
000
001
002
003
004
005
006
007
008
009
010
011
012
013
014
015
016
017
018
019
020
021
022
023
024
025
026
027
028
029
030
031
032
033
034
035
036
037
038
039
040
041
042
043
044
045
046
047
048
049
050
051
052
053
054

055
056
057
058
059
060
061
062
063
064
065
066
067
068
069
070
071
072
073
074
075
076
077
078
079
080
081
082
083
084
085
086
087
088
089
090
091
092
093
094
095
096
097
098
099
100
101
102
103
104
105
106
107
108
109

Vector-Space Markov Random Fields via Exponential Families
Appendix

A. Proof of Theorem 1
The proof follows the same lines as the proof in Yang
et al. (2014). Let us denote Q(X) as log (P (X)/P (0)).
Note that X = (X1, X2, · · ·Xp) and each Xr belongs
to a vector space. Given any X , let us denote X̄s as
X̄s = (X1, · · · , Xs−1, 0, Xs+1, · · · , Xp). Consider the
following expansion for Q(X):

Q(X) =∑
t∈{1,··· ,p}

I[Xt 6= 0]Gt(Xt) + · · ·

+
∑

t1,···tk∈
{1,··· ,p}

I[Xt1 6= 0, . . . Xtk 6= 0]Gt1...tk(Xt1 . . . Xtk)

(A.1)
where I is the indicator function which takes value 1 if its
argument evaluates to true and 0 otherwise.

Using some simple algebra and the definition Q(X) =
log (P (X)/P (0)) we can show that

exp (Q(X)−Q(X̄s)) =
P (Xs|X1,··· ,Xs−1,Xs+1,··· ,Xp)
P (0|X1,··· ,Xs−1,Xs+1,··· ,Xp)

(A.2)

From (A.1) we have the following:

(Q(X)−Q(X̄s)) =

I[Xs 6= 0]

Gs(Xs) +
∑

t∈{1,··· ,p}\s

I[Xt 6= 0]Gs,t(Xs, Xt)

+
∑

t2,···tk∈
{1,··· ,p}\s

I[Xt2 6= 0, . . . Xtk 6= 0]Gs,t2...tk(Xs, . . . Xtk)


(A.3)

Since the node conditional distribution follows the expo-
nential family distribution defined in (6) we can show that:

log
P (Xs|X1,··· ,Xs−1,Xs+1,··· ,Xp)
P (0|X1,··· ,Xs−1,Xs+1,··· ,Xp) =

〈Es(X−s), Bs(Xs)−Bs(0)〉+ (Cs(Xs)− Cs(0))
(A.4)

Using (A.3) and (A.4) for left and right hand sides of (A.2)
and setting Xt = 0 for all t 6= s we obtain:

I[Xs 6= 0]Gs(Xs) = 〈Es(0), Bs(Xs)−Bs(0)〉
+(Cs(Xs)− Cs(0))

Similarly setting Xr = 0 for all r /∈ {s, t} we obtain:

I[Xs 6= 0]Gs(Xs) + I[Xs 6= 0, Xt 6= 0]Gs,t(Xs, Xt) =
〈Es(0 · · ·Xt · · · , 0), Bs(Xs)−Bs(0)〉+ (Cs(Xs)− Cs(0))

Similarly, replacing Xs with Xt in (A.2) and setting Xr =
0 for all r /∈ {s, t} we obtain:

I[Xt 6= 0]Gt(Xt) + I[Xs 6= 0, Xt 6= 0]Gs,t(Xs, Xt) =
〈Et(0 · · ·Xs · · · , 0), Bt(Xt)−Bt(0)〉+ (Ct(Xt)− Ct(0))

From the above three equations we arrive at the following
equality:

〈Es(0 · · ·Xt · · · , 0)− Es(0), Bs(Xs)−Bs(0)〉 =
〈Et(0 · · ·Xs · · · , 0)− Et(0), Bt(Xt)−Bt(0)〉

(A.5)
The above equality should hold for the node conditional
distributions to be consistent with the joint MRF distribu-
tion over X with respect to graph G. So we need to find the
form of Er() that satisfies the above equation. Omitting
zero vectors for clarity from (A.5), we get the following:

〈Et(Xs), Bt(Xt)〉 = 〈Es(Xt), Bs(Xs)〉∑
j

Etj(Xs)Btj(Xt) =
∑
l

Esl(Xt)Bsl(Xs)
(A.6)

