eigenvector problem, however
this could be easily fixed by adding a multiplicity of the identity
matrix and scaling accordingly to keep the unit upper bound on
the spectral norm.

3. The Stochastic Setting

In this section we consider a stochastic setting which
is somewhat easier than the online adversarial setting.
In the stochastic setting we assume that all matrices
Ay, Ag, ..., A are sampled ii.d. from a fixed but un-
known distribution D over matrices in S,, with spectral
norm bounded by one and w.l.o.g. we assume that these
matrices are positive definite . We denote the distribution
mean by A = Ep.p[M].

Our algorithm titled Epoch Power Method for the stochas-
tic setting is given below. It works by dividing the sequence
into disjoint epochs, each of length ¢ which is a parame-
ter that will be determined in the analysis. The algorithm
predicts using a single unit vector throughout each epoch,
while applying Power method update steps in order to com-
pute the prediction for the following epoch.

We refer to an epoch by 7 and denote by x(;) the point

played throughout epoch 7. We also denote A_,(;y =
L Zﬁl Ay, that is the empirical mean of all matrices ob-

served until the end of epoch 7.

In this section we prove the following theorem.
Theorem 1. Let x1,xo,...,x7 denote the unit vectors
played by Algorithm 2 throughout rounds 1,2,...,T. The
following guarantees hold.
1. Given § > 0,
[+4/T log %l guarantees that with probability at

choosing block length ¢ =

least1 — 6§
T
Z (/\maX(A) — x;rAxt) =0 <\/T10g ?) .
t=1

2. Choosing block length ¢ = [%+/2T log 2nT'| guaran-
tees that

T T
E[Amax (Z At> -3 @A) =0 (\ /Tlog nT) .
t=1 t=1

We note that both results in the theorem are optimal up to
log factors.

In what follows we always refer to x(; as the final value
of this vector, that is, its value at the end of epoch 7 — 1.

In order to prove Theorem 1 we need the following two
lemmas.

The following lemma is a straightforward application of a
Bernstein concentration inequality for symmetric matrices
(see (Tropp, 2012), theorem 1.4).

Lemma 2. For any block T and € > 0 it holds that
—e2min{7¢, T} >

Pr(||Affl_>(T)H Ze) §nexp< T
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Algorithm 2 Epoch Power Method
1: Input: block length parameter £.
2: Let v be a unit vector chosen uniformly at random from
the sphere.

3: fort=1,...,¢ do

4:  Play arbitrarily & observe A;.
5: end for

6: T2y < 0.

7: for 7 =2...[T/{] do

8 T(ry1) 0.

9:

1 T—1)¢
Let A—>(T—1) = ﬁ E:ll) At.

10  fort=(r— 1)+ 1...min{r¢, T} do

11: Play z(;) & observe Ay. B

12: Trg1) < AL )24 /1 As -0 T4 |-
13:  end for

14: end for

The following lemma is based on an analysis of the Power
Method for computing the leading eigenvector of a positive
definite matrix and gives a guarantee on the quality of the
vectors (). For details see Theorem 4.1 in (Kuczyfiski &
Wozniakowski, 1992).

Lemma 3. For any L%J > 7 > 2and e > 0, it holds with
probability at least 1 — n exp(—YLe) that

Tl Asr—1)T(r41) 2 (1 — €)Amax(AL(7—1))-
We can now prove Theorem 1.

Proof. We first prove part 1 of the theorem, part 2 follows
as a corollary.

Fix a block number 7 > 3 and an error tolerance ¢,. Using
Lemmas 2, 3 we have that with probability at least 1 —

nexp(—Le;) — nexp (65(7173)@) that

T(r)Az(7) = Ty AL (r—2)T(r) — €7

2 )‘max(A_>(-,—_2)) - 267’ Z )\max(A) - 367—,

where the first and last inequalities follow from Lemma 2
and the second inequity follows from Lemma 3 and the ob-

servation that Ayax (A (r—2)) < 1.

2nT

Setting e, = 4 IE) fﬁ@ we have that with probability at
least
{log 22T 1)
1- SPY et S N I
1exp (r—2) | 2T

22 log 2nT 5
1— == | - —
> n exp T 5T

it holds that

log 25"

.’E(T)A.T(T) 2 )\max(A) —12 m

Thus setting the block length to £ = [1,/T log 2217 we
have that with probability at least 1 — % it holds that

I(T)A'r('r) > Amax(A) —24

Summing over 7 > 3 we have that with probability at least
1-46,

[/l
Z (‘rEI;')Ax(T) - Amax(A)> <
T=3

onT \ /4 [T/€]
o) (Rt I o R S
T = VT2
/4
logM T/e 1
24 o —dr <
< T 1 VT — 1 4

log 222\ " /T, Tlog 222\ /!

Since each block accounts for ¢ iterations and in worst case
the algorithm suffers loss of 1 on all first 2¢ iterations we
have that with probability at least 1 — ¢

d 2nT
> " (Amax(A) — 2] Az;) <260 =0 ( Tlog 5) :
t=1

(D

We now prove part 2 of the theorem.

