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Appendix A. Regret Bounds for Non-GLM Likelihoods

Recall Proposition 2.1, restated here for convenience:

Proposition. The Bayesian cumulative loss is bounded as

LBayes(ZT ) ≤ LQ(ZT ) + KL(Q||P0). (A.1)

Proof of Theorem 2.4. Fix a choice of θ∗ and φ and write Q = Qθ∗,φ. Take a second-order Taylor
expansion of fy about z∗, yielding

fy(z) = fy(z∗) + f ′y(z∗)>(z − z∗) +
1

2
(z − z∗)>f ′′y (ζ(z))(z − z∗),

for some function ζ. Let z = (ξx,ψ) with θ ∼ Q and let z∗ = E[z] = (ξ∗x,ψ∗). Hence,

Ez[fy(z)] = fy(z∗) + f ′y(z∗)>0 +
1

2
Ez
[
(z − z∗)>f ′′y (ζ(z))(z − z∗)

]
≤ fy(z∗) +

c

2
Ez
[
(z − z∗)>(z − z∗)

]
.

Defining

ω , (x, . . . ,x︸ ︷︷ ︸
n′ times

, 1, . . . , 1︸ ︷︷ ︸
n′′ times

),

we next observe that

(z − z∗)>(z − z∗) = ω>(θ − θ∗)(θ − θ∗)>ω. (A.2)

Letting Σ = Var[θ], we thus have

Ez
[
(z − z∗)>(z − z∗)

]
= ω>Eθ[(θ − θ∗)(θ − θ∗)>]ω

≤ ‖ω‖22‖Eθ[(θ − θ∗)(θ − θ∗)>]‖
= (n′‖x‖22 + n′′)‖Σ‖
≤ (n′ + n′′)‖Σ‖

since it is assumed that ‖x‖2 ≤ 1. Noting that LQ(ZT ) =
∑
t EQ[fyt(ξxt,ψ)] and Lθ∗(ZT ) =

∑
t fyt(ξ

∗xt,ψ
∗),

we have

LQ(ZT ) ≤ Lθ∗(ZT ) +
Tc(n′ + n′′)‖Σ‖

2
. (A.3)

Combining (A.1) and (A.3) yields the theorem. �

Proof of Theorem 2.2. Follows as a special case of Theorem 2.4 by choosing n′ = 1 and n′′ = 0. �

A.1. Application to Multi-class Logistic Regression. For multi-class logistic regression (MLR)

y ∈ {1, . . . ,K} is one of K classes, the parameters are θ = {θ(k)}Kk=1, and the likelihood is

p(y |θ,x) =
exp(θ(y) · x)∑K
k=1 exp(θ(k) · x)

. (A.4)

In order to apply Theorem 2.4, we require the following result:

Proposition A.1. Assumption (A1’) holds for the MLR likelihood with c = 1/2.
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Proof. First note that

fy(z) = −zy + ln
∑K
k=1 e

zi , (A.5)

where zi = θ(k) · x, and hence the Hessian of fy(z) is independent of y:

f ′′y (z) =
1

(
∑K
k=1 e

zi)2


∑
i6=1 e

z1+zi −ez1+z2 . . . −ez1+zK

−ez2+z1
∑
i6=2 e

z2+zi . . . −ez2+zK

...
. . .

 (A.6)

Applying Gershgorin’s circle theorem, we find that

‖f ′′y (z)‖ ≤
2ez1

∑
i 6=1 e

zi

(
∑K
k=1 e

zk)2
, (A.7)

where with loss of generality we have applied the theorem to the first row of the Hessian. Defining
a , ez1 ≥ 0 and b ,

∑
i 6=1 e

zi ≥ 0, we have ‖f ′′y (z)‖ ≤ 2ab
(a+b)2 . Maximization over the positive orthant

occurs at a = b > 0, so ‖f ′′y (z)‖ ≤ 1/2. �

Reasoning similarly to Theorem E.1, one can easily prove:

Theorem A.2 (Hierarchical Gaussian regret, multi-class regression). If θ
(1:K)
j ∼ N(0,Σ), j = 1, . . . , n,

then using the MLR likelihood guarantees that R(Z,θ∗) is bounded by

Rmlr−HGBayes (Z,θ∗) ,
1

2γ2

∑K
k=1 ‖θ

∗(k)‖2 +
σ2
0

σ2γ2

∑
k<` ‖θ

∗(k) − θ∗(`)‖2

+
n

2
ln

(
1 +

Kσ2
0

σ2

)
+
nK

2
ln

(
1− σ2

0

γ2
+
Tσ2

2n

)
,

(A.8)

where γ2 , Kσ2
0 + σ2.

