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A. Technical Proofs
A.1. Supporting Lemmas

Lemma A.1. Let tXtutPZ be an absolutely continuous sta-
tionary process with φ-mixing coefficient φpnq. Define U -
statistic

UT pKuq :“
2

T pT ´ 1q

ÿ

1ďsătďT

KupXs, Xtq, (A.1)

for kernel function Kupx, yq :“ Ip|x´ y| ď uq. Let X̃1 be
an independent copy of X1, and Gpuq :“ Pp|X1 ´ X̃1| ď

uq be the distribution function of |X1 ´ X̃|. Then, we have

ˇ

ˇEUT pKuq ´Gpuq
ˇ

ˇ ď
2φT
T

,

for any u ą 0, where φT “
řT
n“1 φpnq.

Proof. Denote Gstpuq :“ Pp|Xs ´ Xt| ď uq to be the
distribution function of |Xs ´ Xt| for s ă t. Let M ą 0
be a constant and

´M “ a
phq
´h ă ¨ ¨ ¨ ă a

phq
0 ă ¨ ¨ ¨ ă a

phq
h “M

be a sequence of real numbers satisfying

max
´hăkďh

pa
phq
k ´ a

phq
k´1q ď u,

lim
hÑ8

max
´hăkďh

pa
phq
k ´ a

phq
k´1q “ 0. (A.2)

Given Xs P ra
phq
k´1, a

phq
k s, we have that |Xs ´ Xt| ď u

implies Xt P ra
h
k´1 ´ u, a

phq
k ` us. Thus, we have

Pp|Xs ´Xt| ď u,Xs P r´M,M sq

“
ÿ

´hăkďh

Pp|Xs´Xt|ďu |Xs Praḱ 1, aksqPpXs Praḱ 1, aksq

ď
ÿ

´hăkďh

PpXt P ra
phq
k´1 ´ u, a

phq
k ` us | Xs P rak´1, aksq¨

PpXs P rak´1, aksq. (A.3)

On the other hand, given Xs P ra
phq
k´1, a

phq
k s, we have Xt P

ra
phq
k ´u, a

phq
k´1`us implies |Xs´Xt| ď u. Thus, we have

Pp|Xs ´Xt| ď u,Xs P r´M,M sq

“
ÿ

´hăkďh

Pp|Xs´Xt|ďu |Xs Praḱ 1, aksqPpXs Praḱ 1, aksq

ě
ÿ

´hăkďh

PpXt P ra
phq
k ´ u, a

phq
k´1 ` us | Xs P rak´1, aksq¨

PpXs P rak´1, aksq. (A.4)

Now define ψUh :“
ř

´hăkďh PpXt P ra
phq
k´1 ´ u, a

phq
k `

usqPpXs P rak´1, aksq, ψLh :“
ř

´hăkďh PpXt P ra
phq
k ´

u, a
phq
k´1 ` usqPpXs P rak´1, aksq, and

ψh :“

#

ψLh , if Pp|Xs´Xt|ďu,Xs Pr´M,M sqąψLh ;

ψUh , otherwise.

Note that ψLh ď ψUh . If Pp|Xs ´ Xt| ď u,Xs P

r´M,M sq ą ψLh , by the definition of ψh and (A.3), we
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have

|Pp|Xs ´Xt| ď u,Xs P r´M,M sq ´ ψh|

“Pp|Xs ´Xt| ď u,Xs P r´M,M sq ´ ψLh

ď
ÿ

´hăkďh

ˇ

ˇPpXt P ra
phq
k´1 ´ u, a

phq
k ` us | Xs P rak´1, aksq´

PpXt P ra
phq
k ´ u, a

phq
k´1 ` usq

ˇ

ˇPpXs P rak´1, aksq

ď
ÿ

´hăkďh

ˇ

ˇPpXt P ra
phq
k´1 ´ u, a

phq
k ` us | Xs P rak´1, aksq´

PpXt P ra
phq
k´1 ´ u, a

phq
k ` usq

ˇ

ˇPpXs P rak´1, aksq

`
ÿ

´hăkďh

ˇ

ˇPpXt P ra
phq
k´1 ´ u, a

phq
k ` usq ´ PpXt P

ra
phq
k ´ u, a

phq
k´1 ` usq

ˇ

ˇPpXs P rak´1, aksq

ďφpt´ sq ` max
´hăkďh

ˇ

ˇPpXt P ra
phq
k´1 ´ u, a

phq
k ` usq´

PpXt P ra
phq
k ´ u, a

phq
k´1 ` usq

ˇ

ˇ. (A.5)

