Supplementary Material: Finding Linear Structure
in Large Datasets with Scalable Canonical Correlation Analysis

1. Appendix

A brief review of the notations in the main paper:
Sy = X" X/n,Sxy =X Y/n,Sy =Y Y/, |[ull, = (uTSxu)?, o], = (v Syv)?

At = ¢t — p1, AP' = 4 — 1y, Ad = ¢ — 61, Ayl = 9t —

.
Further, we define cos,(u,v) = & S5xv

= Ll the cosine of the angle between two vectors induced by the inner product

T o u' Syv
(u,v) = u' Sxv. Similarly, we define cos, (u,v) = TaloT
“ Y Y

To prove the theorem, we will repeatedly use the following two lemmas.
Lemma 1. Sy, = Sx®A¥'S,

Proof of Lemma 1. The proof is in the main paper.

Lemma 2. [|A6' [ < 3 /v 186 e and |84, < 3 s 2l A0y

Proof of Lemma 2. Notice that cos, (¢!, ¢1) = cos, (¢!, ¢1), then
IAGH2 = (16" — @12 > lIdnl|Psin2 (8, 1) = ATsinZ(¢', é1)

Also notice that ||¢? |, = ||¢1]|. = 1, which implies cos, (¢!, ¢1) =1 — ||¢" — ¢1]|2/2 = 1 — ||A¢*||2 /2. Further

~ 2
IAG!I > Mising (6", ¢1) = M(1 = cos3 (9", 61)) = %Hwni(l + cosu (', 61))

t 1 2 Tt
[A¢" ]| < E’/WHM |z

1 2 ~
<« t
HAd} ||y— )\1\/1+COSy(¢t7¢1)HAw Hy

Square root both sides,

Similar argument will show that

1.1. Proof of Theorem 2.1

Without loss of generality, we can always assume cosm(g’f, (El), cosy(zzt, zzl) > 0 because the canonical vectors are only
identifiable up to a flip in sign and we can always choose ¢1,1 such that the cosines are nonnegative. Apply simple
algebra to the gradient step ¢' ™ = ¢! — 1(Sxd’ — Sxyth?)

&H - 51 = gt - 51 - W(Sx(gt - 51) + Sx% - Sxy(¢t — 1) = Sxytn)
AGHY = A — 1(SxAF — Suy Ad!) = 1(Sxdt — Sy tin)

By Lemma 1, n(Sxal — Sxy¥1) = U(ngl — A1Sx¢1) = 0, which implies

AP = AGt — (SxAd' — Sy Ay
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Square both sizes,
HAQZH1H2 = ||A($t||2 + 772HSXA(Et - SxyAwtn2 - QW(A(Zt)T(SxA(Et - SxyAwt) (1)
Apply Lemma 1,
1Sxy Av'[| = [Sx®A®TSy Ay’ || < [SZ[|[SZ@|[ANlI®TSF[SF AV || < ML [AY,

ly < Y2 A¢!|,. Hence,
~ ~ 1 1~ 1 ~
ISy Avt|| < V2L1]| Al Also notice that [[SxAGH|| < [[S2]|[[S2 A < L?[| A, then

The last inequality uses the assumption that A;,q4(Sx), Amaz(Sy) < Li.

ISxAG" — Suy AY![1” < (LF [AG' [l + V2LF A" [l)* < 2L1 (| AG'[12 + 2] A7)
Substitute into (1),

1A < JAGH[* — 20 A 12 + 2Lin?(|AG! |2 + 2 AY[[2) + 2n(A¢) T Sy Av* (2)
Now, we are going to bound (A%t)TSxyAwt. Because Sé W is an orthonormal matrix (orthogonal if p = p;) and Sé Wy

1 1

is a unit vector, there exisit coefficients o, - -+, ap, oy and unit vector ¢, € ColSpan(S3 W)L such that Sgv, =
1 1

S SEvi+ S, > a? + o = 1. Therefore,

1 1 P 1 1
(AP") TSk PAT TS AY! = AG'SBA(SE W) {(an — 1)SE + Y iSEey; + a1 SE¢1 )
1=2
= M1 = 1)(Ad") Sy + Z aiXi(A0") Sy

By Cauthy-Schwarz inequality,

1 p 1
(AG) TS @ARTS, Av' < (M(1 - 1)+ zaw)z (- (ad)Tsxen)”)”

i=1

< (M- )2+ 230 - o)) "l1Ad.

11—«
= (Mt 3)* (1 ad)b A

By definition, 1 — a; = 1 — cosy (¢*,¢1) = ”M} 129705 Fyrther by Lemma 2,

1 ~
. < )2
1 a1 = )\%(1+a1)”A¢ ||y
Therefore, )
(AG) TS @AWTS A < (1 )QHA&II Jagly
A T2 2
o 1"” s+ 32 1aF o,
1 ||Awt||2 b
<35 +A2) (1a812 + 1ad"2)

Substitute into (2),

(II A2

1A < [AG 7 = 2| AGE + 2Lun? (NAGE + 20801 ) + (=5~ + AQ)Q(HMHJC + [l ad2)
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Similar analysis implies that,

AtQ
n(ll 'z

1
~ ~ ~ ~ ~ 3
AT < AT — 2l A + 2L (AT + 218812) +n(F5E + A2) (1882 + 1a5*)12)

Add these two inequalities,

P 1 a2 2.1

Tt+1)2 HEHL)|12 < T2 T2 - ” Y ” 2 _1 ||A¢ ||z ﬁ 2

IAGHE 4 AT < (JAFIE + 14917) - 20{1 - 5 ("5 U2> (e %)
3Ly} (A2 + | Ad12)

Notice that \/a + Vb < \/2(a + b), we have

AT | 3yE | (IABIE | 3)E_ 2ISEUE | A | 0y

( 2 +58) 7+ ( 22 ) < (75 X2 +>\2)

(2L1||Awt||2 2SI | 15!
AP A2

_Lil T2 ﬂ Tty2 2
= 55 (G 18912 + g +23)

IN

Nl=

Then,

=

G2 + A2 < (Jad 1P + 1AF7) - 20{1 - - (NAF? + 1A +3)

— 3L} (1882 + 14513

By definition, § = 1 — - (%HAJOW + L AgY)? + /\3) and 1) = 52— Substitute in (3) with ¢ = 0,

1A 2 + 1AT R = (JAPIR +185°2) - 2= (g2 + jad?|2)
6L, r Y

< (1A + 1AT 1) - o2 (1A% + 1ad°1)
< (1- gogs) (1317 + 12201

It follows by induction that V¢ € N
2

6L L,

JAG 2 4+ AF 2 < (1= ) (IAG"I12 + a3

1.2. Proof of Proposition 2.3
Substitute (&, Ut &t W) = (&, ¥, B, Ay, ¥, Ay)Q into the iterative formula in Algorithm 4.

' = BALQ — 71 (Sx @i Ak — Sy W) Q
= ®,A.Q — 1 (SxPrAy — Sy PAT 'S, ¥,)Q
= ®pALQ — i (SxPrAk — SxPrAL)Q
=®,AQ

The second equality is direct application of Lemma 1. The third equality is due to the fact that lIlTSlel = I,,. Then,

(&’t+1)TSx§t+l — QTAiQ
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and _
@t-‘rl — §t+1QTA];1Q _ @kQ

Therefore (®11, 1) = (@' ') = (D), ®1A;)Q. A symmetric argument will show that (Ti+! Witl) —

(!, W) = (¥, ¥, A,)Q, which completes the proof.



