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In the supplementary material, we will prove the theorems
in Section 1 and give some additional experiments in Sec-
tion 2.

1. Analysis

We will first give the supporting theorems we will use in
the analysis. Then we will give the detailed proof of the
three theorems in the paper.

1.1. Supporting Theorems

The following results are used throughout the analysis.

Theorem 1. (Theorem 9.1 in (Halko et al., 2011)) Let M
be an n X m matrix with singular value decomposition
M = USVT. There is a fixed v > 0. Choose a test
matrix U € R™*? and construct sample matrix Y = M.
Partition M as in (1)

r m—-r

M=UsV' =
U1 U

and define W, = V"V and Uy = V," V. Assuming ¥, has
full row rank, the approximation error satisfies

1M = Py (M)[[3 < [[Z2]13 + 522013

where Py (M) projects column vectors in M in the sub-
space spanned by the column vectors in' Y and © denotes
the pseudoinverse.

Theorem 2. (Derived From Theorem 2.2 of (Tropp, 2011))
Let X be a finite set of PSD matrices with dimension k
(means the size of the square matrix is k X k). Amax(+) and
Amin () calculate the maximum and minimum eigen value
respectively.

Suppose that

max(X) < B.
g Amax(X)

:
o]

Sample { X1, ..., X} uniformly at random from X without
replacement. Compute

Hmax = g)\max(E[Xl])a
Then

Hmin = g)\min (E[Xl} )

1
PI’ {)\max (Z Xz) 2 (1 + p)Mmax}
=1

kexp —E2 (14 p)In(1+ p) = ] for p € [0.1)

4
Pr {)\min <Z Xl) S (]— - p)ﬂmin}

< kexp R (1= p)In(L = p) + ) for p > 0

IN

Theorem 3. Let A = STHS and A = STHS be two
symmetric matrices of size n xn. Let A\;,i € [n] and \;,i €
[n] be the eigenvalues of A and /I, respectively, ranked in
descending order. Let Ua,Us € R™ " include the first
r eigenvectors of A and A, respectively. Let || - || be any
invariant norm. Define

. Art1 1 1
Ay = V2 ([1-2F ) > < —
g mm( ( Ar ) NV2) T V2
-1 o
Ay = [H || H — Hl

V1- lEIH - ]

If Ax > Ay /2, we have

N A ApA
|sin@Ua, Ua)|| < a <1+ a A)

Ay —Ag/2

where
O(X,X) = arccos((X*X) V2X*X(X*X)!

ZX*X(X*X)—1/2)1/2
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defines the angle matrix between X and X.

Note that the above Theorem 3 follows directly from The-
orem 4.4 and discussion in Section 5 from (Li, 1999).

1.2. Proof of Theorem 2

We will first provide the key result for our analysis, and
then bound each component of the key result, that is, first,
we will show that || M — P M Py ||3 is small; then, we will
bound the strong convexity of the objective function.

The following theorem shows that the difference between
M and M is well bounded if both |[M — P5M Py |3 and
the strong convexity of Eq.2 are well bounded,

Theorem 4. Assume (i) | M — PﬁMP‘;H% < A, and (ii)

the strong convexity of the objective function is no less than
|Q|~y. Then

o~ A
|M—M§§2(A+>.
Y

where strongly convexity is defined as,

Definition 5. A function f : D — R is &-strongly convex
w.rt. norm || - || if f is everywhere differentiable and

Fw) 2 Fw') + VW) w0+ § o |
Then & is the strongly convexity of f.

Proof. Set Z = U"MYV. Since | M — P5MP; |3 < A,
we have R
1M~ U2V < A,

implying
IRa(M) —Ra(UZVT)|3 < A

Let Z, be the optimal solution to Eq.2. Using the strongly
convexity of Eq.2, we have

1 1
SAIQIIZ = 2.1 < 510l

ie. ||Z — Z.||3 < A/(v[9)).

