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1 Proof for Proposition 1

The jth component of the tangent vector of the positive sphere, mapped by a push-forward map F∗
on a tangent vector v ∈ TxPn

[F∗v]j =
d
dt

√
(xj + tvj)

αj λj∑n+1
i=1 (xi + tvi)

αi λi

∣∣∣∣∣
t=0

,

For simplify, let denote:

fi(t) = (xi + tvi)
αi λi,

hi(t) =
dfi(t)

dt
= (xi + tvi)

αi−1 λiαivi.

So, we have:

[F∗v]j =
hj(t)

∑n+1
i=1 fi(t)− fj(t)

∑n+1
i=1 hi(t)

2

√
fj(t)∑n+1

i=1 fi(t)

(∑n+1
i=1 fi(t)

)2
∣∣∣∣∣∣∣∣
t=0

Since at t = 0, fi(0) = xαi
i λi and hi(0) = xαi−1

i λiαivi,

[F∗v]j =
1

2
x

αj
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j αjvjλ
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) 3
2

Let apply v = ∂i, 1 ≤ i ≤ n, the basis of the tangent space of the simplex TxPn

[F∗∂i]j =
1
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αj
2 −1

j αjλ
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xα`

` λ`
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2

,
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where δj,i = 1 if j = i and δj,i = 0, otherwise.

Hence, we have T = U(I − βηT )D.

Moreover, the metric on the positive sphere S+n is Euclidean. So, we have J(∂i, ∂j) = 〈F∗∂i, F∗∂j〉.
Consequently, we have the Gram matrix:

G = TTT = U(I − βηT )D2(I − βηT )TUT .

2 Proof for Proposition 2

Let consider matrix βηT ∈ R(n+1)×(n+1), and vector v such that ηTv = 0, so v is a eigenvector of
βηT with eigenvalue 0. There are n independent vectors {vi}1≤i≤n such that ηTvi = 0. Moreover,

trace
(
βηT

)
=

n+1∑
i=1

βiηi = 1, or sum of the eigenvalues of βηT is 1. So, the last of (n + 1)

eigenvalues is 1. On the other hand,
(
βηT

)
β = β

(
ηTβ

)
= β, or β is a eigenvector of βηT

with eigenvalue 1. In summary, we have {(vi, 0)1≤i≤n, (β, 1)} are eigenvectors and corresponding
eigenvalues of βηT . Let V be a matrix in R(n+1)×(n+1) whose columns are {v1,v2, · · · ,vn,β}.
So, we may express V as follow:

V =


−x2α1

α2x1
· · · −xn+1α1

αn+1x1
xα1−1
1 α1λ1

1 · · · 0 xα2−1
1 α2λ2

...
. . .

...
...

0 · · · 1 x
αn+1−1
n+1 αn+1λn+1

 .
Let Λ is a diagonal matrix in R(n+1)×(n+1) where Λii = 0, for all 1 ≤ i ≤ n, and Λ(n+1)(n+1) = 1.
We have βηT = V ΛV −1. Consequently, we have I − βηT = V (I − Λ)V −1. Since I − Λ =

diag(1, 1, · · · , 1, 0) and I−Λ = (I−Λ)2, we may express I−βηT = Ṽ Ṽ −1, where Ṽ ∈ R(n+1)×n

is the matrix V whose last column is removed, and Ṽ −1 ∈ Rn×(n+1) is the matrix V −1 whose last
row is removed.

Thus, we can express the Gram matrix G as follow:

G = UṼ Ṽ −1D2(Ṽ Ṽ −1)TUT

= (UṼ )(Ṽ −1D2Ṽ −1
T

)(UṼ )T

We also note that UṼ and Ṽ −1D2Ṽ −1
T

are matrices in Rn×n. So, we have detG =

det2(UṼ ) det(Ṽ −1D2Ṽ −1
T

).

Compute det(UṼ ): Since, we have

UṼ =


−x2α1

α2x1
· · · −xnα1

αnx1
−xn+1α1

αn+1x1
− 1

1 · · · 0 −1
...

. . .
...

...
0 · · · 1 −1



=
α1

x1


−

n+1∑
i=1

xi

αi
− x3

α3
· · · − xn

αn
− xn+1

αn+1
− x1

α1

0 0 · · · 0 −1
0 1 · · · 0 −1
...

...
. . .

...
...

0 0 · · · 1 −1

 .

Therefore, det(UṼ ) = (−1)nα1

x1

n+1∑
i=1

xi

αi
.
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Compute det(Ṽ −1D2Ṽ −1
T

): Let consider a (n+ 1)× (n+ 1) matrix

W =


− r2

r1
· · · − rn+1

r1
c1

1 · · · 0 c2
...

. . .
...

...
0 · · · 1 cn+1


We have its inverse:

W−1 =
1

〈r, c〉


−r1c2 〈r, c〉 − r2c2 −r3c2 · · · −rn+1c2
−r1c3 −r2c3 〈r, c〉 − r2c2 · · · −rn+1c3

...
...

...
. . .