Since on any time ¢, x; is independent of A; we have that

T T
E[r;leagc z' A — Z x] Agzy) <
t=1 t=1
T T
Elmax o™ (T A)r+ (A~ A) = Y] An] =
t=1 t=1
T T
BT Anax(A) = Dl Ave + D (A = Al @
t=1 t=1

Let us djqnote by Tend the inc}ex of the last block. Note
that ||>,_, A — Al =T - [|[A(+,,.,) — All. By applying
Lemma 2 we have that with probability at least 1 — ¢ it
holds that

T
1 _ In 2%
FIY A=Al = ) - Al <422 )

t=1
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Plugging Eq. (1) and Eq. (3) into Eq. (2) we have that

€S

2nT
(1—26) - (4+13/2)y/Tlog "T 425 2T.

Thus setting § = T~', which corresponds to setting the
block length to ¢ = [1./2TTog2nTY, gives the second
part of the theorem. O

T T
E[maxz x! Ay — Z x] Agzy) <
t=1 t=1

4. The FPL Meta-Algorithm for the Online
Setting

In this section we overview the Follow the Perturbed
Leader meta-algorithm for online learning and its appli-
cation to the problem of online learning of eigenvectors.
The meta-algorithm is given below. The algorithm relies
on the availability of an oracle for the offline eigenvector
problem, that is an oracle that given a matrix A, returns a
leading eigenvector of A. We denote a call to this oracle
by EV(A). Additionally, the algorithm relies on the avail-
ability of a distribution D over S,, from which it is possible
to sample a perturbation matrix (efficiently). Different such
distributions give rise to different instances of the algorithm
with different regret guarantees.

Algorithm 3 Follow the Perturbed Leader
1: Input: distribution D over S,,.
2: Sample a matrix N ~ D.
3: 21 EV(N )

4: fort =1,2,...do

5

6

7

Play x; & observe A;.
i1 — EV (ZLl A, + N).
: end for

Theorem 2. The expected regret of algorithm 3 is upper
bounded as follows.

T . ol
ENND[xt.}.lAtlt—i-l — Xy At:ct]

M=

E[regret;(FPL(D))] <
t=1
+Enoplr] Nop — 2% Na¥]

T
where ©* = arg max,cs (thl At) T

The proof is given in the appendix.

We now turn to survey two choices for the perturbation-
generating distribution D and their corresponding regret
bounds. We show that even though these distributions give
rise to optimal algorithms in terms of the sequence length
T, they suffer from a large dependence on the problem’s
dimension n.

4.1. Entry-wise Uniform Perturbation

Following (Kalai & Vempala, 2005) we consider the fol-
lowing entry-wise uniform distribution D,,,,;. Each co-
ordinate ¢ > 7 in the perturbation matrix N is sampled
U[0, 1/€] and for each coordinate ¢ < j we set N; j <— N; ;
(in order for the resulting perturbation to be symmetric).

In (Kalai & Vempala, 2005) it was shown that with such
noise distribution, one can bound the expected regret of a
single round ¢ as follows (see proof of Theorem 1.1. in
(Kalai & Vempala, 2005)).

En~p,,, [x:+1Atxt+1 — xjAtzt} < €l A,
where [[All1 =37, A 5.

Furthermore, since the sampled perturbation is bounded in
¢, using Holder’s inequality we have that

En~p,..; [w?le — x*TNx*]

D

<En~p z1z] — 22" 1 [N ]la] < P

uni [

where D; denotes the £, diameter of the set {zz " |z € S}.

In order to derive the precise regret bound we need to bound
both quantities || A¢||1, D1. The proof of the following
lemma is given in the appendix.

Lemma 4. It holds that D1 = O(n) and for all t it holds
that || A¢||1 = O(n>/?). These bounds are also tight.

Plugging the result of the lemma into Theorem 2 and opti-
mizing over € we have that

E[regret, (FPL(Dyy;))] = O (n5/ 4\/T) . )

4.2. Exponentially-distributed Perturbation

A second distribution that we consider, De,,,, samples from
S, according to the following density.

dp(N) oc exp(—€||N|)), (5)
for appropriately chosen parameter e.

A similar distribution was used for the problem of learning
rotations (Hazan et al., 2010a) (altough in (Hazan et al.,
2010a) the density was proportional to the nuclear norm
and not the spectral as in Eq. (5)). For more details on how
to sample from the distribution specified by Eq. (5) as well
as a proof of the following lemma, the reader is referred to
(Hazan et al., 2010b).

Lemma 5. It holds that |N|| ~ Gamma(n?,1/¢) and in
particular E[|N||] = "72

The following lemma upper bounds the expected regret on
a single round ¢.
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Lemma 6. On any time t € [T it holds that

T TAT
EN~De,, [(Try1 AsTey1r — ¢ Ay ] < ee.

The proof is given in the appendix.

Plugging Lemmas 5, 6 into Theorem 2 and optimizing over
€ we have that

E[regrety (FPL(Deyp))] = O (n\/f ) . (6)

S. New Perturbation and Analysis for FPL via
Matrix Perturbation Theory

In this section we present our main result - a new noise dis-
tribution for the FPL algorithm and a corresponding anal-
ysis. In contrast to the analysis used in order to derive the
regret bounds in Subsections 4.1, 4.2, which relies on geo-
metric considerations and for which a large dependence of
the regret bound on the problem’s dimension n seems un-
avoidable, here we use a new analysis idea that is algebraic
in nature and relies on tools from matrix perturbation the-
ory which results in a much more moderate dependence on
the dimension.

