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1. Restatement of Main Results
Suppose that x ∈ Rd is a random vector with mean 0 and variance Id. The distribution of x is denoted by ν which is
unknown. We denote its one-dimensional marginal along direction v ∈ Sd by ν̄v, and assume that ν̄v({0}) < 0.5 for all
v ∈ Sd and it is sub-Gaussian, i.e. there exists θ > 0 such that ν̄v((−∞, x] ∪ [x,+∞)) ≤ exp(1 − x2/θ) for all x > 0.
We define Vv(γ) as follows,

Definition 1. For any γ ∈ [0, 1], let δγ = min{δ ≥ 0|ν̄v([−δ, δ]) ≥ γ} and γ−ν = ν̄v((−δ, δ)). Then the “tail weight”
functions Vv is defined as follows:

Vv(γ) ≜ lim
ϵ↓0

∫ δγ−ϵ

−δγ+ϵ

x2ν̄v(dx) + (γ − γ−ν )δ2r .

We also define V+(γ) ≜ supv∈Sd
Vv(γ) and V−(γ) ≜ infv∈Sd

Vv(γ). Note that if ν is spherically symmetric, then
V+(γ) = V−(γ). In this case, we denote Vv(γ) by V(γ).

Recall that the authentic samples zi are generated by the equation zi = Axi + ni where xi ∈ Rd are i.i.d. samples of
random variable x and ni are independent realizations of n ∼ N (0, Ip). For convenience, we let ζ ≜ max{θ, 2}.

Let Z and O be the index sets of the authentic samples and the outliers, respectively. For fixed κ > 0, let Xs be the optimal
solution of the PCA-like algorithm in the sth stage. The event “good output is generated at step s” is denoted by E(s):

E(s) ≜
{∑

i∈Z

αi(s)⟨yiy
⊤
i ,Xs⟩ ≥

1

κ

∑
i∈O

αi(s)⟨yiy
⊤
i ,Xs⟩

}
.

Lemma 1. The event E(s) is true for some 1 ≤ s ≤ s0 where s0 = ρn(1+κ)
κ .

Proof. See Section 3.

1.1. Upper Bound of Subspace Distance

Let f(B) = min
{
2B∥A∥22 + cτ, γB∥A∥22 + cγ(d∥A∥2 + 1)

}
where τ = max{p/n, 1} and c is a universal constant and

let δk(AA⊤) = λk(A)2 − λk+1(A)2.

Theorem 1. Suppose that ρ < 0.5 and log p ≤ n, then there exists a finite number s ≤ n such that the output Xs of the
PCA-like algorithm in the sth stage satisfies the following inequality with high probability,

∥Xs −Π∥F ≤ R(µ) +
√
k min

1≥κ>2ρ

√
f(B1) + ηβB0

δk(AA⊤)
, (1)



A Unified Framework for Outlier-Robust PCA-like Algorithms

where

R(µ) =


8(γ[ϵ0(∥A∥2

2+1)−µ]++µβ)
δk(AA⊤)

, µ ̸= 0

min

{
8ϵ0γ(∥A∥2

2+1)
δk(AA⊤)

, 2
√

ϵ1k(∥A∥2
2+1)

δk(AA⊤)

}
, µ = 0,

ϵ0 = c0

√
log p
n , ϵ1 = c1

√
p
n , B0 = c2(∥A∥22 +1), B1 = κ+1−V−(1− ρ

κ(1−ρ) ) + ϵ0 + c3

(
d log3 n

n

) 1
4

, and c0, c1, c2, c3
are universal constants.

Proof. See Section 3.

Theorem 2. Suppose that ρ < 0.5 and log p ≤ n, the following holds with high probability,

∥X∗ −Π∥F ≤

√
2 [(dB2 + kB4)λ1(A)2 + kf(B3)]

δk(AA⊤)
, (2)

where

B3 = 2− V−(
t̂

t
)− V−(

t̂− ρn

t
) + ϵ1, B4 = min

{
c1

√
p

n
, c2γ

√
log p

n

}
,

B2 is the right hand side of (1), ϵ1 = c3

(
d log3 n

n

) 1
4

, and c1, c2, c3 are universal constants.

Proof. See Section 3.

1.2. Lower Bound of Expressed Variance

Let H∗ ≜ ⟨AA⊤,X∗⟩, Hs ≜ ⟨AA⊤,Xs⟩ and H ≜ ⟨AA⊤,Π⟩. The lower bound of E.V is shown in the following
theorem.

Theorem 3. Suppose that ρ < 0.5. For any κ, there exists a constant c such that the following inequalities hold w.h.p,

E.V ≥
(1− η)V−

(
t̂
t −

ρ
1−ρ

)
V−
(
1− ρ

κ(1−ρ)

)
(1 + κ)V+

(
t̂
t

) − 10

V+(0.5)

(
ckmin{τ, γς}

H

)1/2

−c{θ
1
2 d

1
4 (log

3
4 n)n−

1
4 ∨ θ[(1 + κ)/κ]

3
2 (log

3
2 n)n−

1
2 }

V+(0.5)

−2(1− η)µβ
√
k

V+( t̂t )H
−max{1− λk(X

∗), λk+1(X
∗)},

where w∗
1, · · · ,w∗

k are the top k eigenvectors of X∗, τ = max{ p
n , 1} and ς = max{ log p

n , 1}.

Proof. See Section 4.

Lemma 2. Suppose that S is a sequence of matrices such that for any Sn ∈ S , Sn ∈ Sp×p
+ and λd(Sn) − λd+1(Sn) ≥

δ > 0. Let
An ≜ arg max

X∈F(d)
⟨Sn,X⟩ − µn∥X∥1, Bn ≜ arg max

X∈F(d)
⟨Sn,X⟩.

Then if pd3/2 = o( 1
µn

) and µn → 0 as n→ +∞, we have

∥An −Bn∥F → 0 as n→ +∞,

which implies that λd(An) → 1 and λd+1(An) → 0 as n→ +∞.

Proof. See Section 4.
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Theorem 4. (Asymptotic Bound): Consider a sequence of {Yi, λi, βi, γi}, where the asymptotic scaling satisfies

ni ↑ +∞, lim
i↑+∞

log pi
ni

≤ +∞, lim
i↑+∞

min{ pi

ni
, γi}∑k

j=1 λj(Ai)2
↓ 0,

ni

di log
3 ni

↑ +∞,
di∑k

j=1 λj(Ai)2
↓ 0, µiβi ↓ 0.

Let ρ∗ = lim sup ρi ≤ 0.5 and suppose t̂ > 0.5n, then if λk(X∗) → 1 and λk+1(X
∗) → 0 as ni ↑ +∞, the following

holds in probability when i ↑ +∞,

lim inf
i

E.V ≥ (1− η)max
κ

V−
(
1− ρ∗

(1−ρ∗)κ

)
V−
(

t̂
t −

ρ∗

1−ρ∗

)
(1 + κ)V+

(
t̂
t

) .

Furthermore, if µ̄v({0}) = 0 for all v ∈ Sd, then the breakdown point is ρ∗ = 0.5.

Proof. Notice that k is a constant and Hi =
∑k

j=1 λj(A
⊤
i Ai). Since λk(X∗) → 1 and λk+1(X

∗) → 0 as ni ↑ +∞,

we know that max{1 − λk(X
∗), λk+1(X

∗)} → 0. Since limi↑+∞
log pi

ni
≤ +∞, limi↑+∞

min{ pi
ni

,γi}
Hi

↓ 0, µiβi ↓ 0 and
di

Hi
↓ 0, we have µiβi

√
k

Hi
↓ 0 and kmin{τi,γiςi}

Hi
↓ 0. Since µ̄v({0}) = for all v ∈ Sd, we have V+(c),V−(c) > 0 for any

c > 0. Hence we obtain this lower bound of E.V. To show that the breakdown point is ρ∗ = 0.5, one only needs to show
that lim infi E.V > 0 when ρ∗ < 0.5. Since ρ∗ < 0.5, we have ρ∗

(1−ρ)κ < 1 for κ = 1, then we only need to show that

V−
(

t̂
t −

ρ∗

1−ρ∗

)
> 0. Since t̂ > 0.5n, we have

V−
(
t̂

t
− ρ∗

1− ρ∗

)
≥ V−

(
0.5n

(1− ρ∗)n
− ρ∗

1− ρ∗

)
= V−

(
0.5− ρ∗

1− ρ∗

)
> 0.

