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1. Appendix

A brief review of the notations in the main paper:

Sx = X>X/n,Sxy = X>Y/n,Sy = Y>Y/n, ‖u‖x = (u>Sxu)
1
2 , ‖v‖y = (v>Syv)

1
2

∆φ̃t = φ̃t − φ̃1,∆ψ̃
t = ψ̃t − ψ̃1,∆φ

t = φt − φ1,∆ψ
t = ψt − ψ1

Further, we define cosx(u, v) = u>Sxv
‖u‖x‖v‖x, the cosine of the angle between two vectors induced by the inner product

〈u, v〉 = u>Sxv. Similarly, we define cosy(u, v) =
u>Syv
‖u‖y‖v‖y.

To prove the theorem, we will repeatedly use the following two lemmas.

Lemma 1. Sxy = SxΦΛΨ>Sy

Proof of Lemma 1. The proof is in the main paper.

Lemma 2. ‖∆φt‖x≤ 1
λ1

√
2

1+cosx(φt,φ1)‖∆φ̃
t‖x and ‖∆ψt‖y≤ 1

λ1

√
2

1+cosy(ψt,ψ1)‖∆ψ̃
t‖y

Proof of Lemma 2. Notice that cosx(φ̃t, φ̃1) = cosx(φt, φ1), then

‖∆φ̃t‖2x = ‖φ̃t − φ̃1‖2x ≥ ‖φ̃1‖2sin2
x(φ̃t, φ̃1) = λ2

1sin
2
x(φt, φ1)

Also notice that ‖φt‖x = ‖φ1‖x = 1, which implies cosx(φt, φ1) = 1− ‖φt − φ1‖2x/2 = 1− ‖∆φt‖2x/2. Further

‖∆φ̃t‖2x ≥ λ2
1sin

2
x(φt, φ1) = λ2

1(1− cos2
x(φt, φ1)) =

λ2
1

2
‖∆φt‖2x(1 + cosx(φt, φ1))

Square root both sides,

‖∆φt‖x≤
1

λ1

√
2

1 + cosx(φt, φ1)
‖∆φ̃t‖x

Similar argument will show that

‖∆ψt‖y≤
1

λ1

√
2

1 + cosy(ψt, ψ1)
‖∆ψ̃t‖y

1.1. Proof of Theorem 2.1

Without loss of generality, we can always assume cosx(φ̃t, φ̃1), cosy(ψ̃t, ψ̃1) ≥ 0 because the canonical vectors are only
identifiable up to a flip in sign and we can always choose φ̃1, ψ̃1 such that the cosines are nonnegative. Apply simple
algebra to the gradient step φ̃t+1 = φ̃t − η(Sxφ̃

t − Sxyψ
t)

φ̃t+1 − φ̃1 = φ̃t − φ̃1 − η(Sx(φ̃t − φ̃1) + Sxφ̃1 − Sxy(ψt − ψ1)− Sxyψ1)

∆φ̃t+1 = ∆φ̃t − η(Sx∆φ̃t − Sxy∆φt)− η(Sxφ̃1 − Sxyψ1)

By Lemma 1, η(Sxφ̃1 − Sxyψ1) = η(Sxφ̃1 − λ1Sxφ1) = 0, which implies

∆φ̃t+1 = ∆φ̃t − η(Sx∆φ̃t − Sxy∆ψt)
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Square both sizes,

‖∆φ̃t+1‖2 = ‖∆φ̃t‖2 + η2‖Sx∆φ̃t − Sxy∆ψt‖2 − 2η(∆φ̃t)>(Sx∆φ̃t − Sxy∆ψt) (1)

Apply Lemma 1,

‖Sxy∆ψt‖ = ‖SxΦΛΨTSy∆ψt‖ ≤ ‖S
1
2
x ‖‖S

1
2
x Φ‖‖Λ‖‖Ψ>S

1
2
y ‖‖S

1
2
y ∆ψt‖ ≤ λ1L

1
2
1 ‖∆ψt‖y

The last inequality uses the assumption that λmax(Sx), λmax(Sy) ≤ L1. By Lemma2, ‖∆ψt‖y ≤
√