The new distribution, denoted D,,.,,, is based on a single
parameter ¢ and sampling from it is done as follows. We
draw a vector v € R™ whose entries are i.i.d. A(0,1)
random variables and set the perturbation matrix to N =

C- ’U’UT.

We prove the following theorem.

Theorem 3. Let c = \/% max{1,In(T/n)}. Then

E[regret; (FPL(Dpew))] = O(y/nT max{1,In (T/n)}).

Aside from the important improvement in the dependence
on the dimension (y/n in Theorem 3 vs. at least n in Sec-
tion 4), a key difference between the perturbations is in the
efficiency of the resulting implementations. The key fea-
ture of the FPL algorithm for the online eigenvector prob-
lem is that the EV(-) oracle could be implemented using
iterative methods such as the Power or Lanczos methods,
that only require to compute matrix-vector products, to run
in time that is typically O(nnz) where nnz denotes the spar-
sity of the input matrix. However, since the perturbations
considered in Subsections 4.1. 4.2 are dense with high
probability, even in case the support of all matrices A; is
sparse, the call to the oracle EV in Algorithm 3 will be
with a dense matrix In contrast, the perturbation considered
in this section is rank-one. Hence, while the perturbation
matrix N = cov ' is still dense with high probability, com-
puting the product of N with a vector requires only O(n)
time which allows for an oracle implementation that could
still benefit computationally from sparsity in the data.

We now turn to prove Theorem 3.

The following classic result in matrix perturbation theory
is known as the Davis-Kahan Sine Theroem, see (Davis &
Kahan, 1970). For ease of presentation, we restate the the-
orem and give a self-contained proof in the appendix.

Theorem 4 (Davis Kahan sine theorem). Let A, B,E € S,,
such that B = A+F and assume that 6(A) > 0. Denote by
w4 the top eigenvector of A and by u g the top eigenvector
of B. It holds that

£
HuAuI - uBu;HF < Qﬁm

The following theorem constitutes the key technical ingre-
dient in the proof of Theorem 3. It upper bounds the cumu-
lative distribution function of the eigengap of the perturbed
matrix A + cvv " for a given matrix A.

Theorem 5. Let A € S,, and let v be a vector of inde-
pendent N'(0,1) random variables and let c be a positive
scalar. Denote B = A+ cvv'. Then for any € > 0

Pr(6(B) <e¢) < rnin{Qix/ie 1}.

)
e

The proof is based on anti-concentration results for the
leading eigenvalue of the perturbed matrix. Due to its
length and technical detail it is deferred to Appendix C.3.
Here for some intuition, we prove a weaker version of The-
orem 5, which captures some of the key ideas.

Lemma 7. [Weaker version of Theorem 5] Let A € S,, and
let v be a vector of independent N'(0, 1) random variables
and let ¢ be a positive scalar. Denote B = A+ cvv'. Then

forany e >0
2¢
Pr(6(B) <€) < 1/ <.
me

Proof. Weyl’s eigenvalues inequality states that for any
two matrices X,Y € S, with eigenvalues A\;(X) >
A2(X) > o > Ap(X) and A(Y) > Xo(Y) > o >
An(Y) it holds for any ¢ € [n] that

(X)) + 0 (V) < NX+Y) < NX) + M), (D

Applying Eq. (7) with X = cov ", Y = A and i = 2 gives
us that
A2 (B) < Aa(cvv™) + A (A) = A (A),

T

where the equality follows since vv ' is rank-one.

Thus we have that

§(B) = M\ (B) — Xa(B) > M (A4 cov’) = X\ (A).
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Let us denote by u; the eigenvector of A that corresponds
to eigenvalue A1 (A). We continue to lower bound §(B) as
follows.
§(B) >uf (A+cov")us — A(A4) = c(uf v)2

Since v is a vector of independent N(0, 1) random vari-
ables we have that (u] v) is also distributed as a N(0, 1)
random variable. Thus (u] v)? is a Chi-squared random
variable with a single degree of freedom, also denoted as
X3. If R is a x? random variable then it holds that for any
e>0

—t/2 1 [ Lo 2
\/277 \/27r 0 % “Var

Thus we have that for any € > 0 it holds that

Pr(6(B) <€) <Pr ((u]—v)2 < E) <

2€
e

O

The following lemma is a consequence of Theorem 5. The
proof is given in the appendix.

Lemma 8. Given A € S,, let v be a random vector
whose entries are independent N'(0,1) random variables
and let c be a positive scalar. Denote § = §(A + cvv').
Define the random variable X = min(a,d~ 1) where a
is a given positive constant. Then we have E[X] <

272 max{In(3542), 1}.

We are now ready to prove Theorem 3.