Corollary 1. Under the settings of the above theorem, the following holds in probability for some constantC when i ↑ +∞,

lim inf
i

E.V ≥ (1− η)

[
V−( t̂t )− C

√
θρ∗ log(1/2ρ∗)

V+( t̂t )

]
.

Proof. See Section 4.

2. Useful Concentration Results
2.1. Concentration Results for Isotropic Random Vectors

Lemma 3. (Lemma 2, (Xu et al., 2013)) For any 0 ≤ a1 < a2 < a3 ≤ 1 and v ∈ Sd, we have

Vv(a2)− Vv(a1)

a2 − a1
≤ Vv(a3)− Vv(a2)

a3 − a2
.

Lemma 4. (Lemma 3, (Xu et al., 2013)) 1) For any a ∈ [0, 1] and v ∈ Sd, we have Vv(a) ≤ a. 2) For any 0 ≤ a1 < a2 ≤ 1
and v ∈ Sd, we have

Vv(a2)− Vv(a1) ≤
a2 − a1
1− a1

.

Lemma 5. For any 1 > ϵ > 0 and κ ∈ [ϵ, 1] and v ∈ Sd, we have Vv(κ)− Vv(κ− ϵ) ≤ Cθϵ log(1/ϵ).
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Proof. By monotonicity, it suffices to prove the result for κ = 1. Notice that for K ≥ 2θ,

Vv(1)− Vv(1− ϵ)

≤ϵK2 + Ex∼µ̄v [x
2 · 1(x > K)]

=ϵK2 +

∫ ∞

K2

Px∼µ̄v [x
2 > z]dz

≤ϵK2 +

∫ ∞

K2

exp(1− z/θ)dz

=ϵK2 + e0θ exp(−K2/θ)

Let K2 = θ log(1/ϵ), then we have Vv(1)− Vv(1− ϵ) ≤ Cθϵ log(1/ϵ).

Theorem 5. (Theorem 7(I), (Xu et al., 2013)) Suppose random vector ni ∼ N (0, Ip). Let τ ≜ max{p/n, 1}. There exist
a universal constant c > 0 such that with high probability,

sup
w∈Sp

1

t

t∑
i=1

(w⊤ni)
2 ≤ cτ.

Theorem 6. There exists an absolute constant C > 0, such that with high probability,

sup
v∈Sd

| 1
n

n∑
i=1

(v⊤xi)
2 − 1| ≤ Cθ

√
d

n
.

Proof. The proof depends on the following Lemma (Lemma 14 in (Loh & Wainwright, 2012)).

Lemma 6. If X ∈ Rn×d is a zero-mean sub-Gaussian matrix with parameters (Σ, σ2), then for any fixed (unit) vector
v ∈ Rd and any t > 0, we have

P[|∥Xv∥22 − E[∥Xv∥22]| > nt] ≤ 2 exp

(
−cnmin

(
t2

σ4
,
t

σ2

))
,

for a universal constant c.

Consider matrix Z ∈ Rn×d where the ith row is x⊤
i , then for any fixed (unit) vector v ∈ Rd and any t > 0, there exists a

universal constant c such that

P[|∥Zv∥22 − E[∥Zv∥22]| > nt] ≤ 2 exp

(
−cnmin

(
t2

θ2
,
t

θ

))
.

Let A be a 1/3 cover of Sd, then for any v ∈ Sd, there is some u ∈ A such that ∥u − v∥2 ≤ 1/3. It is known that
|A| ≤ 9d. Define ψ(v1,v2) = |v⊤

1

(
Z⊤Z
n − E[Z⊤Z]

n

)
v2|, then we have

sup
v∈Sd

ψ(v,v) ≤ max
u∈A

ψ(u,u) + 2 sup
v∈Sd

ψ(v − u,u) + sup
v∈Sd

ψ(v − u,v − u).

Since ∥u− v∥2 ≤ 1
3 , we have

sup
v∈Sd

ψ(v,v) ≤ max
u∈A

ψ(u,u) + (
2

3
+

1

9
) sup
v∈Sd

ψ(v,v).

Hence supv∈Sd
ψ(v,v) ≤ 9

2 maxu∈A ψ(u,u). By the lemma above and the union bound,

P[ sup
v∈Sd

ψ(v,v) > t] ≤ P[
9

2
max
u∈A

ψ(u,u) > t] ≤ 9d · 2 exp
(
−cnmin

(
t2

θ2
,
t

θ

))
.

Thus, we have

P[ sup
v∈Sd

| 1
n

n∑
i=1

(v⊤xi)
2 − 1| > t] ≤ 2 exp

(
−c1nmin

(
t2

θ2
,
t

θ

)
+ c2d

)
.

Let the right hand side be d−10, then t = Cθ
√

d
n for constant C and large enough n.
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Lemma 7. With high probability, the following holds uniformly over n̄ ≤ n and v ∈ Sd,∣∣∣∣∣ 1n
n̄∑

i=1

[v⊤x]2(i) − Vv(n̄/n)

∣∣∣∣∣ ≤ Cn
√
d log n/n

n− n̄
,

for a universal constant C.

Proof. The proof is similar to the proof of Theorem 11 (Xu et al., 2013). We just need to replace V with Vv.

Theorem 7. With high probability, the following holds uniformly over n̄ ≤ n and v ∈ Sd,∣∣∣∣∣ 1n
n̄∑

i=1

[v⊤x]2(i) − Vv(n̄/n)

∣∣∣∣∣ ≤ Cmax

{
θ

√
d

n
, θ1/2d1/4(log n)3/4n−1/4

}
,

for a universal constant C.

Proof. Follow the proof of Corollary 5 in (Xu et al., 2013). As shown above, Theorem 6 and Lemma 7 hold w.h.p. Under
the condition of Theorem 6 and Lemma 7, we define n0

n0 = (1−Θ(θ−1/2d1/4n−1/4 log−1/4 n))n.

If n̄ ≤ n0, then Lemma 7 leads to∣∣∣∣∣ 1n
n̄∑

i=1

[v⊤x]2(i) − Vv(n̄/n)

∣∣∣∣∣ ≤ Cθ1/2d1/4(log n)3/4n−1/4.

If n̄ > n0, we have
1

n

n̄∑
i=1

[v⊤x]2(i) − Vv(n̄/n)

≤

∣∣∣∣∣ 1n
n∑

i=1

[v⊤x]2(i) − 1

∣∣∣∣∣+ |1− Vv(n̄/n)|

≤C1θ

√
d

n
+ C2θ

n− n0
n

log
n

n− n0

≤Cmax

{
θ

√
d

n
, θ1/2d1/4(log n)3/4n−1/4

}
.

On the other hand,

Vv(n̄/n)−
1

n

n̄∑
i=1

[v⊤x]2(i)

≤Vv(n̄/n)−
1

n

n0∑
i=1

[v⊤x]2(i)

≤

∣∣∣∣∣ 1n
n0∑
i=1

[v⊤x]2(i) − Vv(n0/n)

∣∣∣∣∣+ |Vv(n0/n)− Vv(n̄/n)|

≤C1
n
√
d log n/n

n− n0
+ C2θ

n− n0
n

log
n

n− n0

≤Cθ1/2d1/4(log n)3/4n−1/4.

Hence this theorem holds.
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2.2. Concentration Results for Non-isotropic Random Vectors

Lemma 8. There exists a constant c > 0 such that with high probability,

sup
v∈Sp

∣∣∣∣∣1t
t∑

i=1

(v⊤zi)
2 − v⊤Σv

∣∣∣∣∣ ≤ cζ∥Σ∥2
√
p

n
.

Proof. Recall that z = [A, Ip]u where u is a sub-gaussian random variable with mean zero and variance Ip+d. Denote
(A, Ip)

⊤ by Ā, since Ā⊤Ā = Σ and d ≤ p, then with high probability

sup
v∈Sp

∣∣∣∣∣1t
n∑

i=1

(v⊤zi)
2 − v⊤Σv

∣∣∣∣∣ = sup
v∈Sp

∣∣∣∣∣1t
n∑

i=1

((Āv)⊤u)2 − v⊤Ā⊤Āv

∣∣∣∣∣
≤ sup

v∈Sp∩{v:Āv ̸=0}
∥Ā⊤Ā∥2 ·

∣∣∣∣∣ 1n
n∑

i=1

((Āv)⊤u)2

∥Āv∥2
− 1

∣∣∣∣∣ ≤ ∥Σ∥2 · sup
q∈Sp+d

∣∣∣∣∣ 1n
n∑

i=1

(q⊤u)2 − 1

∣∣∣∣∣
≤cζ∥Σ∥2

√
p

n
.