Theorem 2.5 follows as a special case of Theorem A.2 by taking σ2
0 = 0.

Appendix B. Proof of Theorem 3.2

Since pT (θ) = p(Y |X,θ)p0(θ)
p(Y |X) ,

KL(PT ||P0) = EPT
[
ln
pT (θ)

p0(θ)

]
= EPT

[
ln
p(Y |X,θ)

p(Y |X)

]
= LBayes(ZT )− LPT (ZT ). (B.1)

Combining (2) and (B.1) with Theorem 3.1 implies that with probability 1− δ, for all θ,

|L(PT )− L̂(PT , ZT )| ≤
√
κ

√
Lθ(ZT )− LPT (ZT ) +B(θ) + C(T ) + lnκ′/δ

T
.

Observing that Lθ∗(ZT ) < LPT (ZT ), so Lθ∗(ZT )− LPT (ZT ) < 0, completes the proof.

Appendix C. KL Divergence Derivations
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C.1. Multivariate Gaussians. Let Di = N(µi,Σi), i = 1, 2, where dim(µi) = n. Then

KL(D1||D2) =
1

2
ED1

[
ln
|Σ2|
|Σ1|

− (x− µ1)>Σ−1
1 (x− µ1) + (x− µ2)>Σ−1

2 (x− µ2)

]
=

1

2

{
ln
|Σ2|
|Σ1|

+ ED1

[
−Tr(Σ−1

1 (x− µ1)>(x− µ1)) + Tr(Σ−1
2 (x− µ2)>(x− µ2))

]}
=

1

2

{
ln
|Σ2|
|Σ1|

− Tr(Σ−1
1 Σ1) + ED1

[
Tr(Σ−1

2 (x>x− 2x>µ2 + µ>2 µ2))
]}

=
1

2

{
ln
|Σ2|
|Σ1|

− n+ ED1

[
Tr(Σ−1

2 (x>x− 2x>µ2 + µ>2 µ2))
]}

=
1

2

{
ln
|Σ2|
|Σ1|

− n+ Tr(Σ−1
2 (Σ1 + µ>1 µ1 − 2µ>1 µ2 + µ>2 µ2))

}
=

1

2

{
ln
|Σ2|
|Σ1|

− n+ Tr(Σ−1
2 Σ1) + (µ1 − µ2)>Σ−1

2 (µ1 − µ2)

}
.

C.2. Gaussian and t-Distribution. Let D1 = N(µ1,Σ1) and D2 = Tν(µ2,Σ2), where dim(µi) = k.
Then

KL(D1||D2) = ln

(
Γ(ν2 )νk/2

Γ(ν+k
2 )

)
+
k

2
lnπ +

1

2
ln |Σ2| −

k

2
ln 2πe− 1

2
ln |Σ1|

+
ν + k

2
ED1

[
ln

(
1 +

1

ν
(x− µ2)>Σ−1

2 (x− µ2)

)]
= ln

(
Γ(ν2 )νk/2

Γ(ν+k
2 )

)
+

1

2
ln
|Σ2|
|Σ1|

− k

2
ln 2e

+
ν + k

2
ED1

[
ln

(
1 +

1

ν
(x− µ2)>Σ−1

2 (x− µ2)

)]
.