Proof. Starting from Theorem 2 we have that

T
E N~Ds $t+1At$t+1

t=1
—z] Az, + Elz{ Nay — 2" T Nz¥] <

E[regret, (FPL(Dyew)

T
Y Elllzirialy — @] L Ad] +E[IN]] <
t=1

T
V2Y Ellzenaliy -zl |[p] + Elo)?),
t=1

where the second inequality follows from Holder’s inequal-
ity and the third follows from the fact that for any matrix in
S,, with k non-zero eigenvalues A1, Ao, ..., Aj it holds that

2
JAIE = 28002 = 4 (S0 Inl) = $14]12 and from
our choice of the noise matrix V.

Denote S; = Zi;ll A-. Since for any ¢, z; is the leading
eigenvector of the matrix (S; + N) and 241 is the leading

eigenvector of the matrix (Syy1 + N) =
we have by applying Theorem 4 that

(S; + N) + A,

A
E[th+lx2—+1 Ty ||F]<E[In1n{\f 2.9V2 (” tN)}]
1
< 2V2E -
where the min term is wused since obviously

|zix] — 12/, ]| is upper bounded by /2.  The
second inequality follows since ||A¢|| < 1.

Since all entries of v are A (0, 1) random variables it holds
that E[||v]|?] = n and thus

E[regretT(FPL(Dnew))] <

ZIZE mln{ L

2 3G F ey T

Applying the result of Lemma 8 with a = % for every t

gives
Elregret; (FPL(Dyew))] <

2V/2T - T\/Emax{ln( ), 1} + en.

™k

Thus setting ¢ = \/% max{In(T/n), 1} yields the theo-
rem. O

5.1. Using Approximate Eigenvector Computations

So far we have assumed that the eigenvector oracle used in
Algorithm 3 finds an exact leading eigenvector. In practice,
it is much more efficient to use iterative methods such as
the Power and Lanczos algorithms to find an approximate
eigenvector. The following theorem states that indeed Al-
gorithm 3 admits such an efficient implementation, without
sacrificing the regret guarantee given in Theorem 3. The
proof is given in the appendix.

Theorem 6. Algorithm 3, instantiated with noise distribu-
tion Dy,er, admits an implementation such that the state-
ment of Theorem 3 holds, and the worst-case time complex-
ity of each iteration is O(n~/*T3/*nnz), where nnz de-
notes the joint-sparsity of all observed matrices A, ..., Ar.
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A. Proofs of Lemmas from section 2
A.1. Proof of lemma 1

Proof. Fix atime t € [T)]. Clearly the matrix A, is sym-
metric. Moreover, given a unit vector x € R™*™ write x
as ¢ = (u,v) where u € R™ and v € R™. It holds that

HAez]® = [I(Aro, Al w)[* = [|Aeo]® + | A/ ul®

v T U
ol - e 1 - 14,
] "l

IN

[l + Jlul® = 1,

where the last inequality follows since || A¢|| < 1. Hence
||[A¢]] < 1. We now turn to bound the regret. It holds

T
0 A . :
mxm 21 A . Given a unit
S AL
t=1“'t

vector z € R™*™ let us write it as before as = (u, v)
where © € R™ and v € R™. It holds that

that Zle /it =

01’L><7l

Clearly the rhs is maximized when u, v are in the direc-
tion of the top left and right singular vectors of Zthl Ay
respectively. Moreover, under the constraint that ||z|| = 1,
the rhs is further maximized when |ju|| = |jv|| = %, in
which case it equals exactly oax (Zf:l At). The max-
imum of the lhs with respect to x € S is by definition
Amax (Zle flt). Thus we have that

T _ T
Amax <Z At> = Omax (Z At> : ®)
t=1 t=1

Note that for every matrix A € R™*™, given two unit
vectors v € R™,v € R" chosen uniformly from the
unit spheres in R™ and R"™ respectively, it holds that
E,.»[u" Av] = 0. Thus on any time ¢ it holds that

Uy
([Tl
+ (1= 2/ ||| 5] Eur [ Agv]
= 20 A0y + (1= 2] |||5]) - 0

~T
U

Eu, o, [t Avve] = 2| ||| 5] Ay

[

1 ~

9

Combining Eq. (8) and Eq. (9) we have that

T T
T
Omax E At - E ut Atvt
t=1 t=1
T

T
>\max (Z At> — l';rAth't.
t=1 t=1

E

B. Proofs of Theorems and Lemmas from
Section 4

B.1. Proof of theorem 2

Proof. Let us consider the noise matrix /V as an additional
round of the game, that is assume that Ag = N. In this
case, it is clear that playing the point x;y; on time ¢ is
equivalent to playing the optimal choice with respect to the
cumulative matrix thzo A.. In (Kalai & Vempala, 2005)
it was shown that this policy, of playing on each time ¢ the
optimal choice with respect to sum of rewards up to time ¢
(included) achieves over all zero regret. Thus we have that

T T
IN A > Y TA
Ty Nz + Ti4p1 ATy = meau;(a: T+ x Aix
x
t=1 t=1

T
> o*T Na* + Zx*TAt:E*.
t=1

Subtracting the player’s gain from both sides and rearrang-
ing leads to

T T
g T Ay — g x) Ay <
t=1 t=1

T

T T T
g (xt+1At73t+1 —x, Atxt) + 2y Nz; —x*Nz*.
t=1

The result follows from taking expectation on both sides.
O

B.2. Proof of lemma 4

Proof. In order to upper bound D; we observe that for any
two unit vectors x, ¥ it holds that

lza” —yy |l < Vn2llaz” —yy'|lp = O(n).