Lemma 9. Let τ ≜ max{p/n, 1}. There exists a constant C > 0 such that with high probability,

sup
v∈Sp

1

t

t∑
i=1

(v⊤zi)
2 ≤ 2∥A∥22(1 + c1θ

√
d

n
) + c2τ.

Proof. Consider the following inequalities

sup
v∈Sp

1

t

t∑
i=1

(v⊤zi)
2 = sup

v∈Sp

1

t

t∑
i=1

(v⊤(Axi + ni))
2

≤ sup
v∈Sp

1

t

t∑
i=1

(v⊤Axi)
2 + sup

v∈Sp

1

t

t∑
i=1

(v⊤ni)
2 + sup

v∈Sp

2

t

t∑
i=1

(v⊤Axin
⊤
i v)

≤2

(
sup
v∈Sp

1

t

t∑
i=1

(v⊤Axi)
2 + sup

v∈Sp

1

t

t∑
i=1

(v⊤ni)
2

)

=2

(
sup

v∈Sp∩{v:A⊤v ̸=0}
∥v⊤A∥22 ·

1

t

t∑
i=1

(
v⊤Axi

∥v⊤A∥2
)2 + sup

v∈Sp

1

t

t∑
i=1

(v⊤ni)
2

)

≤2∥A∥22(1 + c1θ

√
d

n
) + c2τ

where the last inequality follows from Theorem 5 and Theorem 6.

Lemma 10. Let τ ≜ max{p/n, 1}. There exists a universal constant c such that with high probability the following holds
uniformly over n̄ ≤ n,

sup
v∈Sp

1

n

n−n̄∑
i=1

|v⊤z|2[i] ≤ 2∥A∥22

(
1− V−(n̄/n) + c1θ

√
d

n
+ c2θ

1/2d1/4(log n)3/4n−1/4

)
+ cτ.

Proof. Consider the following inequalities

sup
v∈Sp

1

n

n−n̄∑
i=1

|v⊤z|2[i] = sup
v∈Sp

1

n

n−n̄∑
i=1

|v⊤(Ax+ n)|2[i]

≤2

(
sup
v∈Sp

1

n

n−n̄∑
i=1

|v⊤Ax|2[i] + sup
v∈Sp

1

n

n−n̄∑
i=1

|v⊤n|2[i]

)
.
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Note that

sup
v∈Sp

1

n

n−n̄∑
i=1

|v⊤Ax|2[i] ≤ sup
v∈Sp∩{v:A⊤v ̸=0}

∥AA⊤∥2 ·
1

n

n−n̄∑
i=1

∣∣∣∣ v⊤Ax

∥v⊤A∥2

∣∣∣∣2
[i]

=∥AA⊤∥2 · sup
v∈Sd

∣∣∣∣∣ 1n
n∑

i=1

|v⊤x|2 − 1

n

n̄∑
i=1

|v⊤x|2(i)

∣∣∣∣∣
From Theorem 6 and Theorem 7, we know that

sup
v∈Sd

∣∣∣∣∣ 1n
n∑

i=1

|v⊤x|2 − 1

n

n̄∑
i=1

|v⊤x|2(i) − (1− Vv(n̄/n))

∣∣∣∣∣
≤ sup

v∈Sd

∣∣∣∣∣ 1n
n∑

i=1

|v⊤x|2 − 1

∣∣∣∣∣+ sup
v∈Sd

∣∣∣∣∣ 1n
n̄∑

i=1

|v⊤x|2(i) − Vv(n̄/n)

∣∣∣∣∣
≤c1θ

√
d

n
+ c2 max

{
θ

√
d

n
, θ1/2d1/4(log n)3/4n−1/4

}
,

which implies that

sup
v∈Sp

1

n

n−n̄∑
i=1

|v⊤Ax|2[i] ≤ ∥A∥22 ·

(
1− V−(n̄/n) + c1θ

√
d

n
+ c2θ

1/2d1/4(log n)3/4n−1/4

)
. (3)

Similarly, for the term supv∈Sp

1
n

∑n−n̄
i=1 |v⊤n|2[i], since n ∼ N (0, Ip), from Theorem 5 we have

sup
v∈Sp

1

n

n−n̄∑
i=1

|v⊤n|2[i] ≤ sup
v∈Sp

1

n

n∑
i=1

|v⊤n|2 ≤ cτ.

Hence we obtain this theorem.

Lemma 11. With high probability the following holds uniformly over n̄ ≤ n for every matrix X ∈ Rp×p,

1

n

n−n̄∑
i=1

⟨zz⊤,X⟩[i] ≤ min
{[
2
(
1− V−(n̄/n) + ϵ(d)

)
∥A∥22 + cτ

]
∥X∥∗ ,[(

1− V−(n̄/n) + ϵ(d)
)
∥A∥22 + cϕ(1 + ζd∥A∥2)

]
∥X∥1

}
,

where ϵ(d) = c1θ
√

d
n + c2θ

1/2d1/4(log n)3/4n−1/4, τ = max{1, p
n}, ϕ = max{1,

√
log p
n } and c, c1, c2 are universal

constants.

Proof. Let {k(i)} be the indices of the largest n− n̄ values of ⟨zz⊤,X⟩, then

1

n

n−n̄∑
i=1

⟨zz⊤,X⟩[i] = ⟨ 1
n

n−n̄∑
i=1

zk(i)z
⊤
k(i),X⟩

≤min

{
∥ 1
n

n−n̄∑
i=1

zk(i)z
⊤
k(i)∥∞∥X∥1, ∥

1

n

n−n̄∑
i=1

zk(i)z
⊤
k(i)∥2∥X∥∗

}
.

Notice that ∥ 1
n

∑n−n̄
i=1 zk(i)z

⊤
k(i)∥2 can be bounded by Lemma 10, so we only need to bound ∥ 1

n

∑n−n̄
i=1 zk(i)z

⊤
k(i)∥∞. We

have

∥ 1
n

n−n̄∑
i=1

zk(i)z
⊤
k(i)∥∞

≤∥ 1
n

n−n̄∑
i=1

Axk(i)x
⊤
k(i)A

⊤∥∞ + ∥ 1
n

n−n̄∑
i=1

nk(i)n
⊤
k(i)∥∞ + ∥ 2

n

n−n̄∑
i=1

Axk(i)n
⊤
k(i)∥∞

≤∥ 1
n

n−n̄∑
i=1

Axk(i)x
⊤
k(i)A

⊤∥2 + ∥ 1
n

n∑
i=1

|ni||ni|⊤∥∞ + 2d∥A∥∞∥ 1
n

n∑
i=1

|xi||ni|⊤∥∞.
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Let P ≜ 1
n

∑n
i=1 |ni||ni|⊤ and Q ≜ 1

n

∑n
i=1 |xi||ni|⊤, then

Pij =
1

n

n∑
k=1

|nkinkj | ≤
2

n

n∑
k=1

(n2
ki + n2

kj), Qij =
1

n

n∑
k=1

|xkinkj | ≤
2

n

n∑
k=1

(x2
ki + n2

kj).

Since xki is a zero-mean sub-Gaussian random variable and nki is a standard Gaussian random variable, from Proposition
5.16 (Vershynin, 2012)

P

[∣∣∣∣∣ 1n
n∑

k=1

n2
ki − 1

∣∣∣∣∣ > t

]
≤ 2 exp(−c1 min{nt2, nt}), and

P

[∣∣∣∣∣ 1n
n∑

k=1

x2
ki − 1

∣∣∣∣∣ > t

]
≤ 2 exp(−c2 min{nt

2

θ2
,
nt

θ
})

for universal constant c1, c2. There exists c (may change from line to line) so that when t = c
√

log p
n , by the union bound

we have

P

[
∥P∥∞ > 1 + c

√
log p

n

]
≤ p−10, and P

[
∥Q∥∞ > ζ(1 + c

√
log p

n
)

]
≤ p−10

where ζ = max{θ, 2}. Let ϕ = max{1, log p
n }, then with high probability

∥P∥∞ ≤ cϕ, and ∥Q∥∞ ≤ cζϕ.