We rewrite the natural parameter functions as

Etj(Xs) =
∑
l

θsl;tjBsl(Xs) +Btj(Xs)

Esl(Xt) =
∑
j

θsl;tjBtj(Xt) +Bsl(Xt)

(A.7)

where ∀j Btj(Xs) are functions in the Hilbert spaceHs or-
thogonal to the span of functions Bs(Xs), and ∀j Bsl(Xt)
are functions in the Hilbert spaceHt orthogonal to the span
of functions Bt(Xt); and θsl;tj , θsl;tj are scalars. Combin-
ing (A.6) and (A.7), we get∑

j

∑
l

θsl;tjBsl(Xs)Btj(Xt) +
∑
j

Btj(Xs)Btj(Xt)

=
∑
l

∑
j

θsl;tjBsl(Xs)Btj(Xt) +
∑
l

Bsl(Xt)Bsl(Xs)

(A.8)
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Rearranging terms in the above equation gives us the fol-
lowing equation:

∑
j

(∑
l

(θsl;tj − θsl;tj)Bsl(Xs) +Btj(Xs)

)
Btj(Xt)

=
∑
l

Bsl(Xs)Bsl(Xt)

(A.9)

However, since ∀l Bsl(Xt) is orthogonal to Bt(Xt), the
left and right hand sides of the above equation are equal to
0, which leads us to the following equations.∑

l

Bsl(Xs)Bsl(Xt) = 0

∑
j

(∑
l

(θsl;tj − θsl;tj)Bsl(Xs) +Btj(Xs)

)
Btj(Xt) = 0

(A.10)
However since we assumed that the sufficient statistics are
minimal we get ∀l Bsl(Xt) = 0 from the first equality and
∀j, l θsl;tj = θsl;tj ,Btj(Xs) = 0 from the second equality.

Hence from (A.7), we obtain Es(Xt) = θst(Bt(Xt) −
Bt(0)) and Et(Xs) = θTst(Bs(Xs)−Bs(0)) where θst is a
matrix formed by the scalars θsl;tj such that (θst)lj = θsl;tj
and:

I[Xs 6= 0, Xt 6= 0]Gs,t(Xs, Xt) =
(Bt(Xt)−Bt(0))T θTst(Bs(Xs)−Bs(0))

(A.11)

By extending this argument to higher order factors we can
show that the natural parameters are required to be in the
form specified by (7).

B. Proof of Sparsistency
Before proving the sparsistency result, we will show that
the sufficient statistics Br(Xr) are well behaved. Re-
call that Bri(Xr) indicates ith component of the vector
Br(Xr). We set the convention that whenever a variable
has the subscript \r attached we will be referring to the set
of indexes {(t, j, k) : θrj;tk ∈ θr·, t 6= r}.

Proposition 1. Let {X(j)}nj=1 have joint distribution as in
(10), then,

P

 1

n

n∑
j=1

(
Bri

(
X(j)
r

))2

≥ δ

 ≤ exp

(
−n δ2

4k2
h

)
(B.12)

for δ ≤min
{

2kv3 , kh + kv
}

.

Proof. It is clear from Taylor Series expansion and as-

sumption 4 that

logE
[
exp

(
tBri (Xr)

2
)]

=

log
∫
⊗s∈[p]Xs

exp
{
tBri (Xr)

2
+∑

s∈V

〈
Bs (Xs) , θ

∗
s +

∑
t∈N(r)

θ∗stBt (Xt)

〉
+

∑
s∈V

Cs (Xs)−A(θ∗)

}
v (dx)

= Ār,i (η; θ) (t; θ∗)− Ār,i (η; θ) (0; θ∗)

≤ t∂Ār,i(η;θ)
∂η (0) + t2

2
∂2Ār,i(η;θ)

∂η2 (ut)

≤ t kv + t2

2 kh

(B.13)

where u ∈ [0, 1]

Therefore, by the standard Chernoff bounding technique,
for t ≤ 1, it follows that

P
(

1
n

∑n
j=1Bri

(
X

(j)
r

)2

≥ δ
)
≤

exp
(
−nδt+ nkvt+ t2

2 Khn
)
≤

exp
(
−n δ2

4k2h

) (B.14)

for δ ≤min
{

2kv3 , kh + kv
}

.