This upper bound on D; is also tight. To see this, take
the vectors x = e; (the first n-dimensional standard basis

vector) and y = ﬁl (the uniform unit vector). It holds

that |lzzT —yy |1 = Q(n).

To upper bound || A¢||; and recalling that || A;]] < 1 we do
the following.

[ Aelly < V2| Adllr < Vn2/n|[ A2 < n®/?,
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where the second inequality follows since for any symmet-
2= Y N (A) < nf A% We now
show that the upper-bound on || A;||; is also tight. To see
this, assume with out loss of generality that n is a power of
2 and consider the famous deterministic construction of an
Hadamard matrix H due to Sylvester. H has the following
two properties: 1) Vi,j : |H; ;| = 1 and 2) [|H| < /n.
Thus by considering the matrix A; = ﬁ’;‘{ we have that
|A¢llL = ﬁrﬂ = n/2, There is a slight technical issue
that by defining A; this way it is not positive semidefinite.
However this could be easily remedied by adding to it the
identity matrix and multiplying the result by a factor of 1/2
to keep the upper bound on the spectral norm. This changes
still ensure that the ¢; norm of the matrix is ©(n/2). [

B.3. Proof of lemma 6
Proof. Let us denote by F'(¢, M) the function

F(t, M) = [EV(M)]T A[EV(M))].

t—1
=2 1A we

Using the above notation and denoting .S;
have that

ENNDemp [(xtT+1At$t+1 - a:tTAtg;tT] =

/Ft5t+1+N)du /FtSH—N)du( ) =

/ F(t,8; + N)du(N — A,) — / F(t,S; + N)du(N).
Sn

Sn
(10)
It holds that
dp(N — Ay) _ exp(—€[|N — Aq))
dp(IN) exp(—€l| V)

= exp(—€l| N — Ay + €[|N])

< exp(—€|[N = Al + €| N — A + €[ A¢]])
= exp(e]| A¢]])
<exp(e) <1+ ee,

where the last inequality holds for all € € [0, 1].

Plugging the above into Eq. (10) we have that

EN~p,. (@1 Aty — a] A/ ]

< ee/ F(t, S, + N)du(N) = ee - B[z Ayxy).
S

n

The lemma follows since || 4| < 1. O

C. Proofs of Theorems and Lemmas from
Section 5

C.1. Proof of theorem 4

Proof. Write ug as up = aua + Sw for some unit vector
w € R™ and scalars «, 3 that satisfy: ujw = 0, a? + 32 =
1. Note that the following two conditions are also satisfied:

1w’ Aw < \y(A)

= A1 (A) —d(A).
2. upAw =w' Auy = 0.
It thus holds that

upBup = upAup + upEup
< a?Mi(A) + B2 (Ai(4) = 8(4)) +upBup
= Ai(A) — f%5(A) + upEup. (11)

On the other hand it holds that

upBug > u)Bua
=uyAup +uyFuy
=\ (A) +ujyFuy. (12)

Combining Eq. (11) and Eq. (12) we have that

luauy —upuplf =2(1 — (ujup)?) = 26°
uBEuB u}EuA
5(A)
B - [luawy —upug].
6(A)

|E|| - [luau) —upupllr
< 2v/2
< 2V2 500 ,

<2

<2

where the second inequality follows from Holder’s inequal-
ity and the last one follows since uau y — upuy is a rank-
two matrix.

Thus we have that

£l
HuAu:g - uBugHF < Qﬁm
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C.2. Proof of lemma 8

Proof. Since X takes only non-negative values we have
that

E[X] = /OO Pr[X > t]dt = /Oo Pr[min(a,0~") > t]dt
0 0
- /a Pr[min(a, 6 1) > t]dt = /a Pr[o—! > t]dt
0 0
= /aPr[(S <1/t)dt < /amin{m,l} dt,
0 0 wct
(13)

where the last inequality follows from applying Theorem 5.
Ifa < %, we have that
2v/2
RHS of (13) <a < f

e

On the other hand, if ¢ > 2\/5, we have that

e

2vV2

e @ 9./2
RHS of (13)§/ 1dt+/ —\[dt

0 2

vz mct
2V2  2v/2
V3 2V

—Zln(amc/2V?2)
me e

24/2 Teac
— In(—=).
e 2v/2

Therefore under both cases, we have

E[X] < RHS of (13) < &max{ln(@)ﬂh
T 2v/2

as desired. O

C.3. Proof of Theorem 5

We prove an equivalent version of Theorem 5 that has a
more convenient scaling.

Theorem 7. For any M € S,,, the perturbed matrix M=
M + ool withv ~ N(0,1,,,,) satisfies that for any t > 0

Pr [5(]\7) < t] < Zﬁt. (14)

Theorem 5 follows from invoking Theorem 7 with M =
%A andt = £.

Although seemingly we need to prove some kind of con-
centration result, actually the key idea behind it is the fol-
lowing anti-concentration result for the top eigenvalue.