Thus,

∥ 1
n

n−n̄∑
i=1

zk(i)z
⊤
k(i)∥∞ ≤ ∥ 1

n

n−n̄∑
i=1

Axk(i)x
⊤
k(i)A

⊤∥2 + cϕ(1 + ζd∥A∥2).

The first term on the right hand side can be bound by Equation (3). Hence we obtain this lemma.

Lemma 12. (Corollary 3.3, (Vu et al., 2013)) There exists a universal constant c such that with probability at least 1−p−10,

∥ 1
n

n∑
i=1

ziz
⊤
i −Σ∥∞ ≤ cζ∥Σ∥2

√
log p

n
.

3. Proofs of Section 1.1
Lemma 13. (Lemma 3.1, (Vu et al., 2013)) Let Σ be a symmetric matrix and Π be the projection onto the subspace spanned
by the eigenvectors of Σ corresponding to its k largest eigenvalues λ1 ≥ λ2 ≥ · · · . If δ = λk(Σ)− λk+1(Σ) > 0, then

δ

2
∥Π−X∥2F ≤ ⟨Σ,Π−X⟩

for all X satisfying 0 ⪯ X ⪯ I and tr(X) = k.

3.1. Proof of Lemma 1

Proof. If E(s) is false, then ∑
i∈Z

αi(s)⟨yiy
⊤
i ,Xs⟩ <

1

κ

∑
i∈O

αi(s)⟨yiy
⊤
i ,Xs⟩.

Let ∆αi ≜ ⟨yiy
⊤
i ,X̂⟩

max{i|αi ̸=0}⟨yiy⊤
i ,X̂⟩αi, if

∪s0
s=1 E(s) is false, we have

s0∑
s=1

∑
i∈Z

∆αi(s) <
1

κ

s0∑
s=1

∑
i∈O

∆αi(s).
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From the algorithm, at least one α is eliminated in each iteration. Thus, we have
∑s0

s=1

∑n
i=1 ∆αi(s) ≥ s0, which implies

that
s0∑
s=1

∑
i∈Z

∆αi(s) +

s0∑
s=1

∑
i∈O

∆αi(s) ≥ s0.

Hence
1

κ

s0∑
s=1

∑
i∈O

∆αi(s) +

s0∑
s=1

∑
i∈O

∆αi(s) ≥ s0.

Note that ρn ≥
∑s0

s=1

∑
i∈O ∆αi(s), then ρn ≥ κs0

1+κ , so s0 ≤ ρn(1+κ)
κ .

3.2. Proof of Theorem 1

Proof. Note that for any 1 ≤ s̄ ≤ s, the event E(s̄) is false, which implies that∑
i∈Z

αi(s̄)⟨yiy
⊤
i ,Xs̄⟩ <

1

κ

∑
i∈O

αi(s̄)⟨yiy
⊤
i ,Xs̄⟩,

Thus, we have ∑
i∈Z

∆αi(s̄) <
1

κ

∑
i∈O

∆αi(s̄).

Since αi(s) = 1−
∑s−1

k=1 ∆αi(k),

∑
i∈Z

αi(s) = t−
∑
i∈Z

s−1∑
k=1

∆αi(k) > t− 1

κ

s−1∑
k=1

∑
i∈O

∆αi(k) ≥ t− ρn

κ
.

Hence for any X ∈ F(k), we have

∑
i∈Z

αi(s)⟨yiy
⊤
i ,X⟩ −

t−ρn/κ∑
i=1

⟨zz⊤,X⟩(i)

=

t−ρn/κ∑
i=1

(αj(i)(s)− 1)⟨zj(i)z⊤j(i),X⟩+
t∑

i=t−ρn/κ+1

αj(i)(s)⟨zj(i)z⊤j(i),X⟩

≥
t−ρn/κ∑

i=1

(αj(i)(s)− 1)⟨zz⊤,X⟩(t−ρn/κ) +
t∑

i=t−ρn/κ+1

αj(i)(s)⟨zz⊤,X⟩(t−ρn/κ)

=

(∑
i∈Z

αi − (t− ρn

κ
)

)
⟨zz⊤,X⟩(t−ρn/κ) ≥ 0.

(4)

Since Xs is the optimal solution of the PCA-like algorithm and event E(s) is true, we have

1

n
⟨

n∑
i=1

αi(s)yiy
⊤
i ,Xs⟩ − µ∥Xs∥1

≥(1− η)

[
1

n
⟨

n∑
i=1

αi(s)yiy
⊤
i ,Π⟩ − µ∥Π∥1

]

≥(1− η)

[
1

n
⟨
∑
i∈Z

αi(s)yiy
⊤
i ,Π⟩ − µ∥Π∥1

]

≥ 1

n
⟨
∑
i∈Z

αi(s)yiy
⊤
i ,Π⟩ − µ∥Π∥1 − η

(
µ+ ∥ 1

n

∑
i∈Z

αi(s)yiy
⊤
i ∥∞

)
∥Π∥1
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and
1

n
⟨

n∑
i=1

αi(s)yiy
⊤
i ,Xs⟩ − µ∥Xs∥1

=
1

n
⟨
∑
i∈Z

αi(s)yiy
⊤
i ,Xs⟩+

1

n
⟨
∑
i∈O

αi(s)yiy
⊤
i ,Xs⟩ − µ∥Xs∥1

≤1 + κ

n
⟨
∑
i∈Z

αi(s)yiy
⊤
i ,Xs⟩ − µ∥Xs∥1.

Denote
(
µ+ ∥ 1

n

∑
i∈Z αi(s)yiy

⊤
i ∥∞

)
∥Π∥1 by B, we have

1

n
⟨
∑
i∈Z

αi(s)yiy
⊤
i ,Xs −Π⟩ − µ∥Xs∥1 + µ∥Π∥1 +

κ

n
⟨
∑
i∈Z

αi(s)yiy
⊤
i ,Xs⟩+ ηB ≥ 0.

Since Inequality 4 holds and 0 ≤ αi ≤ 1,

1

n
⟨
∑
i∈Z

yiy
⊤
i ,Xs⟩ −

1

n

t−ρn/κ∑
i=1

⟨zz⊤,Π⟩(i) − µ∥Xs∥1 + µ∥Π∥1 +
κ

n
⟨
∑
i∈Z

yiy
⊤
i ,Xs⟩+ ηB ≥ 0

or equivalently,

1

n
⟨

t∑
i=1

ziz
⊤
i ,Xs −Π⟩ − µ∥Xs∥1 + µ∥Π∥1 +

κ

n
⟨

t∑
i=1

ziz
⊤
i ,Xs⟩+

1

n

ρn/κ∑
i=1

⟨zz⊤,Π⟩[i] + ηB ≥ 0

Let ∆ = Xs −Π and W = 1
t

∑t
i=1 ziz

⊤
i −Σ, then

⟨W +Σ,∆⟩ − nµ

t
∥Π+∆∥1 +

nµ

t
∥Π∥1 + κ⟨W +Σ,Xs⟩+

1

t

ρn/κ∑
i=1

⟨zz⊤,Π⟩[i] +
nηB

t
≥ 0.

Since −⟨Σ,∆⟩ ≥ δ
2∥∆∥2F where δ = λk(Σ)− λk+1(Σ) (Lemma 13), we have

⟨W,∆⟩ − nµ

t
∥Π+∆∥1 +

nµ

t
∥Π∥1 + κ⟨W +Σ,Xs⟩+

1

t

ρn/κ∑
i=1

⟨zz⊤,Π⟩[i] +
nηB

t
≥ δ

2
∥∆∥2F . (5)

For simplicity, we let

T = κ⟨W +Σ,Xs⟩+
1

t

ρn/κ∑
i=1

⟨zz⊤,Π⟩[i] +
nηB

t
.

We first consider the case that µ ̸= 0. Since ⟨W,∆⟩ ≤ ∥W∥∞∥∆∥1 and n ≥ t ≥ 0.5n,

[∥W∥∞ − µ]+∥∆∥1 + µ∥∆∥1 − µ∥Π+∆∥1 + µ∥Π∥1 + T ≥ δ

4
∥∆∥2F .

Let N be the subset of indices of the nonzero entries of Π, since ∥Π∥0 ≤ β2 and ∥∆N∥1 ≤ β∥∆N∥F ≤ β∥∆∥F ,

∥∆∥1 − ∥Π+∆∥1 + ∥Π∥1 = ∥∆N∥1 − ∥ΠN +∆N∥1 + ∥ΠN∥1 ≤ 2∥∆N∥1.