Proposition 2. Let X be a random vector with the distribu-
tion specified in (10). Then, for any positive constant δ and
some constant c > 0

P
(
|Bri(Xr)| ≥ δlog(η)

)
≤ cη−δ (B.15)

Proof. Let v̄ be a unit vector with the same dimen-
sions as θ∗r· and exactly one non-zero entry, correspond-
ing to the sufficient statistic Bri(Xr). Then we can write
log
(
E[exp(Bri(Xr))]

)
as:

log
(
E[exp(Bri(Xr))]

)
= A(θ∗ + v̄)−A(θ∗)

By Taylor series expansion, for some u ∈ [0, 1], we can
rewrite last equation as

A(θ∗ + v̄)−A(θ∗) =∇A(θ∗).v̄ +
1

2
v̄T∇2A(θ∗ + u v̄)v̄

=E[Bri(Xr)]‖v̄‖2

+
1

2

∂2A(θ∗ + u v̄)

∂θ2
ri

‖v̄‖22

Using Assumption 4 we get the inequality :

A(θ∗ + v̄)−A(θ∗) ≤ km +
1

2
kh
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Now, by using Chernoff bound, for any positive constant
a, we get P (Bri(Xr) ≥ a) ≤ exp(−a + km + 1

2kh). By
setting a = δlog(η) it follows that

P (Bri(Xr) ≥ δlog(η)) ≤ exp(−δlog(η)+km+
1

2
kh) ≤ cη−δ

where c = exp(km + 1
2kh)

The proof of Sparsistency is based on the primal dual wit-
ness proof technique. First note that the optimality condi-
tion of (14), can be written as:

∇`(θ̂r·;D) + λ1

∑
t:r 6=t

√
νrtẐ1,rt + λ2Ẑ2 = 0 (B.16)

where Ẑ1,rt ∈ ∂ ‖ θ̂rt ‖2, Ẑ2 ∈ ∂ ‖ θ̂\r ‖1 and we de-

note Ẑ =
(
Ẑ1, Ẑ2

)
, where Ẑ1 = {Ẑ1,rt}t∈V \r. And sub-

gradients Ẑ1, Ẑ2 should satisfy the following conditions:

∀i (Ẑ2)i = sign
(

(θ̂r·)i

)
if (θ̂r·)i 6= 0

|(Ẑ2)i| ≤ 1 otherwise

∀t Ẑ1,rt = θ̂rt
||θ̂rt||

2

if θ̂rt 6= 0∣∣∣∣∣∣Ẑ1,rt

∣∣∣∣∣∣
2
≤ 1 otherwise

(B.17)

Note that we can think of Ẑ1 and Ẑ2 as dual variables by
appealing to Lagrangian theory. The next lemma shows
that graph structure recovery is guaranteed if the dual is
strictly feasible.

Lemma 1. Suppose that there exists a primal-dual pair(
θ̂r·, Ẑ

)
for (14) such that

∣∣∣∣∣∣Ẑ1,Sc

∣∣∣∣∣∣
∞,2

< 1 and
∣∣∣∣∣∣Ẑ2,Sc

∣∣∣∣∣∣
∞

< 1. Then, any optimal solution θ̃r· must satisfy
(
θ̃r·

)
Sc

= 0. Moreover, if the Hessian sub-matrix [∇2`(θ̂r·)]SS is
positive definite then θ̂\r is the unique optimal solution.

Proof. First, note that by Cauchy−Schwarz’s and Holder’s
inequalities

〈Ẑ1,rt, θ̃rt〉 ≤‖ θ̃rt ‖2 and〈Ẑ2, θ̃\r〉 ≤‖ θ̃\r ‖1 . (B.18)

But from (B.16) and the primal optimality of θ̂r· and θ̃r· for
(14),

`
(
θ̃r·

)
+
∑
t 6=r λ1

√
νrt〈Ẑ1,rt, θ̃rt〉+ λ2〈Ẑ2, θ̃\r〉

≥ min
θ
` (θr·) +

∑
t6=r λ1

√
νrt〈Ẑ1,rt, θrt〉+ λ2〈Ẑ2, θ\r〉

= `
(
θ̂r·

)
+
∑
t 6=r λ1

√
νrt〈Ẑ1,rt, θ̂rt〉+ λ2〈Ẑ2, θ̂\r〉

= `
(
θ̃r·

)
+
∑
t 6=r λ1

√
νrt

∣∣∣∣∣∣θ̃rt∣∣∣∣∣∣
2

+
∣∣∣∣∣∣θ̃\r∣∣∣∣∣∣

1
(B.19)

hence, combining with (B.18) with (B.19) it follows that∑
t 6=r λ1

√
νrt

∣∣∣∣∣∣θ̃rt∣∣∣∣∣∣
2

+
∣∣∣∣∣∣θ̃\r∣∣∣∣∣∣

1
=
∑
t 6=r λ1

√
νrt

∣∣∣∣∣∣θ̂rt∣∣∣∣∣∣
2

+∣∣∣∣∣∣θ̂\r∣∣∣∣∣∣
1

=
∑
t6=r λ1

√
νrt〈Ẑ1,rt, θ̂rt〉+λ2〈Ẑ2, θ̂\r〉. The re-

sult follows.