Theorem 8. Forany M € S,,, any A\ > A\ (M) andt > 0,
the perturbed matrix M = M +vv™ withv ~ N(0,1,,%,,)

satisfies,
—~ 2t
Pr [Al(M)e [/\,A—i-t]] <y = (15)

We first give a high level sketch for the proof of Theorem
7. The basic idea is as follows: Let £ be the bad event
that (M) = A\ (M) — Ay(M) is smaller than ¢t. We up-
perbound the event £ by the intersection of two indepen-
dent events & and &. Events & and & come from two
consequences of A1 (M) and A2 (M) being t-close to each
otherN. Note that by eigepvvalue interlacing, we have that
A2(M) < M\ (M) < A1 (M). Therefore if £ happens, then

we have event (a) o1(M) < A (M) + ¢, and event (b)

Xo(M) > oy (M) —t.

Though events (a) and (b) are not independent, we can
carefully design two independent events £; and &, that are
closely related to events (a) and (b), respectively. Event
&1 will only depend on correlation between v and the top
eigenvector of M, and event & will only depend on cor-
relation of v between the rest of eigenvectors of M, and
therefore they are independent (see the proof for details),
and then we conclude that Pr[€] < Pr[&;] Pr[€2]. Hence
it suffices to upperbound the probabilities of £; and & by
O(V/t) for the theorem to follow. The bound on Pr[&;] fol-
lows from the same arguments used to prove Lemma 7, i.e.
a simple anti-concentration result for the dot product of a
fixed unit vector with a random vector and Pr[&;] is upper
bounded using Theorem 8.

Proof of Theorem 7. Since v has a distribution that is ro-
tational invariant, we can assume, without loss of gener-
ality, that M is diagonal. Let M = diag(\1,...,A\q),
where Aq,...,\, are the eigenvalues and eq,...,e, are
the corresponding eigenvectors. Define £ to be the event
that 6(M ) < t. By eigenvalue interlacing, we have that
Xo(M) < A (M) = Ay. Therefore §(M) < t implies
that Al(ﬂ) < )\; + t. Note that Al(M) > elﬂel =
A1 + (e1,v)2 = Ay + v?. Therefore, Al(ﬂ) < A\ +t
further implies that v% < t. Let &; be the event that v% <t.
Therefore we have just proved that £ C &;. Note that v?
is a Chi-squared random variable with a single degree of
freedom, also denoted as X%, and thus

P 2 /t e_m/2d < 1 t 1 d
r(vy <t)= —dr < — —dazx
( ! ) 0 \/27‘1':6 B \/27T 0 \/-%
2
=4/ —t. (16)
T

We consider defining another event £, that involves a deli-
cate treatment for A\y(M). Observe that Ay (M) > Ay, and
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therefore when & happens, it must be Ao (M ) > M (M )
t > A\ —t. Using the variational characterization of eigen-
values (see Lemma 10), by choosing u = e, we have that

A2(M) < max T Mz
x 1l e
]l =1
=  max T (diag(A2, ..., An) +0'0'T) 2/
= Rn—l
']l =1
= A1 (diag(A2, ..., An) +0"0'T), a7

where v’ is the n — 1-dimensional vector obtained by
restricting v to the support {2,...,n}. Let M’ =

diag(Ma, ..., A\¢) and M’ = diag(\g, ..., \,) +0v'v'T. By
Eq. (17) we have that A\ (M’) > Ay(M) and therefore
when & happens, we have that

MM > Ng(M) > A\ (M)—t> A —t.  (18)

hand, note that A;(M’) =
M), therefore when &

On the
MaXy | ey, ||z||=1% M.Z’ < MM
happens, we also have

other

AM(M') < A(M) < Ap +t. (19)

Combining Eq. (18) and Eq. (19), we now define &; be the
event that A; (M’) € [A\; — ¢, A1 +t], and by the arguments
above we have £ C &s.

In case A\; — t < A2 we have, as in the analysis of Pr[&],
that

A — &, A1 + 8] < Pr[A (M) < A\ + 1]
< Prleg Mes < Ay + 1]
< Pr[\y +v3 < A\ +1]

[4
< Prlvs < 2t] <4/ —t,
71'

where the forth inequality follows since A\; — ¢ < Ay and
the last inequality follows from Eq. (16).

Pr[A (M) €

In case Ay — ¢t > Ag we can upper bound Pr[/\l(]/\\j’) €
[A\1 — t, A1 + t]] by invoking Theorem 8 with parameters

M’, X1 — t,2t. In both cases we conclude that Pr[&] =
Proy (M) € [\ — t, A +1]] < /2.

Finally, note that & is an event that only depends on v; and
&, is an event that only depends on vy, . . ., v,. Thus & and
&, are two independent events and we conclude Pr[€] <
Pr[&1 N &) = Pr[&1] Pr[&s] and the theorem follows. [

Now we prove Theorem 8. Before going into detail, let’s
sketch the key idea. We first use the fact that the top eigen-
vector of a matrix A is the max root of the polynomial
pa(z) = det(zI — A) and obtain that o1 (M) is the max
root of the polynomial:

n 2

v
Zz—)\i_l’ (20)

=1

where we assumed as in the proof of Theorem 7, M =
diag(A1,...,Aq). We use z*(v1,...,v,) to denote the
maximum root of (20). We are going to show that z* is
pretty sensitive to the choice of v; in the following sense:
If we fix vg,...,v,, and moving v% from u to u + ¢,
then z* must move from some place zy to zg + ¢ with
t' > t. In other words, z* should have at least the same
anti-concentration property as v3.