Also note that ∆ has at most γ2 + β2 non-zero entries, so ∥∆∥1 ≤
√
γ2 + β2∥∆∥F ≤ 2γ∥∆∥F . Thus,

2(γ[∥W∥∞ − µ]+ + µβ)∥∆∥F + T ≥ δ

4
∥∆∥2F ,

which implies that

∥∆∥F ≤ 8(γ[∥W∥∞ − µ]+ + µβ)

δ
+ 2

√
T

δ
≤

8(γ[c0ζ
√

log p
n ∥Σ∥2 − µ]+ + µβ)

δ
+ 2

√
T

δ
,
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where the last inequality follows from Lemma 12.

We now consider the case that µ = 0, then (5) becomes ⟨W,∆⟩ + T ≥ δ
2∥∆∥2F . Since ⟨W,∆⟩ ≤

min{∥W∥∞∥∆∥1, ∥W∥2∥∆∥∗} ≤ 2min{γ∥W∥∞∥∆∥F , k∥W∥2}, ∥∆∥F should satisfy that

2min{γ∥W∥∞∥∆∥F , k∥W∥2}+ T ≥ δ

2
∥∆∥2F .

By simple calculation, we have

∥∆∥F ≤ min{8γ∥W∥∞
δ

, 2

√
k∥W∥2

δ
}+ 2

√
T

δ
≤ min{

8c0γζ
√

log p
n ∥Σ∥2
δ

, 2

√
c1kζ

√
p
n∥Σ∥2
δ

}+ 2

√
T

δ
,

where the last inequality follows from Lemma 8 and Lemma 12. Hence we have ∥∆∥F ≤ R(µ) + 2
√

T
δ where

R(µ) =


8(γ[c0

√
log p
n (∥A∥2

2+1)−µ]++µβ)

δ , µ ̸= 0

min

{
8c0γ

√
log p
n (∥A∥2

2+1)

δ , 2

√
c1k

√
p
n (∥A∥2

2+1)

δ

}
, µ = 0.

We ignore ζ in R(µ) because it’s a constant.

We now bound T . Notice that ∥Π∥∗ ≤ k and ∥Π∥1 ≤ β∥Π∥F ≤ βk, from Lemma 11, the following inequality holds
with high probability,

1

n

n−n̄∑
i=1

⟨zz⊤,Π⟩[i] ≤ kmin
{
2
(
1− V−(n̄/n) + ϵ(d)

)
∥A∥22 + cτ,

β
[(
1− V−(n̄/n) + ϵ(d)

)
∥A∥22 + cϕ(1 + ζd∥A∥2)

]}
.

Since t ≥ 0.5n, there exist constants c1, c2 such that ∥W + Σ∥2 ≤ 2(1 + c1θ
√

d
n )∥A∥22 + cτ and ∥W∥∞ ≤

c0ζ
√

log p
n (∥A∥22 + 1) hold with high probability (Lemma 9 and Lemma 12). Hence

⟨W +Σ,Xs⟩ ≤ min{∥W +Σ∥2∥Xs∥∗, ∥W +Σ∥∞∥Xs∥1}

≤kmin

{
2

(
1 + c1θ

√
d

n

)
∥A∥22 + cτ, γ

(
1 + c0ζ

√
log p

n

)(
∥A∥22 + 1

)}

where the last inequality follows from ∥Xs∥∗ ≤ k and ∥Xs∥1 ≤ γ∥Xs∥F ≤ γk. Also notice that 0 ≤ αi(s) ≤ 1 and
∥Π∥1 ≤ β∥Π∥F = βk, we have

nηB

t
≤ ηβk

(
2µ+ ∥1

t

∑
i∈Z

yiy
⊤
i ∥∞

)
≤ ηβk

(
2µ+

(
c0ζ

√
log p

n
+ 1

)
∥Σ∥2

)
.

Let B′
0 ≜ 2µ +

(
c0ζ
√

log p
n + 1

)
(∥A∥22 + 1), since µ is less than some universal constant and log p ≤ n, there exists

constant c2 such that B0 ≜ c2(∥A∥22 + 1) ≥ B′
0. Let ϵ0 ≜ c0ζ

√
log p
n , ϵ1 ≜ ϵ0 + ϵ(d) + c1θ

√
d
n . Since d < n,

ϵ1 ≤ ϵ0 + c1

(
d log3 n

n

) 1
4

. Since ζ is a constant, we have κ ≤ 1, β ≤ γ and log p ≤ n,

T = kmin
{
2B1∥A∥22 + cτ, γB1∥A∥22 + cγ(d∥A∥2 + 1)

}
+ ηβkB0,

where B1 = κ+ 1− V−(1− ρ
κ(1−ρ) ) + ϵ1. By minimizing T over κ, we can obtain this theorem.
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3.3. Proof of Theorem 2

Proof. Under the conditions of Theorem 2, the conditions of Theorem 1 are satisfied, let ∆ = Xs − Π, W =
1
t

∑t
i=1 ziz

⊤
i −Σ, and f(B) = min

{
2B∥A∥22 + cτ, γB∥A∥22 + cγ(d∥A∥2 + 1)

}
then w.h.p

∥∆∥F ≤ R(µ) +
√
k min

1≥κ>2ρ

√
f(B1) + ηβB0

δ
≜ B2.

From the Algorithm, we know that

1

t̂

t̂∑
i=1

⟨zz⊤,X∗⟩(i) ≥
1

t̂

t̂∑
i=1

⟨yy⊤,X∗⟩(i) ≥
1

t̂

t̂∑
i=1

⟨yy⊤,Xs⟩(i) ≥
1

t̂

t̂−ρn∑
i=1

⟨zz⊤,Xs⟩(i).

Hence we have

1

t

t∑
i=1

⟨ziz⊤i ,X∗⟩ − 1

t

t−t̂∑
i=1

⟨zz⊤,X∗⟩[i] +
1

t

t−t̂+ρn∑
i=1

⟨zz⊤,Xs⟩[i] ≥
1

t

t∑
i=1

⟨ziz⊤i ,Xs⟩

⇒⟨W +Σ,X∗⟩+ 1

t

t−t̂∑
i=1

⟨zz⊤,X∗⟩[i] +
1

t

t−t̂+ρn∑
i=1

⟨zz⊤,Xs⟩[i] ≥ ⟨W +Σ,Xs⟩.

let T ≜ 1
t

∑t−t̂
i=1⟨zz⊤,X∗⟩[i] + 1

t

∑t−t̂+ρn
i=1 ⟨zz⊤,Xs⟩[i] and ∆∗ ≜ X∗ −Π. Note that Σ = AA⊤ + Ip, from Lemma 13,

we have
⟨W,∆∗ −∆⟩+ ∥AA⊤∥F ∥∆∥F + ∥∆∥∗ + T ≥ δ

2
∥∆∗∥2F ,

where δ = λk(Σ) − λk+1(Σ). Since ∥∆∗∥∗ ≤ ∥X∗∥∗ + ∥Π∥∗ ≤ 2k, ∥AA⊤∥F =
√∑d

i=1 λi(AA⊤)2 ≤ d∥A∥22 and
∥∆∥F ≤ B2, we have

∥∆∗∥F ≤
√

2

δ
(⟨W,∆∗ −∆⟩+ dB2∥A∥22 + T + 2k).

We first bound the term ⟨W,∆∗ −∆⟩. Notice that

⟨W,∆∗ −∆⟩ ≤ min{∥W∥2(∥∆∗∥∗ + ∥∆∥∗), ∥W∥∞(∥∆∗∥1 + ∥∆∥1)}.

Since ∥∆∗∥∗ ≤ 2k and ∥∆∗∥1 ≤ ∥X∗∥1 + ∥Π∥1 ≤ γ∥X∗∥F + β∥Π∥F ≤ k(γ+ β) ≤ 2kγ (∆ has similar inequalities),
we have

⟨W,∆∗ −∆⟩ ≤ 4kmin{∥W∥2, γ∥W∥∞}.

From Lemma 8, there exists constant c2 such that ∥W∥2 ≤ c1ζ
√

p
n∥Σ∥2 = c1ζ

√
p
n (∥A∥22 +1) holds with high probabil-

ity, where ζ = max{θ, 2}. From Lemma 12, ∥W∥∞ ≤ c2ζ∥Σ∥2
√

log p
n = c2ζ

√
log p
n (∥A∥22 + 1) holds for constant c2.