If the Hessian sub-matrix is positive definite for the re-
stricted problem then the problem is strictly convex and has
a unique solution.

Based on the above lemma, we prove sparsistency theorem
by constructing a primal-dual witness (θ̂r·, Ẑ) with the fol-
lowing steps:

1. Set (θ̂r·)S = argmin((θr·)S ,0)
` ((θr·)S ;D)

+λ1

∑
t∈S
√
νrt ||θrt||2 + λ2 ||(θr·)S ||1

2. For t ∈ S, we define Ẑ1,rt = θrt
‖θrt‖2 and then con-

struct Ẑ2,S by the stationary condition.

3. Set (θ̂r·)Sc = 0

4. Set Ẑ2,Sc such that
∣∣∣∣∣∣Ẑ2,Sc

∣∣∣∣∣∣
∞
< 1

5. Set Ẑ1,Sc such that condition (B.16) is satisfied.

6. The final step consists of showing, that the following
conditions are satisfied:

(a) strict dual feasibility : the condition in Lemma 1
holds with high probability

(b) correct neighbourhood recovery: the primal-dual
pair specifies the neighbourhood of r, with high
probability

We begin by proving some key lemmas that are key to
our main theorem. The sub-gradient optimality condition
(B.16) can be rewritten as:

∇`(θ̂r·;D)−∇`(θ∗r·;D) = Wn−λ1

∑
t:r 6=t

√
νrtẐ1,rt−λ2Ẑ2

(B.20)
where Wn = −∇`(θ∗r·;D) and θ∗r· is the true model pa-
rameter. By applying mean-value theorem coordinate wise
to (B.20), we get:

∇2`(θ∗r·;D)[θ̂r· − θ∗r·] = Wn − λ1

∑
t:r 6=t

√
νrtẐ1,rt

−λ2Ẑ2 +Rn

(B.21)
where Rn is the remainder term after applying mean-value
theorem:Rnj = [∇2`(θ∗r·;D) − ∇2`(θ̄jr·;D)]Tj (θ̂r· − θ∗r·)

for some θ̄jr· on the line between θ̂r· and θ∗r·, and with [.]Tj
denoting the j-th row of matrix. The following lemma con-
trols the score term Wn
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Lemma 2. Recall νr max = max
t
νrt , νr min = min

t
νrt, p′ =

max(n, p). Assume that

8(2−α)
α

√
k1(n, p) k4

νr maxlog(pνr max)
nνr min

≤
λ1 + λ2 ≤ 4(2−α)

√
νr max

α
√
νr min

k1(n, p) k2(n, p) k4

(B.22)

for some constant k4 ≤ min
{

2kv3 , kh + kv
}

and suppose

also that n ≥ 8 k2h
k24

log (
∑
tmt) then,

P
(
‖Wn
\r‖∞,2 >

α
2−α

√
νr min (λ1+λ2)

4

)
≤

1− c1p′−3 (
∑
tmt)− exp (−c2n)− exp (−c3n)

(B.23)

Proof. Define Wn
t = −∇θrt` (θ∗r·;D). Let Wn

t,jk be the
element in Wn

t corresponding to parameter θrj;tk. Note
that Wn

t,jk = 1
n

∑n
t=1 V

i
t,jk where

V it,jk = Brj

(
X

(i)
r

)
Btk

(
X

(i)
t

)
−

∇θrj;tkAr
(
θ∗r +

∑
s∈V \r θ

∗
rsBs

(
X

(i)
s

))
Btk

(
X

(i)
t

)
so for t′ ∈ R

E
[
exp

(
t′V it,jk

)
|X(i)