On the other hand, if Pp|Xs´Xt| ď u,Xs P r´M,M sq ď
ψLh , since ψLh ď ψUh , by the definition of ψh and (A.4), we
have

|Pp|Xs ´Xt| ď u,Xs P r´M,M sq ´ ψh|

“ψUh ´ Pp|Xs ´Xt| ď u,Xs P r´M,M sq

ď
ÿ

´hăkďh

ˇ

ˇPpXt P ra
phq
k´1´u, a

phq
k `usq´PpXt P ra

phq
k ´u,

a
phq
k´1 ` us | Xs P rak´1, aksq

ˇ

ˇPpXs P rak´1, aksq

ď
ÿ

´hăkďh

ˇ

ˇPpXt P ra
phq
k ´ u, a

phq
k´1 ` us | Xs P rak´1, aksq´

PpXt P ra
phq
k ´ u, a

phq
k´1 ` usq

ˇ

ˇPpXs P rak´1, aksq

`
ÿ

´hăkďh

ˇ

ˇPpXt P ra
phq
k ´ u, a

phq
k´1 ` usq ´ PpXt P

ra
phq
k´1 ´ u, a

phq
k ` usq

ˇ

ˇPpXs P rak´1, aksq

ďφpt´ sq ` max
´hăkďh

ˇ

ˇPpXt P ra
phq
k ´ u, a

phq
k´1 ` usq´

PpXt P ra
phq
k´1 ´ u, a

phq
k ` usq

ˇ

ˇ. (A.6)

Thus, combining (A.5) and (A.6), we have

|Pp|Xs ´Xt| ď u,Xs P r´M,M sq ´ ψh|

ďφpt´ sq ` max
´hăkďh

ˇ

ˇPpXt P ra
phq
k ´ u, a

phq
k´1 ` usq´

PpXt P ra
phq
k´1 ´ u, a

phq
k ` usq

ˇ

ˇ.

Let h Ñ 8. Using (A.2) and the assumption that Xt is
absolutely continuous, we have
ˇ

ˇ

ˇ
Pp|Xs ´Xt| ď u,Xs P r´M,M sq´

ż M

´M

PpXs P ra´ u, a` usqdPpXs “ aq
ˇ

ˇ

ˇ
ď φpt´ sq.

Now, let M Ñ8, we further obtain
ˇ

ˇ

ˇ
Pp|Xs´Xt| ď uq´

ż

PpXs Pra´t, a`tsqdPpXs“aq
ˇ

ˇ

ˇ

ď φpt´ sq.

Noting that
ż

PpXs P ra´ u, a` usqdPpXs “ aq

“

ż

PpXs P ra´ u, a` usqdPpX̃ “ aq

“Pp|X1 ´ X̃| ď uq “ Gpuq,

we have
ˇ

ˇ

ˇ
Pp|Xs ´Xt| ď uq ´ Gpuq

ˇ

ˇ

ˇ
ď φpt ´ sq. Hence,

we have
ˇ

ˇEUT pφuq ´Gpuq
ˇ

ˇ

ď
2

T pT ´ 1q

ÿ

1ďsătďT

ˇ

ˇPp|Xs ´Xt| ď uq ´Gpuq
ˇ

ˇ

ď
2

T pT ´ 1q

ÿ

1ďsătďT

φpt´ sq

“
2

T pT ´ 1q

T´1
ÿ

k“1

pT ´ kqφpkq “
2φT
T

.

This completes the proof.

Lemma A.2. Let tXtutPZ be a stationary process with φ-
mixing coefficient φpnq, and UT pKuq be defined in (A.1).
Then, for any u ą 0, we have

Pt|UT pKuq ´ EUT pKuq| ě τu ď 2 exp
!

´
Tτ2

2p1` 2φT q

)

for any τ ą 0, where φT “
řT
n“1 φpnq.

The following lemma is needed for proving Lemma A.2

Lemma A.3. (Kontorovich et al., 2008; Mohri & Ros-
tamizadeh, 2010) Let f : ΩT Ñ R be a measurable func-
tion that is M -Lipschitz with respect to the Hamming met-
ric for some M ą 0:

sup
x1,...,xT ,x1t

ˇ

ˇfpx1, . . ., xt, . . ., xTq´fpx1, . . ., x1t, . . ., xTq
ˇ

ˇďM.

Then, for a stationary process tXtutPZ with φ-mixing coef-
ficient φpnq, we have

Pt|fpX1, . . . , XT q ´ EfpX1, . . . , XT q| ě τu

ď 2 exp
”

´
2τ2

M2T t1` 2
řT
k“1 φpkqu

ı

.

for any τ ą 0.
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Proof of Lemma A.2. Let

fpx1, . . . , xT q :“TUT pKuq“
2

T ´ 1

ÿ

săt

Ip|xs´xt|ďuq.

since replacing an element in px1, . . . , xT q, say, xt, by x1t
only affects T ´ 1 terms in the summation above, we have

ˇ

ˇfpx1, . . ., xt, . . ., xT q ´ fpx1, . . ., x1t, . . ., xT q
ˇ

ˇ ď 2.