Let B4 ≜ 4ζmin{c1
√

p
n , c2γ

√
log p
n }, then

∥∆∗∥F ≤
√

2

δ
[(dB2 + kB4)∥A∥22 + T + 2k + kB4].

For term T , we follow the same proof of Theorem 1. The following inequality holds w.h.p,

T ≤ kmin
{
2B3∥A∥22 + cτ, γB3∥A∥22 + cγ(d∥A∥2 + 1)

}
,

where B3 = 2− V−( t̂t )− V−( t̂−ρn
t ) + ϵ(d). Hence we have

∥∆∗∥F ≤
√

2

δ
[(dB2 + kB4)∥A∥22 + kmin {2B3 + cτ, γB3 + cγ(d∥A∥2 + 1)}],

which establishes this theorem.
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4. Proofs in Section 1.2
Let H∗ ≜ ⟨AA⊤,X∗⟩, Hs ≜ ⟨AA⊤,Xs⟩ and H ≜ ⟨AA⊤,Π⟩. In order to bound E.V, we first bound |H∗ −∑k

i=1 w
∗
i
⊤AA⊤w∗

i |, and then bound H∗/H . This involves the following steps:

1. Bound |H∗ −
∑k

i=1 w
∗
i
⊤AA⊤w∗

i |.
2. Bound the robust variance estimator of the the authentic samples by applying the concentration inequalities (Theorem

5, Theorem 6 and Theorem 7, i.e. bounding 1
t

∑t̄
i=1 |w⊤z|2(i).

3. Show that with high probability, the algorithm finds a “good” solution within a bounded number of steps and then
show that the “good” solution in previous step is close to the optimal solution and the final solution of our algorithm
is close to this “good” solution.

4.1. Step 1

Lemma 14. For any X ∈ Rp×p such that 0 ⪯ X ⪯ Ip and tr(X) = k, let w1, · · · ,wk be the top k eigenvectors of X,
then ∣∣∣∣∣⟨AA⊤,X⟩ −

k∑
i=1

wi
⊤AA⊤wi

∣∣∣∣∣ ≤ max{1− λk(X), λk+1(X)} · tr(AA⊤),

where λk is the kth largest eigenvalue of X.

From this lemma, we have E.V{w∗
1, · · · ,w∗

k} ≥ H∗

H
−max{1− λk(X), λk+1(X)}.

4.2. Step 2

From Theorem 5, Theorem 6, Theorem 7 and Lemma 12, the following inequalities hold with high probability for constant
c, c1 and c2:

(I) sup
w∈Sp

1

t

t∑
i=1

(w⊤ni)
2 ≤ cτ,

(II) sup
w∈Sd

∣∣∣∣∣1t
t∑

i=1

(w⊤xi)
2 − 1

∣∣∣∣∣ ≤ c1θ

√
d

n
≜ ϵ0,

(III) sup
w∈Sd

∣∣∣∣∣1t
t̄∑

i=1

|w⊤x|2(i) − V( t̄
t
)

∣∣∣∣∣ ≤ c2t(1 + ϵ0)
√
d log n/n

t− t̄
∧ c2θ

1
2 d

1
4 (log n)

3
4n−

1
4 ≜ ϵ1(

t̄

t
),

(IV ) ∥1
t

t∑
i=1

nin
⊤
i ∥∞ ≤ cς,

where τ = max{ p
n , 1} and ς = max{

√
log p
n , 1}. When t̄ = t, we can indeed sharpen the result of (III) by applying (II),

so let ϵ1(1) = ϵ0. We have the following theorem:

Theorem 8. There exists a constant c such that the following inequalities hold w.h.p,

∥X1/2A∥2F
(
V−(

t̄

t
)− ϵ1(

t̄

t
)

)
− 2∥X1/2A∥F

√
(1 + ϵ0)ckmin{τ, γς}

≤1

t

t̄∑
i=1

⟨zz⊤,X⟩(i)

≤∥X1/2A∥2F
(
V+(

t̄

t
) + ϵ1(

t̄

t
)

)
+ 2∥X1/2A∥F

√
(1 + ϵ0)ckmin{τ, γς}+ ckmin{τ, γς},

for any t̄ ≤ t and X ∈ F(k).
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4.3. Step 3

Suppose that a “good” solution Xs is found at stage s (0 ≤ s ≤ s0), namely event E(s) is true. We can bound H∗/H by
leveraging the relationship between Xs and Π and the connection between X∗ and Xs.

Lemma 15. If ∥Π∥0 ≤ β2 and E(s) is true for s ≤ s0, there exists a constant c such that the following inequalities hold
w.h.p,

(1 + ϵ0)Hs + 2
√
(1 + ϵ0)ckmin{τ, γς}Hs + ckmin{τ, γς}

≥1− η

κ+ 1

[(
V−(1− ρ

(1− ρ)κ
)− ϵ1(1−

ρ

(1− ρ)κ
)

)
H − 2

√
(1 + ϵ0)ckmin{τ, γς}H − 1

1− ρ
µβ

√
k

]
.

Lemma 16. Fix t̂ ≤ t, there exists constant c such that the following inequalities hold w.h.p,(
V+(

t̂

t
) + ϵ1(

t̂

t
)

)
H∗ + 2

√
(1 + ϵ0)ckmin{τ, γς}H∗ + ckmin{τ, γς}

≥
(
V−(

t̂− ρn

t
)− ϵ1(

t̂− ρn

t
)

)
Hs − 2

√
(1 + ϵ0)ckmin{τ, γς}Hs.

Theorem 9. Suppose ∥Π∥0 ≤ β2 and ρ ≤ 0.5. For any κ, there exists a constant c such that the following inequalities
hold w.h.p,

H∗

H
≥
V−
(

t̂
t −

ρ
1−ρ

)
V−
(
1− ρ

κ(1−ρ)

)
(1 + κ)V+

(
t̂
t

) − 10

V+(0.5)

(
ckmin{τ, γς}

H

)1/2

−c{θ
1
2 d

1
4 (log

3
4 n)n−

1
4 ∨ θ[(1 + κ)/κ]

3
2 (log

3
2 n)n−

1
2 }

V+(0.5)
− 2µβ

√
k

V+( t̂t )H

4.4. Details of the Proof

4.4.1. PROOF OF LEMMA 14

Proof. Since 0 ⪯ X ⪯ Ip, we have∣∣∣∣∣⟨AA⊤,X⟩ −
k∑

i=1

wi
⊤AA⊤wi

∣∣∣∣∣ ≤ ∥AA⊤∥∗ · ∥X−
k∑

i=1

wiw
⊤
i ∥2

=tr(AA⊤) · ∥
k∑

i=1

(λi − 1)wiw
⊤
i +

p∑
i=k+1

λiwiw
⊤
i ∥2 = tr(AA⊤) ·max{1− λk(X), λk+1(X)}.

Hence we obtain this lemma.

4.4.2. PROOF OF LEMMA 2

Proof. Let S = Sn, µ = µn and ∆ = Bn −An, then ⟨S,∆⟩ ≥ 0 and ⟨S,∆⟩ ≤ µ∥Bn∥1 − µ∥An∥1 ≤ µ∥Bn∥1. Since
tr(Bn) = d and Bn ⪰ 0, ∥Bn∥1 ≤ p∥Bn∥F = p

√
d. Then we have 0 ≤ ⟨S,∆⟩ ≤ µp

√
d. Since An,Bn ∈ Fd,

0 ≤ tr(S∆) ≤ µp
√
d, 0 ⪯ Bn −∆ ⪯ Ip, tr(∆) = 0.

By SVD decomposition, S = QΛQ⊤ where Q is an orthogonal matrix and Λ is a diagonal matrix. Let ∆̄ = Q⊤∆Q,
then,

0 ≤ tr(Λ∆̄) ≤ µp
√
d, 0 ⪯ Σ− ∆̄ ⪯ Ip, tr(∆̄) = 0,

where Σ =

[
Id 0
0 0

]
. Thus, 0 ≤

∑p
i=1 λi∆̄ii ≤ µp

√
d and

0 ≤ ∆̄ii ≤ 1 for 1 ≤ i ≤ d,

−1 ≤ ∆̄ii ≤ 0 for d+ 1 ≤ i ≤ p,
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which implies that
∑p

i=d+1 |∆̄ii| ≤ µp
√
d

δ (otherwise,
∑p

i=1 λi∆̄ii ≥
∑p

i=1 λd∆̄ii+ |λd−λd+1|
∑p

i=d+1 |∆ii| > µp
√
d).