V \r

]
=∫

X
(i)
r

exp
{
t′
[
Brj

(
X(i)
r

)
Btk

(
X

(i)
t

)
−∇θrj;tkAr

(
θ∗r +

∑
s∈V \r θ

∗
rsBs

(
X

(i)
s

))
Btk

(
X

(i)
t

)]
+C

(
X

(i)
r

)
+ θ∗rBr

(
X

(i)
r

)
+

∑
s∈V \r

Br

(
X

(i)
r

)
θ∗rsBs

(
X

(i)
s

)
−Ar

(
θ∗r +

∑
s∈V \r

θ∗rsBs

(
X

(i)
s

))}
dXr

= exp
{
Ar

(
θ∗r + t′Btk

(
X

(i)
t

)
+

∑
s∈V \r

θ∗rsBs

(
X

(i)
s

))

−Ar

(
θ∗r +

∑
s∈V \r

θ∗rsBs

(
X

(i)
s

))

−∇θrj;tkAr

(
θ∗r +

∑
s∈V \r

θ∗rsBs

(
X

(i)
s

))
t′Btk

(
X

(i)
t

)}
= exp

{
∇2
θrj;tk,θrj;tk

Ar(c)

2 Btk

(
X

(i)
t

)2

t′2
}

where c = θ∗r +
∑
s6=r θ

∗
rsBs

(
Xi
s

)
+ v1t

′Btk

(
X

(i)
t

)
for

some v1 ∈ [0, 1]. Therefore,

1
n

n∑
i=1

logE
[
exp

(
t′V it,jk

)
|X(i)

V \r

]
=

1
n

n∑
i=1

1

2
∇2
θrj;tk,θrj;tk

Ar(c)Btk

(
X

(i)
t

)2

t′2

Next lets define event ε1 =
{

maxi,t ‖Bt
(
X

(i)
t

)
‖∞ ≤

4 logp′
}

. Then, from Proposition 2 we get P (εc1) ≤
c1np

′−4 (
∑
tmt) ≤ c1p

′−3 (
∑
tmt). If t′ ≤ k2 (n, p),

Assumption 5 implies that

1
n

n∑
i=1

logE
[
exp

(
t′V it,jk

)
|X(i)

V \r

]
≤

k1(n,p)
2

1
n

∑n
i=1Btk

(
X

(i)
t

)2

t′2

Now, lets define event ε2 ={
max
t,j

1
n

∑n
i=1

(
Btj

(
X

(i)
t

))2

≤ k4

}
where

k4 ≤ min{2kv/3, kh + kv}. Then, by proposition
(1) we obtain that if n ≥ 8 k2h

k24
log(

∑
t∈V mt) :

P (εc2) ≤ exp

(
−n k2

4

4k2
h

+ log

(∑
t∈V

mt

))
≤ exp (−n c2)

(B.24)

Therefore, for t′ ≤ k2(n, p),

1

n

n∑
i=1

logE
[
exp

(
t′V it,jk

)
|X(i)

V \r

]
≤ k1(n, p)k4t

′2

2

(B.25)

Hence, by the standard Chernoff bound technique, for t′ ≤
k2(n, p)

P

(
1
n

n∑
i=1

|V it,jk| > δ | ε1, ε2

)
≤

2exp
(
n
(
k1(n,p)k4t

′2

2 − t′δ
)) (B.26)

Setting t′ = δ
k1(n,p)k4

, for δ ≤ k1(n, p) k2(n, p) k4, we ar-
rive to:

P

(
1

n

n∑
i=1

|V it,jk| > δ | ε1, ε2

)
≤ 2 exp

(
−nδ2

2k1(n, p)k4

)
(B.27)

Supposing that α
√
νr min

2−α
λ1+λ2

4
√
mrmt

≤ k1(n, p) k2(n, p) k4. It

then follows that δ =
α
√
νr min

2−α
λ1+λ2

4
√
mrmt

satisfies

P

(
1
n

n∑
i=1

|V it,jk| >
α
√
νrmin

2− α
λ1 + λ2

4
√
mrmt

| ε1, ε2

)
≤

2 exp
(
−α2

(2−α)2
νr min n (λ1+λ2)2

32 k1(n,p) k4mrmt

)
(B.28)
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Form which, we obtain the following using union bound

P
(
‖Wn

t ‖2 > α
2−α

√
νr min (λ1+λ2)

4 |ε1, ε2

)
≤

P
(
‖Wn

t ‖∞ > α
2−α

√
νr min (λ1+λ2)
4
√
mrmt

|ε1, ε2

)
≤ 2exp

(
−α2

(2−α)2
νr min n (λ1+λ2)2

32 k1(n,p)k4mrmt
+ log (νrt)

)
(B.29)

and hence,

P
(
‖Wn‖∞,2 > α

2−α

√
νr min (λ1+λ2)