This is because f(Z) = L|Ra(M) — Ra(UZVT)|2,
such that Vf(Z) = U [RQ(UZ‘A/T) - RQ(M)]‘A/ and

Vf(Z)=0
Qly
Bz -z
1 ~ o~
< SlIRa(M) = Ra(UZV )| -
1 ~ o~
3R (M) = Ro(UZ.V )|
< YiRoM) = Ro@ 20T 2 124
< SlIRa(M) ~Ra(@ZVT)Il} < =

‘We thus have,
102 — M]J3
< 12|M - PoMPg |3 +2|P;MPy —UZ V7|3
< 2|M - PaMPy|3+2|PpMPy —UZVT |3
< 2|M - PaMPyll5+ 2|17 - Z.|%
<

2<A+§)

In order to bound A, we need the following theorem,
Theorem 6. With a probability 1 — 2e™t, we have,

1M = MPy |5 < o7,y (1 + 2%)
and

IM — PpMllp < 02, (1+25)

provided that d > Tu(r)r(t + Inr).

Proof. Let iq,...,1q are the d selected columns. Define
U = (e;,,...,e;,) € R™*? where e; is the ith canon-
ical basis. Such that we have A = M x W, that is, A
is composed of the d selected columns of M. To utilize
Theorem 1, we need to bound the minimum eigenvalue of
\Ill\IllT, where U, = VlT\I/ € R"*4 is full rank. We have

VARVARER VAR VAR
Let v, ,i € [d] be the ith row vector of V;. We have,

d
S o7
Vi; Vi

U0 =

Jj=1

It is straightforward to show that
d
E[v, 0] = =1,
wef] =2

and 1
E [vijvﬂ - I
m
To bound the minimum eigenvalue of ¥4 \IllT, we need The-
orem 2, where we first need to bound the maximum eigen
value of Vi]. 5;; , which is a rank-1 matrix, whose eigen val-
ue
~ =T
max A ViV
1<i<m max( i ZJ)

~ 12 r
— 12 < .
max |[Vil® < ()

and
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Thus, we have,

Pr {Amin(\lflwf)(l - 5)2}
_—djm
reXP S m (1= p)In(l = p) + p]

[(1=p)In(1 = p) +p]

IN

—d

= rexp ——
Tu(r)

By setting 6 = 1/2, we have,

d
Pridom(T10/) < — b < _
Pl <504 < row 2

— e d/lTn(r)r]
where with d > Tu(r)r(t+1Inr), we have
rexp” Y1) < =t that is,

1—et

d
Pr{/\min(ll’llllir) Z QTTL} Z

With
.

Amin (T 01) >
(U, 1)_2m

according to Theorem 1, we have

||M*MP\7||§ < H22||§+||22‘I’2‘I’]1||§

< e ]
< oy + 10312203
< o+ S

< o2+ 2 Sal el
< ohg 27mU£+1

<

2m
0’3+1 <]. + d)

The 1st inequality is according to Theorem 1.

The 3rd inequality is because the two facts,
([ My Mol < || M|z % [ Mzl

e The 4th inequality is becuase ||\Il“|2 =
1/0'min(\1’1) = \/1/)\mm(\l’1\111r) S \/Zm/d

The 6th inequality is because | Xz2]|2 = 0,41 and
[Walls < [[Vall2]|¥]l2 =1

We then bound A,

Theorem 7. With a probability 1 — 2e™t, we have,

A= |M = PsMPg |3 < 407, (1 + m;”)

ifd > 7u(r)r(t+ lnr).

Proof. Using Theorem 6, we have, with a probability 1 —
2e~t

|M — P MPg |3
< 2|M — MPplf5 +2||(M — P5M)Pg |l
< 2[|M — MPg|3+2|M — P M|3
<

n+m
40 14+ —-
O]

We will then bound the strong convexity of the objective
function,

Theorem 8. With a probability 1 —e™t, we have that v,
the strongly convexity for the objective function in (2), is
bounded from below by |Q)|/[2mn] (that is, v > 1/(2mn)),
provided that

Q| > 7% (r)r?(t 4+ 21n7)