For the first term, if k is even, then

Γ(ν2 )νk/2

Γ(ν+k
2 )

=
νk/2

(ν+k
2 )k/2

,

where yn = y(y − 1) . . . (y − n + 1) is the descending factorial. Now assume k is odd. By Gautschi’s

inequality, Γ(a)
Γ(a+1/2) ≤

(
2a+1
2a2

)1/2
. Choosing a = ν/2 yields

Γ(ν2 )νk/2

Γ(ν+k
2 )

=
Γ(ν2 )ν1/2ν(k−1)/2

Γ(ν+1
2 )(ν+k

2 )(k−1)/2
≤ (ν + 1)1/2ν(k−1)/2

(ν2 )1/2(ν+k
2 )(k−1)/2

.

Now, bounding the expectation gives

ED1

[
ln

(
1 +

1

ν
(x− µ2)>Σ−1

2 (x− µ2)

)]
≤ ln

(
1 +

1

ν
ED1

[
(x− µ2)>Σ−1

2 (x− µ2)
])

= ln

(
1 +

1

ν
Tr(Σ−1

2 Σ1) +
1

ν
(µ1 − µ2)>Σ−1

2 (µ1 − µ2)

)
≤ ln

(
1 +

1

ν
(µ1 − µ2)>Σ−1

2 (µ1 − µ2)

)
+

Tr(Σ−1
2 Σ1)

ν + (µ1 − µ2)>Σ−1
2 (µ1 − µ2)

≤ ln

(
1 +

1

ν
(µ1 − µ2)>Σ−1

2 (µ1 − µ2)

)
+

1

ν
Tr(Σ−1

2 Σ1),

where the second inequality follows from the fact that ln(a + b) ≤ ln(a) + b/a. Combining everything
yields

KL(D1||D2) ≤ ln Λν,k +
1

2
ln
|Σ2|
|Σ1|

− k

2
ln 2e+

ν + k

2ν
Tr(Σ−1

2 Σ1)

+
ν + k

2
ln

(
1 +

1

ν
(µ1 − µ2)>Σ−1

2 (µ1 − µ2)

)
,
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where

Λν,k =


νk/2

( ν+k2 )k/2
if k is even

(ν+1)1/2ν(k−1)/2

( ν2 )1/2( ν+k2 )(k−1)/2 if k is odd.

C.3. Gaussian and Laplace. Let D1 = N(µ, σ2) and D2 = Lap(β). Then

KL(D1||D2) = ln(2β) +
1

β
ED1

[|x|]− 1

2
ln(2πeσ2)

= ln(2β) +
1

2β

[
µErf

(
µ√
2 σ

)
+

2
√

2 σ√
π

exp

{
− µ2

2σ2

}]
− 1

2
ln(2πeσ2)

≤ 1

2
ln

2β2

σ2
+

1

2β

[
|µ|

√
1− exp

{
− 2µ2

πσ2

}
+

2
√

2 σ√
π

exp

{
− µ2

2σ2

}]
− 1

2
ln(πe).

Appendix D. Proof of Theorem 4.1

Choose Qθ∗,φ = N(θ∗, φ2I). With P0 = Tν(0, σ2I), we have (Appendix C.2)

KL(Qθ∗,φ||P0) ≤ ln Λν,n +
n

2
ln
σ2

φ2
− n

2
ln 2e+

n(ν + n)

2ν

φ2

σ2
+
ν + n

2
ln

(
1 +

1

νσ2
‖θ∗‖2

)
,

where

Λν,n =


νn/2

( ν+n2 )n/2
if n is even

(ν+1)1/2ν(n−1)/2

( ν2 )1/2( ν+n2 )(n−1)/2 if n is odd.

Note that if n is even then
Λν,n
2n/2

≤ 1 and if n is odd then
Λν,n
2n/2

≤ ν+1
ν . Since VarQθ∗,φ [θi] = φ2, we have

LBayes(Z) ≤ inf
θ∗
Lθ∗(Z) +

Tcφ2

2
+
n

2
ln
ν + 1

ν
+
n

2
ln
σ2

φ2
− n

2
+
n(ν + n)

2ν

φ2

σ2
+
ν + n

2
ln

(
1 +

1

νσ2
‖θ∗‖2

)
Choosing φ2 = νσ2n

Tcνσ2+(ν+n)n yields the theorem.