4 |ε1, ε2

)
≤

2 exp

(
−α2

(2− α)2

νrmin n (λ1 + λ2)
2

32 k1(n, p)k4 νrmax
+ log (νrmax) + logp

)
(B.30)

Finally for λ1 + λ2 ≥ 8(2−α)
α

√
k1(n, p) k4

νr maxlog(pνr max)
nνr min

,
we obtain

P
(
‖Wn‖∞,2 > α

2−α

√
νr min (λ1+λ2)

4

)
≤

c1p
′−3 (

∑
tmt) + exp (−c2n) + exp (−c3n)

(B.31)

Lemma 3. Suppose that λ1 + λ2 ≤
C2

min
40 logp′Dmax dr k3(n,p) ν2

r max
and ‖Wn

\r‖∞,2 ≤
(λ1+λ2)α

√
νr min

4 (2−α) , then,

P
(
‖(θ∗r·)S − (θ̂r·)S‖∞,2 ≤ 5

√
νrmax

Cmin
(λ1 + λ2)

)
≥ 1− cp′−3 (

∑
tmt)

(B.32)

for some constant c > 0.

Proof. We define F (uS) as:

F (uS) = ` ((θ∗r·)S + uS ;D)− ` ((θ∗r·)S ;D)

+λ1

∑
t∈N(r)

√
νrt (‖θ∗rt + urt‖2 − ‖θ∗rt‖2)

+λ2 (‖ (θ∗r·)S + uS‖1 − ‖ (θ∗r·)S ‖1)
(B.33)

From the construction of θ̂r· it is clear that ûs = (θ̂r·)S −
(θ∗r·)S minimizes F . And since F (0) = 0, we have F (ûs)
≤ 0. We now show that for some B > 0 with ||uS ||∞,2 =
B, we have F (uS) > 0. Using this and the fact that F is
convex we can then show that ||ûS ||∞,2 ≤ B.

Let uS an arbitrary vector with ||uS ||∞,2 =
5
√
νrmax

Cmin
(λ1 + λ2). Then, from the Taylor Series ex-

pansion of log likelihood function in F , we have:

F (uS) = ∇` ((θ∗r·)S ;D)
T
uS

+uTS∇2` ((θ∗r·)S + v uS) uS

+λ1

∑
t∈N(r)

√
νrt (‖θ∗rt + urt‖2 − ‖θ∗rt‖2)

+λ2 (‖ (θ∗r·)S + uS‖1 − ‖ (θ∗r·)S ‖1)
(B.34)

for some v ∈ [0, 1]

We now bound each of the terms in the right hand side of
(B.34). From (B.29) and using Cauchy-Schwarz inequality
we obtain:

∣∣∣∇` ((θ∗r·)S ;D)
T
uS

∣∣∣
≤ ‖∇` ((θ∗r·)S ;D) ‖∞ ‖uS‖1
≤ ‖∇` ((θ∗r·)S ;D) ‖∞ dr

√
νrmax ‖uS‖∞,2

≤ α
2−α

λ1+λ2

4 dr νrmax
5
Cmin

(λ1 + λ2)

= 5 νr max
4Cmin

dr (λ1 + λ2)
2

(B.35)

where the last inequality holds because α ∈ (0, 1]. More-
over, from triangle inequality we have:

λ1

∑
t∈S

√
νrt (‖θ∗rt + urt‖2 − ‖θ∗rt‖2)

≥ −λ1

∑
t∈N(r)

√
νrt‖urt‖2

≥ −λ1 dr
√
νrmax ‖uS‖∞,2

= − 5 dr νr max
Cmin

λ1 (λ1 + λ2)

(B.36)

Also,

λ2 (‖ (θ∗r·)S + uS‖1 − ‖ (θ∗r·)S ‖1)
≥ −λ2 ‖uS‖1
≥ −λ2 ‖uS‖1
≥ −λ2 dr

√
νrmax ‖uS‖∞,2

= − 5 νr max
Cmin

dr λ2 (λ1 + λ2)

(B.37)

On the other hand, by Taylor’s approximation of∇2`, there
exists αjk ∈ [0, 1] and ũijk between θ\r and θ\r+vuS such
that

Λmin
(
∇2` ((θ∗r·)S + v uS)

)
≥ min
β∈[0,1]

Λmin
(
∇2` ((θ∗r·)S + β uS)