Thus, by Lemma A.3, we have

PtT |UT pKuq ´ EUT pKuq| ě τu

ď 2 exp
”

´
τ2

2T t1` 2
řT
k“1 φpkqu

ı

for any τ ą 0. Replacing τ with Tτ in the above equation,
we obtain

Pt|UT pKuq ´ EUT pKuq| ě τu

ď 2 exp
”

´
Tτ2

2t1` 2φT u

ı

This completes the proof.

Lemma A.4. Let tXtutPZ be an absolutely continuous
stationary process with φ-mixing coefficient φpnq. Let
UT pKuq and Gpuq be defined as in Lemma A.1. Then, for
any u ą 0, we have

Pt|UT pKuq´Gpuq|ěτuď2 exp
!

´
T

2p1`2φT q

´

τ´
2φT
T

¯2)

for τ ą 2φT {T and φT “
řT
n“1 φpnq.

Proof. Using Lemma A.1, we have

Pt|UT pKuq ´Gpuq| ě τu

ďPt|UT pKuq ´ EUT pKuq| ` |EUT pKuq ´Gpuq| ě τu

ďP
!

|UT pKuq ´ EUT pKuq| ě τ ´
2φT
T

)

.

Applying Lemma A.2 completes the proof.

Lemma A.5. Let tXtutPZ be a stationary process with φ-
mixing coefficient φpnq. Let X̃1 be an independent copy of
X1, and q P r0, 1s be an absolute constant. Suppose the
following assumptions hold:

1. Qp|X1 ´ X̃1|; qq and Q̂pt|Xs ´Xt|u1ďsătďT ; qq are
unique with probability 1.

2. There exist constants κ ą 0 and η ą 0 such that

inf
|y´Qp|X1´X̃1|;qq|ďκ

d

dy
Gpyq ě η,

where G is the distribution function of |X1 ´ X̃1|.

Then, we have

P
“

|Q̂pt|Xs ´Xt|u1ďsătďT ; qq ´Qp|X1 ´ X̃1|; qq| ě u
‰

ď 2 exp
!

´
T

2p1` 2φT q

´

ηu´
4φT
T

¯2)

, (A.7)

when 4φT {pηT q ď u ď κ. Here φT “
řT
n“1 φpnq.

Proof. We denote by GT the empirical distribution func-
tion of t|Xs ´ Xt|u1ďsătďT . GT is non-decreasing and
since Q̂pt|Xs ´Xt|u1ďsătďT ; qq is unique, we have

q ď GT
 

Q̂pt|Xs ´Xt|u1ďsătďT ; qq
(

ď q `
2

T pT ´ 1q
.

DenoteG´1pqq “ Qp|X1´X̃1|; qq. SinceQp|X1´X̃1|; qq
is unique, we have GtG´1pqqu “ q. Thus, we have

P
“

Q̂pt|Xs ´Xt|u1ďsătďT ; qq ´Qp|X1 ´ X̃1|; qq ě u
‰

ďP
“

GT
 

Q̂pt|Xs´Xt|u1ďsătďT ; qq
(

ěGT tG
´1pqq`uu

‰

ďP
“

q `
2

T pT ´ 1q
ě UT tψG´1pqq`uu

‰

“P
“

´UT tψG´1pqq`uu `GtG
´1pqq ` uu ě

GtG´1pqq ` uu ´ q ´
2

T pT ´ 1q

‰

,

where UT tψG´1pqq`uu is defined in Lemma A.1. By As-
sumption 2, we haveGtG´1pqq`uu´q ď η when u ď κ.
Now, using Lemma A.1, we have

P
“

Q̂pt|Xs ´Xt|u1ďsătďT ; qq ´Qp|X1 ´ X̃1|; qq ě u
‰

ďP
“

|UT tψG´1pqq`uu´GtG
´1pqq`uu|ěηu´

2

T pT´1q

‰

ď2 exp
”

´
T

2p1` 2φT q

!

ηu´
2

T pT ´ 1q
´

2φT
T

)2ı

ď2 exp
”

´
T

2p1` 2φT q

!