Proof. To bound the strong convexity, we could instead
bound the smallest eigen value of the Hessian matrix. The
Hessian matrix is an 72 x 72 matrix. Assuming the second-
order derivative of the (i1, j1)th and (i, j2)th entry of Z is
the (r(i1 — 1) + j1,7(i2 — 1) + jo2)th entry of the Hessian
matrix, the Hessian matrix could be written as,

H= Z [Vec(ﬁ;r%)][vec(ﬁ;r%)]:r
(i,7)eQ

To bound the minimum eigenvalue of H, we will use Lem-
ma 2. Thus first we need to bound

max Amasx ([vee(W; ¥;)][vee(W; ¥;)]")

= max |vec(u; v;)[
]

R ()

mn

IA

max [ ¥} <

and
Amin (E([vec(w; v;)][vec(n; v;)]"))

_ T
- mn)\mm ((U & V) X (U ® V))
1

mn

where ® is the Kronecker product.
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Based on Theorem 2, we have

1] , —slol
Pr )‘min(H) < — < rfeTn?(nr?
2mn

Hence, with a probability 1 — e, we have
Q
Amin(H) Z u
2mn

provided that
Q| > 7a%(r)r?(t 4+ 21n7)

O

Theorem 2 can be easily proved combining Theorems 4, 7
and 8.

1.3. Proof of Theorem 1

The following theorem allows us to replace fi(r) in Theo-
rem 8 with u(r) when the rank of M is less than or equal
tor.

Theorem 9. With a probability 1 — 2e™, we have [i(r) =
w(r), ifd > Tu(r)r(t + lnr).

Proof. According to Theorem 7, with a probability 1 —
2", we have M = P;MP;, provided that d >
Tu(r)r(t +Inr). Hence Py, = Py and Py, = Py, which
directly implies that u(r) = fi(r). O

Theorem 1 can be proved directly from Theorem 2 and
Theorem 9.

1.4. Proof of Theorem 3
Define

1 ~ 1
Ho=nl+—MM", Hy=nl+-—AAT
mn dn

and
1

BBT
dm

1 ~
Hg=nl+—M"M, Hp=nl+
mn

We can have the first  eigen vector of would be H 4, be-
cause

Hy = nl+ Yyl
mn
1
= guU" + —UuE2hHUT
mn

1
= Ul +—xxHu”
mn

and
H Y2 — Udi _mn o mn
A iag( o +mnn’ 7\ 02, + mnn)
= V/mnUTUT
where

. 1 1
T:dzag(\/2 7~-~7\/2 )
o1 +mnn os, +mnn

1.4.1. PROOF OF LEMMA 1

Proof. Just consider the maximization of the norm of rows
of U, then we will have

pp) = max S 2
i=1n L r(M,n) o5 +mnn
j=
m 2
= max - E r %5 Z
i=Lon 1 = r(M,n)(oF +mnn) "
N~ a
> max — E r—U?
i=1,.n 7 &~ T
Jj=1
n m
= a max ,E Ufj
i=1,...n 1 “ ?
j=1

= ap(r)

when ) = 02 /mn, then a < r/2r(M, n), then

<) < Mu(n)

T a r

completes our proof.

1.4.2. PROOF OF LEMMA 2

To this end, we need the following theorem.

Theorem 10. With a probability 1 — 4e™*, we have

1—6 < M(HPHAHY?) <1456,
-6 < \N(Hp?HgHp"?) <1456, Vk € [n]

|

d> = (u(n)r(M,n) + 1)(t +Inn)

<,

Proof. 1Tt is sufficient to show the result for H A

Define

_ 1 _
t= {Mi = (1" (anML + "1) H'?,

i=1,...,m}
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Note that if a; is the jth column of matrix M, then,

M,; =U%(Vi.)"
Thus we have

M; = anTUT(%UEViLVi,*zUT+nI)UTUT

U (mTSV,L Vi 5T + mnnT?) U

In this way

IN

)\max(Mi) )\max(mUTEV;IFV;’*ZTUT)
14 Amax (manUT?U )

— mUTSV,LE + — ]

p(m)r(M,n) +1

(this is because [Az|3 < ||A]|3]x|3 < ||A||%|x|3) and

02, + mnn

IN

)‘maX(E[Mi])
= Aax(U (TEVIVET + manT?) UT)
= Amax(U (TEET +mnnT?)UT)

o? mnmn

mnn+ o3 mnn+o?