)
≥ Λmin (QnSS)−

max
v∈[0,1]

max
‖y‖≤1

{
1
n

n∑
i=1

∑
j,k,l,t,h,s,m,s′,m′

αjk v
(
∇3Ar

(
ũijk
))
jkl

urt;lhBth
(
Xi
t

)
ys,m,j Bsm

(
Xi
s

)
Bs′m′

(
Xi
s′

)
ys′,m′,j′

}
(B.38)
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Consider the event ε1 as defined in the previous proof. We
know that P (ε1) ≥ 1 − c1p′−3 (

∑
tmt). Conditioned on

ε1 and using Assumption 5 we arrive to the following:

Λmin
(
∇2` ((θ∗r·)S + v uS)

)
≥ Cmin − 4logp′‖uS‖1Dmax νrmaxk3 (n, p)
≥ Cmin − 4logp′dr

√
νrmax ||uS ||∞,2 Dmax νrmaxk3 (n, p)

≥ Cmin
2

(B.39)
where the last inequality holds for λ1 + λ2 ≤

C2
min

40 logp′Dmax dr k3(n,p) ν2
r max

.

Finally using the above bounds we arrive at the following:

F (uS) ≥ dr νrmax
5

Cmin
(λ1 + λ2)

2

(
−1− 1

4
+

5

2

)
> 0

(B.40)

Therefore

‖(θ∗r·)S − (θ̂r·)S‖∞,2 ≤
5
√
νrmax

Cmin
(λ1 + λ2)

Lemma 4. Suppose that λ1 + λ2 ≤
α

2−α

√
νr min C

2
min

400 ν
5
2
r maxlogp′Dmax k3(n,p) dr

and ‖Wn
\r‖∞,2 ≤

α (λ1+λ1)
√
νr min

4 (2−α) , then,

P

(
‖Rn‖∞,2
λ1 + λ2

≤
α
√
νr min

4 (2− α)

)
≥ 1− cp′−3

(∑
t

mt

)
(B.41)

for some constant c > 0.

Proof. Recall that Rnj =
[
∇2`(θ∗r·;D) −

∇2`(θ̄jr·;D)
]T
j

(
θ̂r· − θ∗r·

)
where

[
·
]T
j

denotes the
j-th row of a matrix. Let us also refer to Rnt;jk to the
cordinate of Rn corresponding to θrj;tk. Then,

Rnt;jk =

[
1
n

n∑
i=1

Btk(Xi
t)

[
∇2Ar

θ∗r +
∑
s6=r

θ∗rsBs(X
i
s)

−
∇2Ar

(
θ̄
tjk
r +

∑
s6=r θ̄

tjk
rs Bs(X

i
s)
)]

j

⊗Bir·

]T (
θ̂r· − θ∗r·

)
(B.42)

with Bir· the vector of sufficient statistics evluate at the i-
th sample. Intoroducing the notation 〈θr·, Bir·〉 =: θr +∑
s 6=r θrsBs

(
Xi
s

)
, from the mean value theorem we obtain

∇2Ar;jl
(
〈θ∗r·, Bir·〉

)
−∇2Ar;jl

(
〈θ̄tjkr· , Bir·〉

)
=

−vij,l
[
〈θ̂r· − θ∗r·, Bir·〉

] (
∇3Ar

)
jl:

(
〈 ¯̄θi;tjkr· , Bir·〉

)
(B.43)

Therefore, combining (B.42) with (B.43) and using basic
properties of krockner product we ontain that∣∣∣Rnt;jk∣∣∣ ≤ 1

n

n∑
i=1

∣∣Btk(Xi
t)
∣∣ νrmaxk3 (n, p) Dmax ‖θ̂r· − θ∗r·‖22

≤ 4 logp′ νrmaxk3 (n, p) Dmax ‖θ̂r· − θ∗r·‖22
(B.44)

which implies

‖Rnt ‖∞,2 ≤
4
√
νrmax logp′ νrmaxk3 (n, p) Dmax ‖θ̂r· − θ∗r·‖22 ≤

4
√
νrmax logp′ νrmaxk3 (n, p) Dmax

25 dr νrmax
C2

min
λ2

1 ≤
λ1+λ2

4
α
√
νr min

2−α
(B.45)

with probbility at least 1− cp′−3 (
∑
tmt).

