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Abstract

In one-bit compressed sensing (1-bit CS), one
attempts to estimate a structured parameter
(signal) only using the sign of suitable linear
measurements. In this paper, we investigate
1-bit CS problems for sparse signals using the
recently proposed k-support norm. We show
that the new estimator has a closed-form so-
lution, so no optimization is needed. We es-
tablish consistency and recovery guarantees
of the estimator for both Gaussian and sub-
Gaussian random measurements. For Gaus-
sian measurements, our estimator is compa-
rable to the best known in the literature,
along with guarantees on support recovery.
For sub-Gaussian measurements, our estima-
tor has an irreducible error which, unlike ex-
isting results, can be controlled by scaling
the measurement vectors. In both cases, our
analysis covers the setting of model misspec-
ification, i.e., when the true sparsity is un-
known. Experimental results illustrate sev-
eral strengths of the new estimator.

1 Introduction

In recent years, one-bit compressed sensing (1-bit C-
S) (Boufounos & Baraniuk, 2008) for estimation of a
sparse or structured parameter (signal) has become in-
creasingly popular due to its low implementation cost
and robustness (Boufounos, 2010). Compared with
conventional compressed sensing (Donoho, 2006; Can-
des & Tao, 2006), which tries to recover a signal us-
ing real-valued measurements, 1-bit CS quantizes each
measurement into +1 or —1 instead.

Previous work on 1-bit CS can be categorized based on
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assumptions on noise and measurements. In the noise-
less setting (Jacques et al., 2013; Gopi et al., 2013; Plan
& Vershynin, 2013a), 1-bit CS estimates a signal vector
x* € RP from y = sign(Ux*), where y = {—1,+1}"
are the measurements, and U = [u,uy,---,u,]” €
R™*P is the measurement matrix. In the noisy set-
ting (Plan & Vershynin, 2013b), y; is a suitable noisy
function of the inner product (u;,x*) (see Section 2).
In the non-adaptive or passive setting, u; are assumed
to be random samples from a suitable distribution,
e.g., u;; ~ N(0,1); in the adaptive or active setting, u;
are chosen sequentially based on prior measurements.
In this paper, we focus on a general noisy setting for 1-
bit CS with random measurements where the signal x*
is assumed to be k-sparse, i.e., has k non-zero entries.

Given an estimate %X obtained from (y, U), consistency
analysis for 1-bit CS considers the error ||x —x*||2 and
also the support of x and x*. For the noisy setting,
Plan & Vershynin (2013b) proposed a constrained op-
timization framework with a linear objective. This
convex formulation can work with a general notion

of noise and achieve O(y %) error for both ex-

actly and approximately k-sparse signals. Recently
Zhang et al. (2014) considered a variant of this for-
mulation and developed an efficient passive algorith-
m with closed-form solution, which improves the error

bound to O(4/ kl‘:lﬁ) for exactly k-sparse signal. Gup-
ta et al. (2010) and Haupt & Baraniuk (2011) studied
the support recovery of x* based on thresholding meth-
ods, both of which can achieve support recovery with
a sample complexity O(klogp). Most such existing
results rely on using Gaussian measurements. One no-
table exception is Ai et al. (2014), which extends the
work by (Plan & Vershynin, 2013b) to sub-Gaussian
measurements. In contrast with the Gaussian case,
one gets an irreducible component in the error which
depends on ||x*||» and cannot be controlled /reduced
by increasing the sample size or otherwise.

In this paper, we focus on recovering exactly k-sparse
x* in the noisy and non-adaptive measurement setting

for 1-bit CS. Building on the work in (Plan & Ver-



One-bit Compressed Sensing with the k-Support Norm

shynin, 2013b), we propose a simple closed-form esti-
mator based on the recently proposed k-support norm.
In previous studies (Argyriou et al., 2012; Chatterjee
et al., 2014; McDonald et al., 2014), the k-support nor-
m has been shown to be an effective alternative to the
elastic net (Zou & Hastie, 2005) in estimating correlat-
ed parameter with theoretical guarantees. For the 1-
bit CS setting, we first establish recovery guarantees of
the new closed-form estimator for Gaussian measure-
ment matrices. Our general results and analyses allow
for model misspecification, i.e., do not assume knowl-
edge of true sparsity. Such analyses based on model
misspecification has not been considered in previous
work. With the model correctly specified, our analysis
yields a similar error bound compared with the best
known result in (Zhang et al., 2014), and also matches
the sample complexity for support recovery in (Gupta
et al., 2010), which is not available in (Zhang et al.,
2014). For sub-Gaussian measurement matrices, the
bound we obtain contains an additional irreducible er-
ror term depending on x*, which can be related to the
one in (Ai et al., 2014). Interestingly, our irreducible
error can be controlled under certain situation by us-
ing properly scaled sub-Gaussian distributions, which
cannot be achieved in (Ai et al., 2014). Through ex-
periments with both Gaussian and sub-Gaussian mea-
surements, we show the effectiveness of our estimator.