ηu´
4φT
T

)2ı

, (A.8)

provided that 4φT {pηT q ď u ď κ. On the other hand,
using the same technique, we have

P
“

Q̂pt|Xs ´Xt|u1ďsătďT ; qq ´Qp|X1 ´ X̃|; qq ď ´u
‰

ďP
“

GT
 

Q̂pt|Xs´Xt|u1ďsătďT ; qq
(

ďGT tG
´1pqq´uu

‰

ďP
“

UT tψǴ 1pqq`uu´GtG
´1pqq´uuěq´GtG´1pqq´uu

‰

ďP
“

|UT tψG´1pqq`uu ´GtG
´1pqq ´ uu| ě ηuu

‰

ď2 exp
!

´
T

2p1` 2φT q

´

ηu´
2φT
T

¯2)

, (A.9)

provided that 2φT {pηT q ď u ď κ. Combining (A.8) and
(A.9) completes the proof.
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A.2. Proof of Main Results

A.2.1. PROOF OF LEMMA 3.4

Proof. Part 1 of Lemma 3.4 is immediate by the definition
of L and Proposition 2.3.

To prove Part 2, we start with sufficiency. Suppose Equa-
tions (3.6) - (3.9) hold. Since pXT

t ,E
T
t`1q

T can be ob-
tained by a linear transformation of L, by Proposition 2.3,
we have
ˆ

Xt

Et`1

˙

„ EC2d

´

0,

ˆ

rΩX sItIt rΩXEsItIt
rΩXEs

T
ItIt

rΩEsItIt

˙

, ξ
¯

for some random variable ξ. By (3.6) and (3.5), we have
rΩX sItIt “ Σ and rΩEsItIt “ Ψ; by (3.9), we have
rΩXEsItIt “ 0. Thus, Condition 2 in Definition 3.1 hold.

To prove necessity, suppose that L satisfies Condition 2
in Definition 3.1. By stationarity of tXtu

T
t“1, the di-

agonal blocks of ΩX equal Σ. Thus, we have (3.6).
On the other hand, since L “ BL0 and L0 „

ECTdp0,diagpΣ,Ψ, . . . ,Ψq, ζq, by Proposition 2.3, we
have Ω “ BdiagpΣ,Ψ, . . . ,ΨqBT. Plugging in the defi-
nition of B, we have (3.9). Comparing the leading T diag-
onal blocks of BdiagpΣ,Ψ, . . . ,ΨqBT with those of ΩX ,
we have (3.7). Plugging (3.7) into the off-diagonal blocks
of BdiagpΣ,Ψ, . . . ,ΨqBT, we obtain (3.8). This com-
pletes the proof.

A.2.2. PROOF OF THEOREM 3.6

Proof. To prove Theorem 3.6, we first introduce an equiv-
alent definition of elliptical random vectors. Specifically,
X is an elliptical random vector with location µ and scat-
ter S if and only if the characteristic function of X is
ψXptq “ exppitTµqϕptTStq for some function ϕ (Fang
et al., 1990).

LetR :“ pXT
1 ,X

T
2 q

T and the characteristic function ofR
be ψRptq “ ϕptTΘtq, where

Θ “

ˆ

Σ Σ1

ΣT
1 Σ

˙

.

Suppose R̃ “ pX̃T
1 , X̃

T
2 q

T is an independent copy of R.
The characteristic function ofR´ R̃ is

ψR´R̃ptq “E exptitTpR´ R̃qu

“E exppitTRqE exppitTR̃q “ ϕptTΘtq2.

Thus,R´R̃ is also an elliptical random vector with scatter
Θ. SupposeR´ R̃ „ EC2dp0,Θ, νq. Let rΘ “ rankpΘq

be the rank of Θ. For any j P t1, . . . , du, since X1j ´ X̃1j

can be obtained by a linear transformation of R ´ R̃, by
Proposition 2.3, we have

X1j ´ X̃1j „ EC1p0,Σjj , ν
?
Dq,

where D „ Betap1{2, prΘ ´ 1q{2q is a Beta random vari-
able. Thus, we have

pX1j ´ X̃1jq
d
“
a

Σjjν
?
D.

By the definition of RQ
jj , we have

RQ
jj “Qp|X1j ´ X̃1j |; 1{4q2 “ QtpX1j ´ X̃1jq

2; 1{4u

“ΣjjQpν
2D; 1{4q. (A.10)

Now, for j, k, j1, k1 P t1, . . . , du and j ‰ k, let

X`jk :“ X1j `X1k, X
´
jk :“ X1j ´X1k,

X̃`jk :“ X̃1j ` X̃1k, X̃
´
jk :“ X̃1j ´ X̃1k,

Y `j1k1 :“ X1j1 `X2k1 , Y
´
j1k1 :“ X1j1 ´X2k1 ,

Ỹ `j1k1 :“ X̃1j1 ` X̃2k1 , Ỹ
´
j1k1 :“ X̃1j1 ´ X̃2k1 .