Appendix E. More on Hierarchical Priors for
Sharing Statistical Strength

E.1. Multiple Simultaneous Observations. The Bayesian learner receives K input-output pairs

{(x(k)
t , y

(k)
t )}Kk=1 at each time step. Each output is predicted using a separate weight vector θ(k), so

the k-th likelihood is p(y |θ(k) · x), k = 1, . . . ,K. Write Z(k) , {(x(k)
t , y

(k)
t )}Tt=1. Instead of using

independent Gaussian priors on θ(1), . . . ,θ(K), place a prior over the means of the K priors. For each
dimension j = 1, . . . , n, let

µj |σ2
0 ∼ N(0, σ2

0) (E.1)

and

θ
(k)
j |µj , σ

2 ∼ N(µj , σ
2), k = 1, . . . ,K, (E.2)

and write θ
(1:K)
j , (θ

(1)
j , . . . , θ

(K)
j ). Integrating out µj yields

θ
(1:K)
j |σ2

0 , σ
2 ∼ N(0,Σ), (E.3)

where, with 1K denoting the K ×K all-ones matrix,

Σ , s2ρ1K + s2(1− ρ)I s2 , σ2
0 + σ2 ρ ,

σ2
0

σ2
0 + σ2

, (E.4)

The Bayesian learner uses this hierarchical prior to simultaneously predict y
(1)
t , . . . , y

(K)
t . For the fol-

lowing theorem, we must replace (A2) with an appropriately modified assumption for the simultaneous
prediction task:

‖x(k)
t ‖2 ≤ 1 for all t, k. (A2’)
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Theorem E.1 (Hierarchical Gaussian regret, simultaneous observations). If θ
(1:K)
j ∼ N(0,Σ), j =

1, . . . , n, and (A2’) holds in lieu of (A2), then R(Z,θ∗) is bounded by

RHG−simBayes (Z,θ∗) ,
1

2γ2

∑K
k=1 ‖θ

∗(k)‖2 +
σ2
0

σ2γ2

∑
k<` ‖θ

∗(k) − θ∗(`)‖2

+
n

2
ln

(
1 +

Kσ2
0

σ2

)
+
nK

2
ln

(
1− σ2

0

γ2
+
Tcσ2

n

)
,

(E.5)

where γ2 , Kσ2
0 + σ2.

It is instructive to compare the upper bound given in (E.5) to
∑
k R

G
Bayes(Z(k),θ

∗(k)) with prior

variance s2 = σ2
0 + σ2. To do so, we find ∆(θ∗) ,

∑
k R

G
Bayes(Z(k),θ

∗(k))−RHGBayes(Z,θ
∗):

∆(θ∗) =
(K − 1)σ2

0

2γ2s2

∑K
k=1 ‖θ

∗(k)‖2 − σ2
0

σ2γ2

∑
k<` ‖θ

∗(k) − θ∗(`)‖2

− nK

2
ln

n s2σ2 (1− σ2
0

γ2 ) + Tcs2

n+ Tcs2

− n

2
ln

([
1 +

Kσ2
0

σ2

]
σ2K

s2K

)
For example, setting σ0 = σ, so the correlation ρ is 1/2, and K = 2, we find that if

4‖θ∗(1) − θ∗(2)‖2 + 6s2n ln

( 4
3n+ Tcs2

n+ Tcs2

)
≤ ‖θ∗(1)‖2 + ‖θ∗(2)‖2 + 0.863s2n,

then the hierarchical model has a smaller regret bound than the non-hierarchical model.1 As long as

Tcs2 > 2n, the condition becomes 4‖θ∗(1)−θ∗(2)‖2 ≤ ‖θ∗(1)‖2 +‖θ∗(2)‖2 +Cs2n for some 0 < C < 0.863.
In this case there are two important observations about the benefits of the hierarchical model. First,

noting that the expected magnitude of ‖θ∗(1)‖2 and ‖θ∗(2)‖2 is σ2n, as long as ‖θ∗(1)‖2 and ‖θ∗(2)‖2 are
only a constant fraction C/4 of their expected magnitudes, the hierarchical model will always have smaller

regret bound. Second, even if the previous condition does not hold, the difference in ‖θ∗(1)−θ∗(2)‖ must

be significantly larger than the expected magnitudes of ‖θ∗(1)‖2 and ‖θ∗(2)‖2 for the hierarchical model
to have a larger regret bound than the non-hierarchical model. Thus, the use of the hierarchical model
has potentially significantly reduced regret compared to the non-hierarchical model.