We now prove theorem 2 using lemmas 2-4. Recalling that
Qn = ∇2`(θ∗r·;D) and the fact that we have set (θ̂r·)Sc =
0 in our primal-dual construction, we can rewrite condition
(B.21) as the following equations:

QnScS [(θ̂r·)S − (θ∗r·)S ] =

Wn
Sc − λ1

∑
t/∈N(r)

√
νrtẐ1,rt − λ2Ẑ2,Sc +RnSc

(B.46)

QnSS [(θ̂r·)S − (θ∗r·)S ] =

Wn
S − λ1

∑
t∈N(r)

√
νrtẐ1,rt − λ2Ẑ2,S +RnS

(B.47)

Since the matrix QnSS is invertible, the conditions (B.46)
and (B.47) can be rewritten as :

QnScS(QnSS)−1[Wn
S − λ1

∑
t∈N(r)

√
νrtẐ1,rt − λ2Ẑ2,S +RnS ] =

Wn
Sc − λ1

∑
t/∈N(r)

√
νrtẐ1,rt − λ2Ẑ2,Sc +RnSc

(B.48)
Rearranging yields the following condition:

λ1

∑
t/∈N(r)

√
νrtẐ1,rt =

Wn
Sc +RnSc −QnScS(QnSS)−1[Wn

S +RnS ]−
λ2Ẑ2,Sc +QnScS(QnSS)−1[λ1

∑
t∈N(r)

√
νrtẐ1,rt + λ2Ẑ2,S ]

(B.49)

Strict Dual Feasibility: we now show that for the dual sub-
vector Ẑ1,Sc , we have

∣∣∣∣∣∣Ẑ1,Sc

∣∣∣∣∣∣
∞,2

< 1. We get the follow-

ing equation from B.49, by applying triangle inequality:
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λ1
√
νrmin

∣∣∣∣∣∣Ẑ1,Sc

∣∣∣∣∣∣
∞,2
≤

λ1

∣∣∣∣∣∣∑t/∈N(r)

√
νrtẐ1,rt

∣∣∣∣∣∣
∞,2
≤[

||Wn||∞,2 + ||Rn||∞,2
] (

1 +
∣∣∣∣QnScS(QnSS)−1

∣∣∣∣
∞,2
√
dr

)
+λ2
√
νrmax

+
∣∣∣∣QnScS(QnSS)−1

∣∣∣∣
∞,2

[
(λ1 + λ2)

√
dr νrmax

]
(B.50)

where νrmin = min
t
νrt , νrmax = max

t
νrt and dr = |N(r)|

Using mutual incoherence bound 2 on the above equation
gives us:∣∣∣∣∣∣Ẑ1,Sc

∣∣∣∣∣∣
∞,2
≤

1
λ1
√
νr min

[
||Wn||∞,2 + ||Rn||∞,2

]
(2− α)

+
λ2
√
νr max

λ1
√
νr min

[
1 +

∣∣∣∣QnScS(QnSS)−1
∣∣∣∣
∞,2
√
dr

(
λ1

λ2
+ 1
)]

(B.51)

Using the previous lemmas we obtain the following:∣∣∣∣∣∣Ẑ1,Sc

∣∣∣∣∣∣
∞,2
≤ 1

2λ1
[α (λ1 + λ2)]

+
λ2
√
νr max

λ1
√
νr min

[
1 + mmin

mmax
(1− α)

(
λ1

λ2
+ 1
)] (B.52)

If λ2 <

(
α

2−α+2
√
νr max√
νr min

)
λ1, then,

∣∣∣∣∣∣Ẑ1,Sc

∣∣∣∣∣∣
∞,2

< 1 (B.53)

We have shown that the dual is strictly feasible with high
probability and also the solution is unique. And hence
based on Lemma 1 the method correctly excludes all edges
not in the set of edges.

Correct Neighbourhood Recovery: To show that all correct
neighbours are recovered, it suffices to show that

‖(θ∗r·)S − (θ̂r·)S‖∞,2 ≤
θmin

2

where θmin = mint∈V \r ||θrt||2.

Using Lemma 3 we can show the above inequality holds if
θmin ≥ 10

√
νrmax
Cmin

(λ1 + λ2)

C. Full MyFitnessPal Graph
Figure 1 shows a high-level view of the entire VS-MRF
learned from the MyFitnessPal food database. The three
macro-nutrients (fat, carbs, and protein) correspond to the
three largest hubs with the remaining nine micro-nutrients
representing smaller hubs.
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Figure 1. Full MRF learned from the MyFitnessPal food database. The hubs correspond to point-inflated gamma nutrient nodes, with
the three largest hubs being the macro-nutrients (fat, carbs, and protein).