Apply Proposition 2.3, we have

X`jk ´ X̃
`
jk „ EC1p0,Σjj `Σkk ` 2Σjk, ν

?
Dq,

X´jk ´ X̃
´
jk „ EC1p0,Σjj `Σkk ´ 2Σjk, ν

?
Dq,

Y `j1k1´Ỹ
`
j1k1 „ EC1p0,Σj1j1`Σk1k1`2pΣ1qj1k1 , ν

?
Dq,

Y ´j1k1´Ỹ
´
j1k1 „ EC1p0,Σj1j1`Σk1k1´2pΣ1qj1k1 , ν

?
Dq.

Using the same technique as in (A.10), we can obtain

Qp|X`jk´X̃
`
jk|; 1{4q2“pΣjj`Σkk`2ΣjkqQpν

2D; 1{4q,

Qp|X´jk´X̃
´
jk|; 1{4q2“pΣjj`Σkk´2ΣjkqQpν

2D; 1{4q,

Qp|Y `j1k1 ´ Ỹ
`
j1k1 |; 1{4q2 “

pΣj1j1 `Σk1k1 ` 2pΣ1qj1k1qQpν
2D; 1{4q,

Qp|Y ´j1k1 ´ Ỹ
´
j1k1 |; 1{4q2 “

pΣj1j1 `Σk1k1 ´ 2pΣ1qj1k1qQpν
2D; 1{4q.

Thus, by the definitions of RQ
jk and pRQ

1 qjk, we have

RQ
jk “ ΣjkQpν

2D; 1{4q (A.11)

for j ‰ k P t1, . . . , du and

pRQ
1 qj1k1“pΣ1qj1k1Qpν

2D;1{4q (A.12)

for j1, k1 P t1, . . . , du. Combining (A.10), (A.11), and
(A.12) leads to (3.11) and with mQ “ Qpν2D; 1{4q.

A.2.3. PROOF OF THEOREM 5.2

Proof. We first prove (5.1). For brevity, we denote

σ̂Q
j :“ σ̂QptXtju

T
t“1q, σ

Q
j :“ σQpXjq,

σ̂Q
jk`:“ σ̂QptXtj`Xtku

T
t“1q, σ

Q
jk` :“ σQpX1j `X1kq,
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σ̂Q
jk´:“ σ̂QptXtj´Xtku

T
t“1q, σ

Q
jk´ :“ σQpX1j ´X1kq,

for j ‰ k P t1, . . . , du. By definition, for any u ą 0, we
have

Pp|R̂Q
jj ´RQ

jj | ě uq “ Pp|σ̂Q2

j ´ σQ2

j | ě uq

ďPptσ̂Q
j ´ σ

Q
j u

2 ` 2σQ
j |σ̂

Q
j ´ σ

Q
j | ě uq

ďP
´

|σ̂Q
j ´σ

Q
j |ě

c

u

2

¯

`P
´

|σ̂Q
j ´σ

Q
j |ě

u

4σQ
j

¯

. (A.13)

The quantiles in the definitions of RQ and R̂Q are unique
due to Condition 1 and absolute continuity of X1. Hence,
applying Lemma A.5 and noting that σQ

j ď σQ
max, we have

Pp|R̂Q
jj ´RQ

jj | ě uq ď

2 exp
!

´
T

2p1` 2ΘpT qq

´

η

c

u

2
´

4ΘpT q

T

¯2)

`

2 exp
!

´
T

2p1` 2ΘpT qq

´ ηu

4σQ
max

´
4ΘpT q

T

¯2)

, (A.14)

when 4ΘpT q{pηT q ď
a

u{2, u{p4σQ
maxq ď κ. Now, for

the off-diagonal entries, we have

Pp|R̂Q
jk ´RQ

jk| ě uq

ďP
´

|σ̂Q2

jk` ´ σ
Q2

jk`| ` |σ̂
Q2

jk´ ´ σ
Q2

jk´| ě 4u
¯

ďP
´

|σ̂Q2

jk` ´ σ
Q2

jk`| ě 2u
¯

` P
´

|σ̂Q2

jk´ ´ σ
Q2

jk´| ě 2u
¯

.

Using the same technique as in (A.13), we further have

Pp|R̂Q
jk ´RQ

jk| ě uq

ďP
´

|σ̂Q
jk`´σ

Q
jk`|ě

?
u
¯

`P
´

|σ̂Q
jk`´σ

Q
jk`|ě

u

2σQ
jk`

¯

`

P
´

|σ̂Q
jk´´σ

Q
jk´|ě

?
u
¯

`P
´

|σ̂Q
jk´´σ

Q
jk´|ě

u

2σQ
jk´

¯

.