2
λ1
‖∆ψ̃t‖y . Hence,

‖Sxy∆ψt‖ ≤
√

2L1‖∆ψ̃t‖y . Also notice that ‖Sx∆φ̃t‖ ≤ ‖S
1
2
x ‖‖S

1
2
x ∆φ̃t‖ ≤ L

1
2
1 ‖∆φ̃t‖x, then

‖Sx∆φ̃t − Sxy∆ψt‖2 ≤ (L
1
2
1 ‖∆φ̃t‖x +

√
2L

1
2
1 ‖∆ψ̃t‖y)2 ≤ 2L1(‖∆φ̃t‖2x + 2‖∆ψ̃t‖2y)

Substitute into (1),

‖∆φ̃t+1‖2 ≤ ‖∆φ̃t‖2 − 2η‖∆φ̃t‖2x + 2L1η
2(‖∆φ̃t‖2x + 2‖∆ψ̃t‖2y) + 2η(∆φ̃t)>Sxy∆ψt (2)

Now, we are going to bound (∆φ̃t)TSxy∆ψt. Because S
1
2
y Ψ is an orthonormal matrix (orthogonal if p = p1) and S

1
2
yψt

is a unit vector, there exisit coefficients α1, · · · , αp, α⊥ and unit vector ψ⊥ ∈ ColSpan(S
1
2
y Ψ)⊥ such that S

1
2
yψt =∑p

i=1 αiS
1
2
yψi + α⊥S

1
2
yψ⊥,

∑p
i=1 α

2
i + α2

⊥ = 1. Therefore,

(∆φ̃t)>SxΦΛΨ>Sy∆ψt = ∆φ̃tSxΦΛ(S
1
2
y Ψ)>{(α1 − 1)S

1
2
yψ1 +

p∑
i=2

αiS
1
2
yψi + α⊥S

1
2
yψ⊥}

= λ1(α1 − 1)(∆φ̃t)>Sxφ1 +

p∑
i=2

αiλi(∆φ̃
t)>Sxφi

By Cauthy-Schwarz inequality,

(∆φ̃t)>SxΦΛΨ>Sy∆ψt ≤
(
λ2

1(1− α1)2 +

p∑
i=2

α2
iλ

2
i

) 1
2
( p∑
i=1

(
(∆φ̃t)>Sxφ1

)2) 1
2

≤
(
λ2

1(1− α1)2 + λ2
2(1− α2

1)
) 1

2 ‖∆φ̃t‖x

=
(
λ2

1

1− α1

1 + α1
+ λ2

2

) 1
2

(1− α2
1)

1
2 ‖∆φ̃t‖x

By definition, 1− α1 = 1− cosy(ψt, ψ1) =
‖∆ψt‖2y

2 . Further by Lemma 2,

1− α1 ≤
1

λ2
1(1 + α1)

‖∆ψ̃t‖2y

Therefore,

(∆φ̃t)>SxΦΛΨ>Sy∆ψt ≤
(1− α1

1 + α1
+
λ2

2

λ2
1

) 1
2 ‖∆φ̃t‖x‖∆ψ̃t‖y

≤
( ‖∆ψ̃t‖2y
λ2

1(1 + α1)2
+
λ2

2

λ2
1

) 1
2 ‖∆φ̃t‖x‖∆ψ̃t‖y

≤ 1

2

(‖∆ψ̃t‖2y
λ2

1

+
λ2

2

λ2
1

) 1
2
(
‖∆φ̃t‖2x + ‖∆ψ̃t‖2y

)
Substitute into (2),

‖∆φ̃t+1‖2 ≤ ‖∆φ̃t‖2 − 2η‖∆φ̃t‖2x + 2L1η
2
(
‖∆φ̃t‖2x + 2‖∆ψ̃t‖2y

)
+ η
(‖∆ψ̃t‖2y

λ2
1

+
λ2

2

λ2
1

) 1
2
(
‖∆φ̃t‖2x + ‖∆ψ̃t‖2y

)
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Similar analysis implies that,