=1
So
Hmax = d)\l(E[Mz]) =d

we have (using Lemma 2),

Pr{ Aax (Hx V2 HAHLY?) 2146}
d

= e (‘um)r(M, ES!

Using the fact that (at O they are the same, but the left in-
crease faster than the right)

[(1+6)In(1 +0) — 5})

(1+06)In(1+06) >4+ 3527\75 e [0, 1],

we have
Pr {)\max (H;l/zﬁAHgl/Q) > 14 5}
. p( do? )
nex B I e——
- 4(pr(M,m) +1)

We have the result by setting d > 4(u(n)r(M,n) +
1)(Inn + t)/62. Similarly, for the lower bound, we have
(using Lemma 2)

Pr{ i (H 2 HaH,?) <15}
d

< nexp <_M(7])7"(]Wz77)+1 [(1—-0)In(1—-9)+ 5})

Using the fact that (by Taylor Expansion of In(1 — §))

52
(1= 0)In(l —8) > ~5+ %

We have the result by setting d > 2(u(n)r(M,n) +
)(Inn +t)/62. O

Using Theorem 10, we will prove Lemma 2,

Proof. To utilize Theorem 3, we rewrite H 4 and H 4, as
Hy=H/?IH,, H,=H/*DH?

where D = H;l/zﬁAHzlm. According to Theorem 10,

with a probability 1 — 2e~%, we have ||D — I||z < 6, pro-
vided that

4
d = =3 (u(m)r(M,n) +1)(t +1nn)
We then compute A gy defined in Theorem 3 as
1
Ag <
=13

Because d > 16(u(n)r(M,n) + 1)(t + Inn), we have

4

52 (w(mr(M,m) +1)(t + Inn) > 16(u(n)r(M,n) + 1)

I(t+1nn)
thatis 6 < 1/2.

Because 0, > /20,11, we have 1/2 < 1 — 02 /02
Since § < 1/2 <1—02,, /02, wehave Ay < v/26.

Then according to Theorem 3, we have,

. ~ V26 V267,
o(U,,U < 1+
s, D)l < =m0+ —55)
V26 1
< — (14 -—-)<3V2
- AA—\/§5/2( 32)

Similarly, we have,
|| sin ©(Va, V)2 < 3v/28
Thus, with a probability 1 — 4e~*, we have

u(r) < M

2r(M,n)

n, . g
u(n) + ~[[sin©(VA, V)3
18né?

< 1 () +

<

O

Theorem 3 can be proved by combining the results of The-
orems 4, 8, Lemma 1 and Lemma 2.
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Figure 1. Comparison of CUR algorithms with the number of sampled columns (rows) fixed as di = 5r (d2 = 5d;), where r =
10, 20, 50. The number of observed entries 2| is varied from Qg to 5.

2. Additional Experiments

Comparison to the State-of-the-Art Low-Rank Approx-
imation Algorithms The experimental settings are the
same as that of Section 4.2, and we will compare here with
CUR-E. We first construct an unbiased estimator M, by us-
ing the randomly observed entries in €, and then estimate
matrix Z by Z = CtM_.RT. Here, the unbiased estimation
M, is given by

(i,7) €

mn g
0 (GJ)¢n

[Meli,; = { ol
We call this algorithm CUR-E.

Results Figure 1 shows the results on spectral norm
of low rank matrix approximation. We observe that the
CUR+ works significantly better than the CUR-E method,
and yields a similar performance as the CUR-F that has
an access to the full target matrix M. We also observe
that with larger o (i.e. increasing numbers of rows and
columns), the approximation errors for CUR+ and CUR-E
decrease. Figure 2 shows the results on Frobenius norm.
We can see similar results as those on spectral norm.
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Figure 2. Comparison of CUR algorithms measured by Forbenius norm with the number of sampled columns and rows fixed as d; = 5r

and d2 = 5d, respectively, where r = 10, 20 and 50. The number of observed entries |2 is varied from Qg to 5Q.