...
−r1cn+1 −r2cn+1 −r2cn+1 · · · 〈r, c〉 − rn+1cn+1

r1 r2 r3 · · · rn+1

 ,

where vector r = (r1, r2, · · · , rn+1) and vector c = (c1, c2, · · · , cn+1) are in Rn+1.

Now, we apply for the matrix V where ri = xi

αi
and ci = xαi−1

i αiλi, for all 1 ≤ i ≤ (n+ 1), and

remove the last row to form Ṽ −1. For simplicity, we denote a diagonal matrix P ∈ Rn×n where
Pii = x

αi+1−1
i+1 αi+1λi+1, for all 1 ≤ i ≤ n and matrix Q ∈ Rn×(n+1) as follow:

Q =



− x1

α1

∑
1≤i≤n+1

i 6=2

x
αi
i λi

x
α2−1
2 α2λ2
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α2

∑
1≤i≤n+1

i 6=3

x
αi
i λi

x
α3−1
3 α3λ3

· · · − xn+1

αn+1

...
...

...
. . .

...

− x1

α1
− x2

α2
− x3

α3
· · ·

n∑
i=1

x
αi
i λi

x
αn+1−1

n+1 αn+1λn+1


.

So, we have

Ṽ −1 =
1

n+1∑
i=1

xαi
i λi

PQ.

Then, we can compute

Ṽ −1D =
1

2

(
n+1∑
i=1

xαi
i λi

) 3
2

P



−
√
xα1
1 λ1

∑
1≤i≤n+1

i6=2

x
αi
i λi√
x
α2
2 λ2

−
√

xα3
3 λ3 · · · −

√
x
αn+1

n+1 λn+1

−
√

xα1
1 λ1

√
xα2
2 λ2

∑
1≤i≤n+1

i 6=3

x
αi
i λi

x
α3−1
3 α3λ3

· · · −
√
x
αn+1

n+1 λn+1

...
...

...
. . .

...

−
√

xα1
1 λ1

√
xα2
2 λ2 −

√
xα3
3 λ3 · · ·

n∑
i=1

x
αi
i λi√

x
αn+1
n+1 λn+1


.

Consequently, we have:

Ṽ −1D2Ṽ −1
T

=
1

4

(
n+1∑
i=1

xαi
i λi

)2P (Q̂− 1n×n)P,

where Q̂ is a diagonal matrix in Rn×n, Q̂ii =
n+1∑
j=1

x
αj
j λj

x
αi+1
i+1 λi+1

and 1n×n is a matrix of 1 in Rn×n.

Moreover, det(Q̂− 1n×n) =
n∏

i=1

Qii −
n∑

i=1

∏
j 6=i

Qjj , following Lemma 2 of Lebanon (2005).
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Hence, we have:

det(Q̂− 1n×n) =

(
n+1∑
i=1

xαi
i λi

)n−1

n+1∏
j=1

x
αj

j λj

(xα1
1 λ1)

2
.

Consequently, we have

det
(
Ṽ −1D2Ṽ −1

T
)

=
1

4n
(

n+1∑
i=1

xαi
i λi

)2n det2 (P ) det(Q̂− 1n×n).

Since det(P ) =
n+1∏
j=2

x
αj−1
j αjλj , we have:

det
(
Ṽ −1D2Ṽ −1

T
)

=

(
x1

α1

)2(n+1∏
i=1

xαi−2
i α2

iλi

)
4n
(

n+1∑
i=1

xαi
i λi

)n+1 .

Hence, we have: detG =

(
n+1∑
i=1

xi
αi

)2(
n+1∏
i=1

x
αi−2

i α2
iλi

)

4n

(
n+1∑
i=1

x
αi
i λi

)n+1 .

3 Proof for Proposition 3

The partial derivative of the objective function F with respect to λ is:

∂F
∂λ

=
1

m

m∑
i=1

∂ log dvolg−1(xi)

∂λ

−E
(
∂ log dvolg−1(x)

∂λ

)
p(x)

Since we have
∂ log

∫
Pn

dvolJ−1(x)dx

∂λ

=
1∫

Pn
dvolJ−1(x)dx

∂
∫
Pn

dvolJ−1(x)dx

∂λ

=
1∫

Pn
dvolJ−1(x)dx

∫
Pn

∂dvolJ−1(x)

∂λ
dx

=
1∫

Pn
dvolJ−1(x)dx

∫
Pn

dvolJ−1(x)
∂ log dvolg−1(x)

∂λ
dx

=

∫
Pn

dvolJ−1(x)∫
Pn

dvolJ−1(z)dz
∂ log dvolg−1(x)

∂λ
dx

= E

(
∂ log dvolJ−1(x)

∂λ

)
p(x)

.

and
∂ log dvolJ−1(x)

∂λ
=

n+ 1

2
n+1∑
i=1

xαi
i λi

[
x
αj

j

]
1≤j≤n+1

.
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So, we have the proof for ∂F
∂λ .

Similarly, we also obtain the proof for ∂F
∂α .
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