Applying Lemma A.5 and noting that σQ
jk` ď σQ

max and
σQ
jk´ ď σQ

max, we have

Pp|R̂Q
jk ´RQ

jk| ě uq ď

4 exp
!

´
T

2p1` 2ΘpT qq

´

η
?
u´

4ΘpT q

T

¯2)

`

4 exp
!

´
T

2p1` 2ΘpT qq

´ ηu

2σQ
max

´
4ΘpT q

T

¯2)

, (A.15)

when 4ΘpT q{pηT q ď
?
u, u{p2σQ

maxq ď κ. Combining
(A.14) and (A.15), we obtain

Pp}R̂Q ´RQ}max ě uq ď
d
ÿ

j,k“1

Pp|R̂Q
jk ´RQ

jk| ě uq

ď 4d2
”

exp
!

´
T

2p1` 2ΘpT qq

´

η

c

u

2
´

4ΘpT q

T

¯2)

`

exp
!

´
T

2p1` 2ΘpT qq

´ ηu

4σQ
max

´
4ΘpT q

T

¯2)ı

ď 8 max
!

d2 exp
”

´
T

2p1` 2ΘpT qq

´

η

c

u

2
´

4ΘpT q

T

¯2ı

loooooooooooooooooooooooooooomoooooooooooooooooooooooooooon

A1puq

,

d2 exp
”

´
T

2p1` 2ΘpT qq

´ ηu

4σQ
max

´
4ΘpT q

T

¯2ı

looooooooooooooooooooooooooooomooooooooooooooooooooooooooooon

A2puq

)

,

when we have

4ΘpT q

ηT
ď

c

u

2
,
?
u,

u

4σQ
max

,
u

2σQ
max

ď κ. (A.16)

Setting A1pu1q “ 1{d2, we obtain

u1 “
2

η2

”

c

8p1` 2ΘpT qq log d

T
`

4ΘpT q

T

ı2

.

Setting A2pu2q “ 1{d2, we obtain

u2 “
4σQ

max

η

”

c

8p1` 2ΘpT qq log d

T
`

4ΘpT q

T

ı

.

Now set u “ rpT q “ maxpu1, u2q. (A.16) is satisfied
when T is large enough. If u1 ě u2, since A2puq is a non-
increasing function of u, we have A2pu1q ď A2pu2q “
1{d2. Thus, we have

Pp}R̂Q´RQ}max ě rpT qqď8 maxtA1puq, A2puquď8{d2.

On the other hand, if u1 ă u2, we have rpT q “ u2. Since
A1puq is a non-increasing function of u, we haveA1pu2q ď
A1pu1q “ 1{d2. Thus, we still have

Pp}R̂Q´RQ}max ě rpT qqď8 maxtA1puq, A2puquď8{d2.

This proves (5.1).

To prove (5.2), we employ the same technique as above.
Specifically, denote

τ̂Qj1k1̀ :“ σ̂QptXtj1`Xt̀ 1,k1u
T 1́
t“1q, τ

Q
j1k1̀ :“σQpX1j1`X2k1q,

τ̂Qj1k1́ :“ τ̂QptXtj1´Xt̀ 1,k1u
T 1́
t“1q, τ

Q
j1k1́ :“σQpX1j1´X2k1q,

for j1, k1 P t1, . . . , du. Using the same technique in deriv-
ing (A.15), we can obtain

Pp|pR̂Q
1 qj1k1 ´ pR

Q
1 qj1k1 | ě uq ď

4 exp
!

´
T ´ 1

2p1` 2ΘpT ´ 1qq

´

η
?
u´

4ΘpT ´ 1q

T ´ 1

¯2)

`

4exp
!

´
T´1

2p1`2ΘpT 1́qq

´ ηu

2σQ
max

´
4ΘpT 1́q

T´1

¯2)

,

(A.17)
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when 4ΘpT ´ 1q{pηpT ´ 1qq ď
?
u, u{p2σQ

maxq ď κ.
Hence, we obtain

Pp}R̂Q
1 ´RQ

1 }max ě uq ď
d
ÿ

j1,k1“1

Pp|R̂Q
j1k1 ´RQ

j1k1 | ě uq

ď 8 max
!

d2 exp
”

´
T

4p1` 2ΘpT qq

´

η
?
u´

8ΘpT q

T

¯2ı

looooooooooooooooooooooooooomooooooooooooooooooooooooooon

B1puq

,

d2 exp
”

´
T

4p1` 2ΘpT qq

´ ηu

2τQmax

´
8ΘpT q

T

¯2ı

looooooooooooooooooooooooooooomooooooooooooooooooooooooooooon

B2puq

)

,

when we have

8ΘpT q

ηT
ď
?
u,

u

2τQmax

ď κ. (A.18)

Here we used the fact that ΘpT ´ 1q ď ΘpT q and T ´ 1 ą
T {2 when T ą 3. Again, (A.18) can be fulfilled when T is
large enough. Setting B1pu3q “ 1{d2, we obtain

u3 “
1

η2

”

c

16p1` 2ΘpT qq log d

T
`

8ΘpT q

T

ı2

.