The rest of the paper is organized as follows: In Sec-
tion 2, we introduce our k-support norm estimator for
1-bit CS. In Section 3 and 4, we present the recovery
analysis for Gaussian and sub-Gaussian measurement
matrix, respectively. In Section 5, we present experi-
mental results, and we conclude in Section 6.

2 1-bit CS with the k-Support Norm

In this section, we introduce the new k-support nor-
m estimator for 1-bit CS. We focus on recovering
an eractly k-sparse signal x* € RP with ||x*[|s = 1
from n 1-bit measurements, y = [y1,%2,...,Yn]t €
{+1,—-1}". Provided with a measurement matrix
U = [uy,uy,...,u,]T € R"*P whose entries are inde-
pendently drawn from an identical distribution, each
measurement y; is assumed to be generated randomly
based on the quantity (u;,x*), satisfying

Efyi[(u;, x")] = 0((u;, x%)) ,

where 6 is some nonlinear function, representing the
noise, with a range [—1, 1]. The estimator as well as the
analysis does not assume knowledge of 6, allowing for
fairly general noise models. Plan & Vershynin (2013b)
proposed the following estimator to recover x*:

max (x, UTy)

L s.t. xe Kk,
xeRP

(1)
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where K is ideally a convex signal set. In particular,
the set K = {x | ||x]1 < Vk, ||x||2 < 1} is considered
to approximate the k-sparse signal set S = {x | ||x||p <
k, ||x|l2 < 1}, which is non-convex. Instead of using
such K, we propose using the convex hull conv(S),
the tightest convex relaxation of &, which leads to the
following problem,

T
max (x,Uy) s.t. x € conv(S) .

(2)

As discussed in (Argyriou et al., 2012), conv(S) is in
fact the unit ball of k-support norm, defined as

sp - —

Il = it { 37 Ivilla | supp(vr) € 1, Y vi =x
IeGy I€Gy

where Gy, is the collection of all index sets I with || =

k, and supp(vy) denotes the support of v;. Hence (2)

is equivalent to

sp

S

3)
We note that this convex program simply computes
the dual norm of the k-support norm, which turns out
to be 2-k symmetric gauge ||z||x) = 12|}, |2, where
|z|* denotes the permuted vector of |z| with entries
sorted in decreasing order. The following lemma char-
acterizes the closed-form solution to (3).

max (x,UTy) s.t. |x]

xERP

Lemma 1 (k-support norm estimator) Let z
UTy. The solution X to the convex program (3) is
given by

Zi
[IEGE S

if |Z| is in the largest

k entries of |z|

(4)

0, if otherwise
Proof: Tt is easy to verify that (x, UTy) = [[UTy||4)
and X is in conv(S). Hence X is the solution to (3). m

Note that the recovered signal x is k-sparse, thus be-
longing to S, which is the sparse signal set of interest.
More generally, if K is a closed convex set, the convex
program (1) is to solve the polar operator of the gauge
function induced by K, which has efficient algorithms
for certain other IC (Zhang et al., 2013).

3 Recovery Analysis: Gaussian
Measurements

For the analysis,we assume that the quantity A defined

A= E[0(g)g] , (5)

where ¢ is a standard Gaussian random variable, is
strictly positive, i.e., A > 0. Next we show that with

3
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high probability, the X obtained from Lemma 1 has
small ¢y error || X — x*||2, and nonzero entries in X ex-
actly give the support of x*. We start by recalling the
following lemma from (Zhang et al., 2014).
uTly

Lemma 2 The expectation of z oo s E[z]
1E[0((g,x*))g] = x*, in which g is a standard Gaus-
sian random vector. Moreover, with probability at least
1 —el'™t, the following inequality holds,

t+logp
o —xJloe < S/ B2

where ¢ is an absolute constant.

(6)

The proof of Lemma 2 can be found in (Zhang et al.,
2014). The lemma also provides an intuition for our
estimator since the support of x* corresponds to the
largest k entries of |z| in expectation. Theorem 3 gives
the recovery error bound in a general scenario, al-
lowing for model misspecification, i.e., not assuming
knowledge of the true sparsity of x*.

Theorem 3 Given a ko-sparse signal x* € RP with
Ix*||l2 =1 and a standard Gaussian measurement ma-
trix U € R"™ P, we choose a specific k in the con-
vex program (3) to obtain X (possibly k # ko). As-
sume that k1(< ko) nonzero entries of x* are recov-
ered. Then the recovered signal X, with probability at

least 1 — nel™t, satisfies
% xfa < & k(t+logp) = cok(t +logk)
D n A%n

T Cngl(t + log kl)
i
k1
ogp +

+ & (ko — k1) + EV'ko — ka
kl log kl 2
)+ & (ko — k1) +§V ko —
f
where n, c1,c2 and c3 are absolute constants, and T
and & are defined as

T=max{z] | & #0}, &=max{z] | & =0} .