E.2. Two-level Prior. In this section we derive bounds for the two-level prior in the case of sequential
observations. Recall that the prior is

β ∼ N(0, σ2
0I) (E.6)

µ(s) ∼ N(β, σ2
1I) s = 1, . . . , S (E.7)

θ(k) ∼ N(µ(sk), σ2
2I) k = 1, . . . ,K. (E.8)

Integrating out β, we immediately obtain:

µ
(1:S)
i ∼ N(0,Σµ), (E.9)

where Σµ , σ2
01S + σ2

1I. Writing µi = µ
(1:S)
i and θi = θ

(1:K)
i , we have(

µi
θi

)
∼ N (0,Σ) , Σ ,

(
Σµ Σµθ
Σ>µθ Σθ

)
. (E.10)

Hence,

θi |µi ∼ N(Σ>µθΣ
−1
µ µi,Σθ − Σ>µθΣ

−1
µ Σµθ). (E.11)

Define the matrix P such that Pks = 1{s = sk}. We therefore have Σ>µθΣ
−1
µ µi = Pµi and hence

Σ>µθ = PΣµ, and furthermore Σθ − Σ>µθΣ
−1
µ Σµθ = σ2

2I and hence Σθ = σ2
2I + PΣµP

>.

Hence, the prior on θi is P0 = N(0,Σθ). Choose Qθ∗i ,φ = N(θ∗i ,diagφ), yielding

KL(Qθ∗i ,φ||P0) =
1

2

{
ln
|Σθ|∏
k φ

2
k

− k − Tr(Σ−1
θ )

∑
k

φ2
k + (θ∗i )

>Σ−1
θ θ

∗
i

}
. (E.12)

1 For clarity, we have replaced 3 ln(4/3) with the bound 0.863.
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Straightforward calculations show that the regret is bounded by

n∑
i=1

(θ∗i )
>Σ−1

θ θ
∗
i +

K∑
k=1

n

2
ln

(
2 Tr(Σ−1

θ ) +
cT (k)

n

)
+
n

2
ln |Σθ|. (E.13)

E.3. Proof of Theorem E.1. First take n = 1, which will later generalize to arbitrary n. Choose

Qθ∗(1:K),φ = N(θ∗(1:K), φ2I) and note that

|Σ| = σ2K−2(Kσ2
0 + σ2) = σ2K−2γ2 and Σ−1 = − σ2

0

σ2γ2
1K +

1

σ2
I.

Thus (Appendix C.1)

KL(Qθ∗(1:K),φ||P0) =
1

2

{
ln
|Σ|
|φ2I|

−K + φ2 Tr(Σ−1) + (θ∗(1:K))>Σ−1θ∗(1:K)

}
=
K

2
ln
σ2γ2/K

φ2σ2/K
− K

2
+
K(γ2 − σ2

0)

2σ2γ2
φ2

+
1

2γ2

K∑
k=1

(θ∗(k))2 +
σ2

0

σ2γ2

∑
k<`

(θ∗(k) − θ∗(`))2.

Moving to the case of general n, since VarQθ∗,φ [
∑
k θ

(k)
j ] = Kφ2 for all j = 1, . . . , n, applying Theorem 2.2

gives

LBayes(Z) ≤
K∑
k=1

Lθ∗(k)(Z
(k)) +

TKcφ2

2
+
nK

2
ln
σ2γ2/K

φ2σ2/K
− nK

2

nK(γ2 − σ2
0)

2σ2γ2
φ2 +

1

2γ2

K∑
k=1

‖θ∗(k)‖2 +
σ2

0

σ2γ2

∑
k<`

‖θ∗(k) − θ∗(`)‖2.

Choosing φ2 = nσ2γ2

n(γ2−σ2
0)+Tcσ2γ2 yields the theorem.