Setting B2pu4q “ 1{d2, we obtain

u4 “
2τQmax

η

”

c

16p1` 2ΘpT qq log d

T
`

8ΘpT q

T

ı

.

Let r1pT q “ maxpu3, u4q. Using the same argument as in
deriving (5.1), we may conclude that

Pp}R̂Q
1 ´RQ

1 }max ě r1pT qq ď 8{d2.

This completes the proof.

A.2.4. PROOF OF THEOREM 5.3

Proof. We first show that with large probability, A is fea-
sible to the optimization problem (4.1). By Theorem 3.7,
we have AT “ pRQq´1RQ

1 . Thus, we have

}R̂QAT ´ R̂Q
1 }max “ }R̂

QpRQq´1RQ
1 ´ R̂Q

1 }max

“}R̂QpRQq´1RQ
1 ´RQ

1 `RQ
1 ´ R̂Q

1 }max

ď}rR̂QpRQq´1 ´ IsRQ
1 }max ` }R

Q
1 ´ R̂Q

1 }max

“}pR̂Q ´RQqA}max ` }R
Q
1 ´ R̂Q

1 }max

ď}R̂Q ´RQ}max}A}1 ` }R
Q
1 ´ R̂Q

1 }max

ď}R̂Q ´RQ}maxMT ` }R
Q
1 ´ R̂Q

1 }max.

The last inequality is due to A PMpα, s,MT q. By Lemma
5.2, we have, with probability no smaller than 1´ 8{d2,

}R̂QAT ´ R̂Q
1 }max ďrpT qMT ` r1pT q

ďp1`MT qrmaxpT q “ λ.

Next, we prove (5.5). Using AT “ pRQq´1RQ
1 , we have

}Â´A}max “ }Â´ pRQq´1RQ
1 }max

“}pRQq´1pRQÂ´RQ
1 q}max

“}pRQq´1pRQÂ´R̂QÂ`R̂Q
1 ´RQ

1 `R̂QÂ´R̂Q
1 q}max

ď}pRQq´1}1p}R
Q ´ R̂Q}max}Â}1`

}R̂Q
1 ´RQ

1 }max ` }R̂
QÂ´ R̂Q

1 }maxq.

Since A is feasible to optimization problem (4.1) with
probability no smaller than 1´ 1{d2, and Â is the solution
to (4.1), we have }Â}1 ď }A}1 with probability no smaller
than 1´ 1{d2. Using Lemma 5.2 and }R̂QÂ´ R̂Q

1 }max ď

λ, we further have

}Â´A}max

ď}pRQ
1 q
´1}1rrpT q}A}1 ` r1pT q ` p1`MT qrmaxpT qs

ď2}pRQ
1 q
´1}1p1`MT qrmaxpT q,

with probability no smaller than 1´1{d2. This proves (5.5).

To prove (5.6), let λ1 be a parameter to be defined later, and
denote

s1:“max
1ďjďd

d
ÿ

k“1

minp|Ajk{λ1|, 1q and Sj:“tk : |Ajk|ďλ1u.

It follows that |Sj | ď s1, where |Sj | denote the cardinality
of Sj . We have

}Âj,˚ ´Aj,˚}1 ď}Âj,Sc
j
}1 ` }Aj,Sc

j
}1

` }Âj,Sj
´Aj,Sj

}1. (A.19)

By the equivalence of (4.1) and (4.2), we have }Âj,˚}1 ď

}Aj,˚}1 for any j P t1, . . . , du, with probability no smaller
than 1´ 1{d2. Thus, we have

}Âj,Sc
j
}1 “}Âj,˚}1 ´ }Âj,Sj }1 ď }Aj,˚}1 ´ }Âj,Sj }1

“}Aj,Sj }1 ` }Aj,Sc
j
}1 ´ }Âj,Sj }1

ď}Aj,Sj ´ Âj,Sj }1 ` }Aj,Sc
j
}1

Plugging the above equation into (A.19), we obtain

}Âj,˚´Aj,˚}1ď2}Aj,Sc
j
}1`2}Âj,Sj

´Aj,Sj
}1. (A.20)

When k R Sj , we have Ajk ă λ1. Thus, we have

}Aj,Sc
j
}1 “λ1

ÿ

kPSc
j

|Ajk|{λ1

“λ1
ÿ

kPSc
j

minp|Ajk|{λ1, 1q ď λ1s1. (A.21)
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Regarding the second term on the right hand side of (A.20),
we have

}Âj,Sj ´Aj,Sj }1 ď }Â´A}max|Sj |

ď2}pRQ
1 q
´1}1p1`MT qrmaxpT qs1. (A.22)

Combining (A.19), (A.21), and (A.22), we have

}Âj,˚´Aj,˚}1ďr2λ1`4}pRQ
1 q
´1}1p1`MT qrmaxpT qss1.