‖∆ψ̃t+1‖2 ≤ ‖∆ψ̃t‖2 − 2η‖∆ψ̃t‖2y + 2L1η
2
(
‖∆ψ̃t‖2y + 2‖∆φ̃t‖2x

)
+ η
(‖∆φ̃t‖2x

λ2
1

+
λ2

2

λ2
1

) 1
2
(
‖∆φ̃t‖2x + ‖∆ψ̃t‖2y

)
Add these two inequalities,

‖∆φ̃t+1‖2 + ‖∆ψ̃t+1‖2 ≤
(
‖∆φ̃t‖2 + ‖∆ψ̃t‖2

)
− 2η

{
1− 1

2

(‖∆ψ̃t‖2y
λ2

1

+
λ2

2

λ2
1

) 1
2 − 1

2

(‖∆φ̃t‖2x
λ2

1

+
λ2

2

λ2
1

) 1
2

− 3L1η
}(
‖∆φ̃t‖2x + ‖∆ψ̃t‖2y

)
Notice that

√
a+
√
b ≤

√
2(a+ b), we have

(‖∆ψ̃t‖2y
λ2

1

+
λ2

2

λ2
1

) 1
2

+
(‖∆φ̃t‖2x

λ2
1

+
λ2

2

λ2
1

) 1
2 ≤

(2‖∆ψ̃t‖2y
λ2

1

+
2‖∆φ̃t‖2x

λ2
1

+
4λ2

2

λ2
1

) 1
2

≤
(2L1‖∆ψ̃t‖2

λ2
1

+
2L1‖∆φ̃t‖2

λ2
1

+
4λ2

2

λ2
1

) 1
2

=
1

2λ1

(L1

2
‖∆ψ̃t‖2 +

L1

2
‖∆φ̃t‖2 + λ2

2

) 1
2

Then,

‖∆φ̃t+1‖2 + ‖∆ψ̃t+1‖2 ≤
(
‖∆φ̃t‖2 + ‖∆ψ̃t‖2

)
− 2η

{
1− 1

λ1

(L1

2
‖∆ψ̃t‖2 +

L1

2
‖∆φ̃t‖2 + λ2

2

) 1
2

− 3L1η
}(
‖∆φ̃t‖2x + ‖∆ψ̃t‖2y

) (3)

By definition, δ = 1− 1
λ1

(
L1

2 ‖∆ψ̃
0‖2 + L1

2 ‖∆φ̃
0‖2 + λ2

2

) 1
2

and η = δ
6L1

. Substitute in (3) with t = 0,

‖∆φ̃1‖2 + ‖∆ψ̃1‖2 =
(
‖∆φ̃0‖2 + ‖∆ψ̃0‖2

)
− δ2

6L1

(
‖∆φ̃0‖2x + ‖∆ψ̃0‖2y

)
≤
(
‖∆φ̃0‖2 + ‖∆ψ̃t‖2

)
− δ2

6L1L2

(
‖∆φ̃0‖2 + ‖∆ψ̃0‖2

)
≤
(

1− δ2

6L1L2

)(
‖∆φ̃0‖2 + ‖∆ψ̃0‖2

)
It follows by induction that ∀ t ∈ N+

‖∆φ̃t+1‖2 + ‖∆ψ̃t+1‖2 ≤
(

1− δ2

6L1L2

)(
‖∆φ̃t‖2 + ‖∆ψ̃t‖2

)
1.2. Proof of Proposition 2.3

Substitute (Φt,Ψt, Φ̃t, Ψ̃t) = (Φk,Ψk,ΦkΛk,ΨkΛk)Q into the iterative formula in Algorithm 4.

Φ̃t+1 = ΦkΛkQ− η1(SxΦkΛk − SxyΨk)Q

= ΦkΛkQ− η1(SxΦkΛk − SxΦΛΨ>SyΨk)Q

= ΦkΛkQ− η1(SxΦkΛk − SxΦkΛk)Q

= ΦkΛkQ

The second equality is direct application of Lemma 1. The third equality is due to the fact that Ψ>SyΨ = Ip. Then,

(Φ̃t+1)>SxΦ̃t+1 = Q>Λ2
kQ
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and
Φt+1 = Φ̃t+1Q>Λ−1

k Q = ΦkQ

Therefore (Φt+1, Φ̃t+1) = (Φt, Φ̃t) = (Φk,ΦkΛk)Q. A symmetric argument will show that (Ψt+1, Ψ̃t+1) =

(Ψt, Ψ̃t) = (Ψk,ΨkΛk)Q, which completes the proof.