Since tr(∆̄) = 0, we also have
∑d

i=1 ∆̄ii ≤ µp
√
d

δ . Let ∆̄ =

[
∆1 −D
−D⊤ −∆2

]
, then 0 ⪯

[
Id −∆1 D
D⊤ ∆2

]
⪯ Ip, which

implies that ∆1 ⪰ 0 and ∆2 ⪰ 0. Hence

∥∆̄∥2F =∥∆1∥2F + ∥∆2∥2F + 2∥D∥2F

≤tr(∆1)
2 + tr(∆2)

2 + 2
d∑

i=1

p∑
j=d+1

D2
ij

≤2

(
µβ

√
d

δ

)2

+ 2
d∑

i=1

p∑
j=d+1

|(1− ∆̄ii)∆̄jj |

≤2

(
µβ

√
d

δ

)2

+ 2

d∑
i=1

p∑
j=d+1

|∆̄jj |

≤2

(
µβ

√
d

δ

)2

+ 2
µpd3/2

δ
.

Thus, ∥An −Bn∥2F = ∥Q∆̄Q⊤∥2F = ∥∆̄∥2F ≤ 2
(

µp
√
d

δ

)2
+ 2µpd3/2

δ → 0 as µ→ 0 when pd3/2 = o( 1µ ).

4.4.3. PROOF OF THEOREM 8

Proof. For an arbitrary w ∈ Sp, let j(i) be permutations of {1, · · · , n} such that (w⊤xj(i))
2 is non-decreasing. Thus,

1

t

t̄∑
i=1

⟨zz⊤,X⟩(i) ≤
1

t

t̄∑
i=1

tr
(
(Axj(i) + nj(i))

⊤X(Axj(i) + nj(i))
)

=
1

t

t̄∑
i=1

tr
(
x⊤
j(i)A

⊤XAxj(i) + 2n⊤
j(i)XAxj(i) + n⊤

j(i)Xnj(i)

)

≤1

t

t̄∑
i=1

x⊤
j(i)A

⊤XAxj(i) +
2

t

t̄∑
i=1

⟨X1/2Axj(i),X
1/2nj(i)⟩+

1

t

t∑
i=1

⟨X1/2ni,X
1/2ni⟩

≤∥A⊤XA∥∗ · ∥
1

t

t̄∑
i=1

xj(i)x
⊤
j(i)∥2 +

2

t

t∑
i=1

∥X1/2Axi∥2 · ∥X1/2ni∥2 +
1

t

t∑
i=1

∥X1/2ni∥22

Since ∥A⊤XA∥∗ = ∥X1/2A∥2F and the Cauchy-Schwarz inequality holds, we have

1

t

t̄∑
i=1

⟨zz⊤,X⟩(i) ≤∥X1/2A∥2F · sup
w∈Sd

1

t

t̄∑
i=1

(w⊤x)2(i)+

2

√√√√1

t

t∑
i=1

∥X1/2Axi∥22 ·

√√√√1

t

t∑
i=1

∥X1/2ni∥22 +
1

t

t∑
i=1

∥X1/2ni∥22

≤∥X1/2A∥2F · sup
w∈Sd

1

t

t̄∑
i=1

(w⊤x)2(i)+

2∥X1/2A∥F

√√√√ sup
w∈Sd

1

t

t∑
i=1

(w⊤xi)2 ·

√√√√1

t

t∑
i=1

∥X1/2ni∥22 +
1

t

t∑
i=1

∥X1/2ni∥22
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Note that

1

t

t∑
i=1

∥X1/2ni∥22 = ⟨X, 1
t

t∑
i=1

nin
⊤
i ⟩ ≤min{∥X∥∗ · ∥

1

t

t∑
i=1

nin
⊤
i ∥2, ∥X∥1 · ∥

1

t

t∑
i=1

nin
⊤
i ∥∞}

≤min{k∥1
t

t∑
i=1

nin
⊤
i ∥2, γk∥

1

t

t∑
i=1

nin
⊤
i ∥∞}.

Then from (I)(II)(III)(IV), we have w.h.p

1

t

t̄∑
i=1

⟨zz⊤,X⟩(i) ≤ ∥X1/2A∥2F
(
V+(

t̄

t
) + ϵ1(

t̄

t
)

)
+ 2∥X1/2A∥F

√
(1 + ϵ0)ckmin{τ, γς}+ ckmin{τ, γς}.

We now compute the lower bound. For an arbitrary w ∈ Sp, let k(i) be permutations of {1, · · · , n} such that ⟨zk(i)z⊤k(i),X⟩
is non-decreasing, then

1

t

t̄∑
i=1

⟨zz⊤,X⟩(i) =
1

t

t̄∑
i=1

x⊤
k(i)A

⊤XAxk(i) +
2

t

t̄∑
i=1

n⊤
k(i)XAxk(i) +

1

t

t̄∑
i=1

n⊤
k(i)nk(i)

≥⟨X, 1
t
A

t̄∑
i=1

x⊤
k(i)xk(i)A

⊤⟩ − 2

t

t∑
i=1

∥X1/2Axi∥2 · ∥X1/2ni∥2

Perform SVD on X, we have X =
∑p

i=1 αiviv
⊤
i , then

⟨X, 1
t
A

t̄∑
i=1

x⊤
k(i)xk(i)A

⊤⟩ =
p∑

j=1

αj

t

t̄∑
i=1

(v⊤
j Axk(i))

2

≥
p∑

j=1

αj

t

t̄∑
i=1

(v⊤
j Ax)2(i) ≥ ∥v⊤

j A∥22 ·
p∑

j=1

αj

t

t̄∑
i=1

(
v⊤
j A

∥v⊤
j A∥2

x)2(i)

Then from Lemma 6 and Lemma 7 (Note that we assume v⊤
j A ̸= 0 in the last inequality. We ignore the case that v⊤

j A = 0
since the bound holds trivially),

1

t

t̄∑
i=1

⟨zz⊤,X⟩(i)

≥
p∑

j=1

αj∥v⊤
j A∥22

(
V−(

t̄

t
)− ϵ1(

t̄

t
)

)
− 2∥X1/2A∥F

√
(1 + ϵ0)ckmin{τ, γς}

=tr(A⊤ ·
p∑

j=1

αjvjv
⊤
j ·A)

(
V−(

t̄

t
)− ϵ1(

t̄

t
)

)
− 2∥X1/2A∥F

√
(1 + ϵ0)ckmin{τ, γς}

=∥X1/2A∥2F
(
V−(

t̄

t
)− ϵ1(

t̄

t
)

)
− 2∥X1/2A∥F

√
(1 + ϵ0)ckmin{τ, γς}

Hence the theorem holds.

4.5. Proof of Lemma 15

Proof. Since E(s) is true, we have
∑

i∈Z αi(s)⟨yiy
⊤
i ,Xs⟩ ≥ 1

κ

∑
i∈O αi(s)⟨yiy

⊤
i ,Xs⟩, which implies that

(κ+ 1)
∑
i∈Z

αi(s)⟨yiy
⊤
i ,Xs⟩ ≥

n∑
i=1

αi(s)⟨yiy
⊤
i ,Xs⟩ ≥ (1− η)

(
n∑

i=1

αi(s)⟨yiy
⊤
i ,Π⟩ − nµ∥Π∥1

)
,
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where the last inequality holds because Xs is the (1− η)-optimal solution of the PCA-like algorithm at stage s. Note that

∥Π∥1 ≤ β∥Π∥F = β
√
tr(Π2) = β

√
k, then

1

t

t∑
i=1

⟨ziz⊤i ,Xs⟩ ≥
1

t

∑
i∈Z

αi(s)⟨yiy
⊤
i ,Xs⟩

≥1− η

κ+ 1

(
1

t

n∑
i=1

αi(s)⟨yiy
⊤
i ,Π⟩ − n

t
µβ

√
k

)

≥1− η

κ+ 1

1

t

t−ρn/κ∑
i=1

⟨ziz⊤i ,Π⟩(i) −
n

t
µβ

√
k

 ,

where the last inequality follows from Equation (4). From Theorem 8, the following inequality holds w.h.p,

(1 + ϵ0)Hs + 2
√
(1 + ϵ0)ckmin{τ, γς}Hs + ckmin{τ, γς}

≥1− η

κ+ 1

[(
V−(

t− ρn/κ

t
)− ϵ1(

t− ρn/κ

t
)

)
H − 2

√
(1 + ϵ0)ckmin{τ, γς}H − n

n− ρn
µβ

√
k

]
=
1− η

κ+ 1

[(
V−(1− ρ

(1− ρ)κ
)− ϵ1(1−

ρ

(1− ρ)κ
)

)
H − 2

√
(1 + ϵ0)ckmin{τ, γς}H − 1

1− ρ
µβ

√
k

]

4.6. Proof of Lemma 16

Proof. Since |O| = |Y\Z| = ρn, we have

t̂−ρn∑
i=1

⟨zz⊤,X∗⟩(i) ≤
t̂∑

i=1

⟨yy⊤,X∗⟩(i) ≤
t̂∑

i=1

⟨zz⊤,X∗⟩(i).