E.4. Proof of Theorem 4.2. The proof is similar to that for Theorem E.1. However, use separate
variances for each source:

Qθ∗(1:K),φ =
∏
k

Qθ∗(k),φk =
∏
k

N(θ∗(k), φ2
k).

The error term from the Taylor expansion used in Theorem 2.2 is
∑
k
T (k)cφ2

k

2 , so

LBayes(Z) ≤
K∑
k=1

Lθ∗(k)(Z
(k)) +

∑
k

T (k)cφ2
k

2
+
n

2
ln

σ2Kγ2

σ2
∏
k φ

2
k

− nK

2

n(γ2 − σ2
0)

2σ2γ2

∑
k

φ2
k +

1

2γ2

K∑
k=1

‖θ∗(k)‖2 +
σ2

0

σ2γ2

∑
k<`

‖θ∗(k) − θ∗(`)‖2.

Choosing φ2
k = nσ2γ2

n(γ2−σ2
0)+T (k)cσ2γ2 yields the theorem.

Appendix F. More on Feature Selection

F.1. The Bayesian Lasso. For Bayesian model average learner we have:

Theorem F.1 (GLM Bayesian lasso regret). If θi ∼ Lap(θi, β), i = 1, . . . , n, then

R(Z,θ∗) ≤ 1

2β

∑
i

min

{√
2

πφ2
(θ∗i )2, |θ∗i |

}

+
n

2
ln

 2T 2c2β4(√
2n2 + Tcnβ2π −

√
2n2

)2

 .

(F.1)
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In the regime of Tcβ2 � n, (F.1) becomes (approximately)

R(Z,θ∗) ≤ 1

2β

∑
i

min

{√
2

πφ2
(θ∗i )2, |θ∗i |

}
+ Cn

for some constant C independent of β and c. Hence, even for sparse θ∗, the regret bound is Θ(n). The
inequalities used to prove the regret bound are all quite tight, so we conjecture that, up to constant
factors, there is a matching lower bound, as least in the Gaussian regression case.

F.2. Proof of Theorem F.1. Apply Theorem 2.2 withQθ∗,φ = N(θ∗, φ2I). Since p0(θ) =
∏
i Lap(θi, β),

we have (see Appendix C.3)

KL(Qθ∗,φ||P0) ≤ n

2
ln

2β2

φ2
− n

2
ln(πe) +

1

2β

∑
i

[
|θ∗i |

√
1− exp

{
−2(θ∗i )2

πφ2

}
+

2
√

2 φ√
π

exp

{
− (θ∗i )2

2φ2

}]

≤ n

2
ln

2β2

φ2
− n

2
ln(πe) +

√
2 nφ√
π β

+
1

2β

∑
i

min

{√
2

πφ2
(θ∗i )2, |θ∗i |

}
.

Since VarQθ∗,φ [θi] = φ2,

LBayes(Z) ≤ inf
θ∗
Lθ∗(Z) +

Tcφ2

2
− n

2
ln(πe) +

√
2 nφ√
π β

+
n

2
ln

2β2

φ2
+

1

2β

∑
i

min

{√
2

πφ2
(θ∗i )2, |θ∗i |

}
.

Choosing φ2 =

(√
2n2+Tcnβ2π −

√
2n2

)2

T 2c2β2π gives the desired result.

F.3. Proof of Theorem 4.3. Fix some θ∗. If θ∗i = 0, then let Qθ∗i ,φ2 = δ0, so KL(Qθ∗i ,φ2 ||P0) = ln 1
p .

If θ∗i = 0, then let Qθ∗i ,φ2 = N(θ∗i , φ
2), so

KL(Qθ∗i ,φ2 ||P0) = KL(Qθ∗i ,φ2 ||N(0, σ2)) + ln
1

1− p
.

The rest of the proof of (14) then closely follows earlier ones. To obtain (15), we observe that if p = q1/n,
then

m ln
1

1− p
= m ln

1

1− q1/n
≤ m ln

n

1− q
and

(n−m) ln
1

p
=
n−m
n

ln
1

q
≤ ln

1

q
.
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