Proof of Theorem 8. As in the proof of Theorem 7, we as-
sume w.l.o.g. that M = diag(A1,...,A,). We are going
to use the fact that top eigenvector of a matrix A is the max
root of the polynomial p4(z) = det(z] — A). We calculate

the characteristic polynomial for M:

(z) = det(z] — M) = det(2I — M — voT)
=det (21 — M)(I — (21 — M) tov "))
=det(zI — M) - det(I — (21 — M) tvoT),

Prr

where the last equality follows since for any two square
matrices A, B it holds that det(AB) = det(A) - det(B).
Using Sylvesters determinant identity (Lemma 9), we have
that

pyp(z) = det(zf — M) - (1 — v (2] — M)~ 1v)
n _ 1
= H(z —Aj) | - (1 —o" diag( o)
: z—= N\
j=1
=) (-5 %)
= =1
Let f(z) = > iy = A . Since with probability 1 non of

the roots of pM(z) are in {1, A, ..., A\, }, we have that
A1 (M) is the largest solution of f(z) = 1. Note that f(z)
is well-defined and decreasing on (A1, c0). Thus, fixing a
value A € (A1, 00), we have that the event that A (M) €
[A, A + t] is equivalent to both of the following conditions,

d. 2
f) = : 2D
;A N
d
fOA+1) = Z A +t_1. (22)

=1
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Let
d_ 2
Ay = L
! ; A=\
and 4
2
[k
A 1
2 A=\ +t

”1/\1 > 1— A; and Eq.
(22) implies that m <1—Ay LetL=(A—X)(1—
Aand U = (A — M\ + t)(l — As). Then it holds that

2¢ (L, Uland U —L = (Ay — As)(A— A1)+ (1 — Ay).

L <t.Webound U — L

Therefore Eq. (21) 1mpl1es that

Our goal will be to show that U —
as follows:
U—L=1t(1-A4z)+ (A1 — A2)(A = A1)

d 02
=t(1 - As) + (A*M)Z A — )\i)()l\t—/\i+t)

v
t(1— As) Jrz)\ )\—i—t

< (1—A2)+t142:t.

Thus we have that A (M) € [\, A + t] implies that v2 €
[L,L + t] where L is a random variable that depends on
Va,...,Vq. Since vy is independent of v, ..., v, and v?
is a Chi-squared random variable with a single degree of
freedom, have that

Pr(vi € [L,L+1]) <

sup Pr(v € [a,a +t])

a€l0,00)

= sup

a+ eft/Q
/ i
a€l0,00) Ja V2mt
a+t 1
< sup — —dt

<

a€[0,00) V2m Ja \[
2
—1.

== ), =i

O

Lemma 9 (Sylvesters Determinant Identity (Sylvester,
1851)). For any two vectors u,v € R™ it holds that

det(I +uv?) =1+ vTw.

Lemma 10 (Variational Characterization of Eigenvalues
(Courant-Fischer)). For any symmetric matrix M, it holds
that

A2(M) = inf sup  x' Mz

willull=1 g1y ||z||=1

C.4. Proof of Theorem 6

Before proving the theorem we need to prove the following
lemma.

Lemma 11. Assume that on each iteration t it holds that
T -
xt Stxt Z )\max(St) — €

where S, = Ei_:ll A+ Nande < %,for the value of
c specified in Theorem 3. Then the statement of Theorem 3
still holds.

Proof. For each iteration ¢ let us denote by Z; an exact
leading eigenvector of the matrix S;. In order to derive
the lemma, it suffices to show that

th Aty — ] Agy] = O(y/nT max{1,In (T/n)}),

and apply the result of Theorem 3 with respect to the vec-
tors 1, ..., T.

Let §; := 6(St). Let us now write z; = ai; + V1 — a2z
for some unit vector z; L #; and o € [—1, 1]. On the one
hand it holds that z, Syxy > /\max(gt) — €. On the other
hand it holds that

x;'—gt:vt = (aZs +V1-— a2,zt)T5't(a:Et +V1—a2z)
= a2$E;r§t:Et + (1 — a2)zt—r§tzt
< )\max(gt) — (1 —a?)é;.

Thus we have that

V1 —a? < min{l,, /5£}’
¢

which means that
|82 —zxl %= (1—a®) +2/e|V1—-a?+(1-a?)

<4v/1-a? <4min{l, 1/ }

= 4y/emin{e"'/2, _1/2

Denote X; := 4/emin{e~1/2, (5;1/2}. Going along the
same lines as in the proof of Lemma 8§, using Theorem 5,
we have that

E[X;] < 4v/€ Pr[s; < 1/t%]dt
0
e~ 1/2
< 4y/e min{ 2\/1;, 1}dt,
0

where c is set according to Theorem 3.
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For e /2 > 4/ % we have that
2
E[X,] < 4e \/ \f / 2
[2v3 2 mct
- /2\/§_2\/i+2\/§' [7mc
TC TC T 22

_ 8v/2v/2¢
~ e

It now follows that,

~

Ell 2@, — o) |1+ [Ael]

M=

B[ & Ay — x] Ay] <
t=1

o~
Il
-

I A

— x42y || p]

~o (1))

||$txt

axw
R

o(?).

where the first inequality follows from Holder’s inequality,
the second inequality follows from the connection between
the nuclear and frobenius norms and the fact that 7,7, —
xix] is a rank-two matrix, and the last equality follows
from plugging the upper bound on .