Let λ1 “ 2}pRQ
1 q
´1}1p1`MT qrmaxpT q, we have }Âj,˚´

Aj,˚}1 ď 4λ1s1. By the definition of s1, since α P r0, 1q,
we have

s1 ď max
1ďjďd

d
ÿ

k“1

minp|Ajk|
α{λα1 , 1q

ď max
1ďjďd

d
ÿ

k“1

|Ajk|
α{λα1 ď s{λα1 .

Hence, we have

}Âj,˚ ´Aj,˚}1 ď 4λ1´α1 s

“4s
”

2}pRQq´1}1p1`MT qrmaxpT q
ı1´α

.

Since the above equation holds for any j P t1, . . . , du, we
have (5.6).

A.2.5. PROOF OF THEOREM 6.2

Proof. In order to prove Claim 1, we only need to prove
that tXtkutPZ doesn’t Granger cause tXtjutPZ implies
Ajk “ 0. Suppose for some t P Z, we have

PpXt`1,j P A | tXsusďtq “ PpXt`1,j P A | tXs,zkusďtq,

for any measurable set A. The above equation implies
that conditioning on tXs,zkusďt, Xt`1,j is independent of
tXskusďt. Hence, we have

CovpXt`1,j , Xtk | tXs,zkusďtq “ 0.

Plugging Xt`1,j “
řd
l“1 AjlXtl ` Et`1,j into the above

equation, we have

0 “CovpAjkXtk, Xtk | tXs,zkusďtq`

Covp
ÿ

l‰k

AjlXtl, Xtk | tXs,zkusďtq`

CovpEt`1,j , Xtk | tXs,zkusďtq.

The second term on the right hand side is 0, since given
tXs,zkusďt,

ř

l‰k AjlXtl is constant. Since pΩXEqjk “ 0
for j ď k, we have CovpEt`1,j ,Xskq “ 0 for any s ď t.
Using Theorem 2.18 in Fang et al. (1990), we have the third

term is also 0. Thus, we have Ajk VarpXtk |Xs,zkusďtq “

0, and hence Ajk “ 0. This proves Claim 1.

Given Claim 1, to prove Claim 2, it remains to prove that
Ajk “ 0 implies that tXtkutPZ doesn’t Granger cause
tXtjutPZ. Since Ajk “ 0, we have

ppXt`1,j , tXskusďt | tXs,zkusďtq

“pp
ÿ

l‰k

AjlXtl ` Et`1,j , tXskusďt | tXs,zkusďtq

“pp
ÿ

l‰k

AjlXtl ` Et`1,j | tXs,zkusďtq¨

pptXskusďt | tXs,zkusďtq.

Here p is the conditional probability density function.
The last equation is because Et`1 is independent of
tXsusďt, and the fact that

ř

l‰k AjlXtl is constant given
tXs,zkusďt. Hence, we have

ppXt`1,j , tXskusďt | tXs,zkusďtq

“ppXt`1,j | tXs,zkusďtqpptXskusďt | tXs,zkusďtq,

and thus

ppXt`1,j | tXsusďtq “ ppXt`1,j | tXs,zkusďtq.

This completes the proof.

A.2.6. PROOF OF THEOREM 6.4

Proof. Theorem 6.4 is a consequence of Theorem 5.3. In-
detail, if Ajk ą 0, by (6.1), we have Ajk ě 2γ. By Theo-
rem 5.3, with probability no smaller than 1´8{d2, we have
|Âjk´Ajk| ď γ. Thus, we have Âjk ě γ with probability
no smaller than 1´ 8{d2. By the definition of Ã, we have
Ãjk “ Âjk ě γ ą 0.

If Ajk ă 0, by (6.1), we have Ajk ď ´2γ. Using Theorem
5.3, we have Âjk ď ´γ with probability no smaller than
1 ´ 8{d2. By the definition of Ã, we have Ãjk “ Âjk ď

´γ ă 0.

If Ajk “ 0, using Theorem 5.3, we have Âjk ă γ with
probability no smaller than 1´ 8{d2, since PpÂjk “ γq “

0. By the definition of Ã, we have Ãjk “ 0.
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