Since X∗ is the final output of this algorithm, V t̂(X
∗) ≥ V t̂(Xs). Thus,

1

t̂

t̂∑
i=1

⟨zz⊤,X∗⟩(i) ≥ V t̂(X
∗) ≥ V t̂(Xs) ≥

1

t̂

t̂−ρn∑
i=1

⟨zz⊤,Xs⟩(i).

Then from Theorem 8, the following inequality holds w.h.p,(
V+(

t̂

t
) + ϵ1(

t̂

t
)

)
H∗ + 2

√
(1 + ϵ0)ckmin{τ, γς}H∗ + ckmin{τ, γς}

≥
(
V−(

t̂− ρn

t
)− ϵ1(

t̂− ρn

t
)

)
Hs − 2

√
(1 + ϵ0)ckmin{τ, γς}Hs.

4.7. Proof of Theorem 9

Proof. Recall that with high probability E(s) is true for s ≤ s0 and notice that we can assume ϵ0 ≤ 1 for large enough n.
From Lemma 15 and Lemma 16, since H ≥ H∗ and H ≥ Hs, the following inequalities hold w.h.p,

1− η

κ+ 1

[(
V−(1− ρ

(1− ρ)κ
)− ϵ1(1−

ρ

(1− ρ)κ
)

)
H − 2

√
(1 + ϵ0)ckmin{τ, γς}H − 1

1− ρ
µβ

√
k

]
≤(1 + ϵ0)Hs + 2

√
(1 + ϵ0)ckmin{τ, γς}H + ckmin{τ, γς},
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and

(
V−(

t̂− ρn

t
)− ϵ1(

t̂− ρn

t
)

)
Hs ≤

(
V+(

t̂

t
) + ϵ1(

t̂

t
)

)
H∗ + 4

√
(1 + ϵ0)ckmin{τ, γς}H + ckmin{τ, γς}.

By re-organization, we have

(
V−(1− ρ

(1− ρ)κ
)− ϵ1(1−

ρ

(1− ρ)κ
)

)
H−2κ+ 4

1− η

√
(1 + ϵ0)ckmin{τ, γς}H−µβ

√
k

1− ρ
−1 + κ

1− η
ckmin{τ, γς} ≤ 1 + κ

1− η
(1+ϵ0)Hs,

(
V−(

t̂− ρn

t
)− ϵ1(

t̂− ρn

t
)

)
Hs ≤

(
V+(

t̂

t
) + ϵ1(

t̂

t
)

)
H∗ + 4

√
(1 + ϵ0)ckmin{τ, γς}H + ckmin{τ, γς}.

Let ϵ1 = c2θ
1
2 d

1
4 (log n)

3
4n−

1
4 . Since ϵ1( t̂−ρn

t ) ≤ ϵ1 and ϵ1( t−s0
t ) ≤ ϵ1, we have

H∗

H
≥
(1− η)

(
V−(1− ρ

(1−ρ)κ )− ϵ1

)(
V−( t̂t −

ρ
1−ρ )− ϵ1

)
(1 + κ)(1 + ϵ0)

(
V+( t̂t ) + ϵ1

) −
(2κ+ 4)

(
V−( t̂t −

ρ
1−ρ )− ϵ1

)√
(1 + ϵ0)ckmin{τ, γς}

(1 + κ)(1 + ϵ0)
(
V+( t̂t ) + ϵ1

) H
−1/2

−
4(1 + κ)(1 + ϵ0)

√
(1 + ϵ0)ckmin{τ, γς}

(1 + κ)(1 + ϵ0)
(
V+( t̂t ) + ϵ1

) H
−1/2 −

(
V−( t̂t −

ρ
1−ρ )− ϵ1 + 1 + ϵ0

)
ckmin{τ, γς}

(1 + ϵ0)
(
V+( t̂t ) + ϵ1

) H
−1

−
(1− η)µβ

√
k

1−ρ

(1 + κ)(1 + ϵ0)
(
V+( t̂t ) + ϵ1

)H−1
.

Note that the last term

(1− η)µβ
√
k

1−ρ

(1 + κ)(1 + ϵ0)
(
V+( t̂t ) + ϵ1

)H−1 ≤
(1− η)µβ

√
k

1−ρ

V+( t̂t )
H

−1 ≤ 2(1− η)µβ
√
k

V+( t̂t )
H

−1
.

Since ϵ0 = c1θ
√

d
n = ϵ0, ϵ1(

t̄
t ) =

c2t(1+ϵ0)
√

d logn/n

t−t̄ ∧ c2θ
1
2 d

1
4 (log n)

3
4n−

1
4 , and Vv(κ) − Vv(κ − ϵ) ≤ Cθϵ log ϵ by

Lemma 5, we can follow the proof of Theorem 2 in (Xu et al., 2013) and obtain that the following inequality holds w.h.p,

H∗

H
≥
(1− η)V−

(
t̂
t −

ρ
1−ρ

)
V−
(
1− ρ

κ(1−ρ)

)
(1 + κ)V+

(
t̂
t

) − 10

V+(0.5)

(
ckmin{τ, γς}

H

)1/2

−c{θ
1
2 d

1
4 (log

3
4 n)n−

1
4 ∨ θ[(1 + κ)/κ]

3
2 (log

3
2 n)n−

1
2 }

V+(0.5)
− 2(1− η)µβ

√
k

V+( t̂t )H
.
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4.8. Proof of Corollary 1

Proof. When κ > 1, the corollary holds trivially. Hence, fix κ ≤ 1. From Theorem 4, we have

lim inf
k

E.V{w∗
1, · · · ,w∗

k}

≥ (1− η)max
κ

V−
(
1− ρ∗

(1−ρ∗)κ

)
1 + κ

×

V−
(

t̂
t −

ρ∗

1−ρ∗

)
V+
(

t̂
t

)


≥ (1− η)max
κ

 1

1 + κ
−
Cθ ρ∗

(1−ρ∗)κ log (1−ρ∗)κ
ρ∗

1 + κ

×

V−
(

t̂
t

)
V+
(

t̂
t

) −
Cθ ρ∗

1−ρ∗ log 1−ρ∗

ρ∗

V+
(

t̂
t

)


≥ (1− η)max
κ

[
1− κ− Cθρ∗

κ
log

1

2ρ∗

]
×

V−
(

t̂
t

)
V+
(

t̂
t

) −
Cθρ∗ log 1

2ρ∗

V+
(

t̂
t

)


≥ (1− η)max
κ

[
1− κ− Cθρ∗

κ
log

1

2ρ∗

]
×

1− Cθρ∗ log 1
2ρ∗

V−
(

t̂
t

)
×

V−
(

t̂
t

)
V+
(

t̂
t

)
≥ (1− η)max

κ

1− κ−

 1

κ
+

1

V−
(

t̂
t

)
Cθρ∗ log

1

2ρ∗

×
V−
(

t̂
t

)
V+
(

t̂
t

)
≥ (1− η)max

κ

1− κ−
Cθρ∗ log 1

2ρ∗

κV−
(

t̂
t

)
×

V−
(

t̂
t

)
V+
(

t̂
t

) .
The second inequality is due to Lemma 5 and V−(1) = 1. The third inequality is due to ρ∗ < 0.5 and κ ≤ 1. The sixth

inequality holds because κ ≤ 1 and V−
(

t̂
t

)
≤ 1. Taking κ =

√
θρ∗ log 1

2ρ∗ , we can obtain this corollary.
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