The lemma now follows from plugging the value of ¢ stated
in Theorem 3. O

We can now prove Theorem 6.

Proof. According to Lemma 11 it suffices to approxi-
mate the leading eigenvector of the matrix S, on each
iteration t up to an error of O(1/c), where ¢ is as
stated in Theorem 3. Using the Lanczos algorithm,
such an approximated eigenvector could be computed in

\/ )\max(gt)c ' nnz(gt)
(Kuczynski & WozZniakowski, 1992)).
Since Amax(S:) = O(T) and ¢ = O(\/T/n) we con-

clu@e that each iteration could be carried out in total time
of O(n=Y/4T3/*nnz). O

time O (see Theorem 4.2 in

D. Extending the Result of Section 5 to
Adaptive Adversaries

We now turn to consider a slightly more challenging on-
line setting than considered so far, in which the adversary

is not oblivious but adaptive. That is the sequence of matri-
ces {A;}]_, is no longer chosen in advanced and remains
fixed throughout the game, instead, on iteration ¢, the ma-
trix A; may depend on the the choices of the algorithm on
iterations 1,2, ...t — 1 (that is on the vectors x1, ..., T¢_1),
but not on any fresh randomness possibly used by the algo-
rithm on time ¢.

Unfortunately Theorem 3 does not directly apply to handle
an adaptive adversary since in the analysis we have used
the fact that on iteration ¢, the matrix A; does not depend
on the random perturbation N. Luckily, we now show that
it is not hard to modify Algorithm 3 and the analysis of
Theorem 3 to also handle an adaptive adversary.

Towards this end, we now consider a slight modification
of Algorithm 3 in which on each iteration ¢ we sample a
new perturbation matrix Ny = cvtvtT from the distribution
Diew, Which is chosen independently of previous pertur-
bations. That is, now on iteration ¢ the algorithm predicts
according to

t—1

SEt(*EV (ZAT+Nt> 5 NtNDnew- (23)

T=1

The following theorem bounds the regret of the modified
algorithm.

Theorem 9. With probability at least 1 — § it holds that
T T
T =T A ~
E Ay — E Ay =
ses t=1 Lo t=1 e

) <\/nTmaX{1,ln (T/n)}+4/Tln ;) .

The proof of the theorem follows a known analysis that can
be found for instance in (Cesa-Bianchi & Lugosi, 2006).
For the sake completeness we provide one with full detail
here.

Proof. Consider the sequence of vectors Zi,...,Z7 gen-
erated according to Eq. (23) with respect to a sequence
of matrices Ay, ..., Ap, chosen by an adaptive adversary.
Consider also a second sequence of unit vectors 1, ..., x1
generated by Algorithm 3, such that only a single sam-
ple N is drawn from the distribution D, When ap-
plied to the sequence of matrices Ajp,...,A7. An im-
portant observation is that the points 1, ...,z are cho-
sen as if the input sequence Ay, ..., Ar was chosen by an
oblivious adversary and in particular, the single perturba-
tion N used to generate z1,...,x7 is independent of the
matricesAy, ..., Ar, N1, ..., N7, where Ny, ..., N are the
perturbations used to generate the vectors Zj,...,Z7 ac-
cording to Eq. (23).
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By applying Theorem 3 with respect to the sequence of
vectors x1, ..., x we have that

€S

T T
max Z 2" Ayx — En [Z a:tTAt:vt] =
=1 =

O(yv/nT max{1,In (T/n)}). (24)

Further note that for any iteration ¢, the random matri-
ces N, N, are identically distributed and independent of
N1, ..., N;_1, and thus it holds that

En,[2] AiZi] = Enlz] Arzy). (25)

Let us define for any iteration ¢ the random variable
Zt = i’:AtLEt — E[‘%:At.’it | Nl, ...,Ntfl}. Note that
E[Z; | Ny, ..., N;_1] = 0. Thus we have that

t
E[> Zr| N1, ooy Nyd] ZZ IN1, .oy No_1]
=1

- Z Z‘ra
T=1

and thus the sequence S; := Y. _, Z, for t € [T forms

a martingale sequence with respect to the random variables
N1, ..., Np. This martingale also satisfies the bounded dif-
ference property, since for any ¢,

151 = Se—1] = |Z4
= 7] Ay — E[Z] Ai®s | N1,y ..., Ne1]|
<1,

where the last inequality follows from our assumption that
A; > 0and ||AtH <1

Thus by applying Azuma’s concentration inequality for
martingales, we have that for any C' > 0

T
Z I’f Atjt | Nl, ...,Nt_ﬂ — SE;FAtJ?t Z C)

t=1

_c?
< e 2T,

By applying Eq. (25) for all ¢ we have that

T
Pr(z Enlz, Az — 2] Ajiy > O)
t=1
T
=Pr(Exn [Z a:;rAta:t Z TAtxt >0C)

t=1 t=1

~

Q
N

< 2e” 2

S

)

and thus by Eq. (24) we have that

maxZ:E AtLL'—Zl‘ Az > C+ Rr)

t=1

where Ry = O(y/nT max{1,In (T/n)}).

The theorem follows from setting C' = /27T In %.