o(

n

Proof: With loss of generality, we assume that the
entries in X and x* are rearranged such that Xy.; con-
tains all £ nonzero entries in X, where X;.x, correspond
to ki nonzero entries in x*, and X, 1.5 correspond to
k — kq zeros in x*. Then we establish /5 error bound
% = x*[l2 < [[%1k — X7 4 ll2 + [ Rhr1p
- H Z. k

Z1:k
< ||Z1:k - X1;kH2 + H”zi

1:k||2
< VE|lz1k = Xlloo + HerkII% — 1+ &Vko — ka

\/k(H—logp +]Zz 1 +&vko — k1

(7)

- XZ+1:p||2

XT:kHQ + Hxlt-l-lszQ
- Zl:kHQ + |‘Xlt+1:p||2

C1

)\
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To complete the analysis, we only
— 1]. We decompose it as

k
*)2|_|_ Z 22

in which ¢; £ ¢
need to bound | 3°F

112

|Zz —1|<|Zz —Z

i=1 i=k1+1
k1
1= ()7
i=1
k1 k k1
<D |F =@+ Y Z =) (@)
i=1 i=ki1+1 i=1
k] k
<> |- Y A+ (ko—k),
i=1 i=k1+1

Using the results from (Zhang et al., 2014; Vershynin,
2012), we know wuj;y; is a sub-gaussian random vari-
able with sub-Gaussian norm |[uj;y;lly, = [[wjillp, =
K, then the centered sub-gaussian random variable
Z“—y] xuhas 252 — a7 ||y, < 2E. Further, z; — 7

Z] (R — xl) is an average of n independent

centered sub gaussian random variables, whose sub-
4CK?

< e

C is an absolute constant. Hence (z; — x})? is sub-

exponential with its sub-exponential norm satisfying

*

in which

gaussian norm satisfies ||z; — 2} |7,

8CK?
(2 = @)l < 2012 — 215, < /\2
22 = 2012+ 2(20)? — (@) < pera

By triangular inequality for sub-exponential norm, we
get

* . 8CK?
127 = (@7)2 Mgy — 1227 25 — 2(7)? [l < o
* 8CK2 * *
122 = @) lon < S0 4 2l — o o,
For 1 < < ky, using the fact || - ||, < |- [|y,, we have
. 8CK? y
127 = (@1)?[ly, < o T 27|z — x|y,
8CK? 4Kt |C
-~ A A n’
For k1 <i <k, as 27 =0, we have
. SCK?
220, = 1122 — (@)l < 50

Hence we obtain the following concentrations for z2 by
the definition of sub-exponential variable,

2 2 C'er
]P’{|zl — (z7) |>61}§exp(1— ),
8CKZ+4KT /c
A n
if 1<i<k,
/
]P{Z712>62}§6Xp<1*86;%), if ki <i<k,

A2n
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in which C” is also an absolute constant. Taking the
union bound over all 22, we get

IP’{ ﬁ_: |27 — (7)?] > klel} < ip{w — (a})?

’ > €1
0/61
< exp (1 + log kl) ,
80K2 _1_41(7\/5
A n
k k
IP{ 3 z3>(k—k1)62}< 3 IP’{z >62}
i=ki1+1 i=k1+1
C'ey
< exp (]- T 8CK2 +10g(k kl)) s
A?
Let t = Cley —logks = CCK —log(k — k1),

SCK2 4K7— /7

A2n 5T A2n

then we get the followmg by using t to represent €;
and eo,

k1
IR o
i=1 i=k1+1
8CK? 4Kt |C

8CK?

+ (k — kl) (t + 10g(k‘ — k‘l)) (m)

8CK? 4Kt |C
é k(t+10gk)0//\2 +k1(t+10gk1) C/)\ g
a Cok(t+1logk) —caThki(t +logk:)

A2n Mn ’

with probability at least 1 — 2e!~*. Combining it with
the bound for ||z1.5 —x7.,.||2 and other terms, we obtain

k(t+logp) = cok(t + logk)
n A%n

c3Tky(t + logk
+ 3 it & 1)+§2(k0—k1)+§\/k0—k1

AVn
)+ & (ko — k1) + EV/ko — k1

% =2 <

k logp k1log kq
vn

with probability at least 1 — 3e!~t £ 1 — ne

o(

n

1-t

Remark In (7), the recovery error is decomposed into
three parts: the error due to empirical mean ||z, —
X711 l2, the scale error ”szfi:\lz — Z1.k||2, and the error
incurred by unrecovered support [|xj, ;. [l2. The first
two errors can be reduced by increasing sample size.
Interestingly the scale error does not quite depend on
the choice of k even if z;.; is k-dimensional. The third
depends explicitly on the choice of k£ and implicitly on
the sample size and x* itself.

Based on the general result, we consider some special
cases below:

——
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Corollary 4 Under the setting of Theorem 3, denote

the largest and smallest nonzero elements in |x*| by

ca(t+log p)
A2 2

Kmax 0nd Kmin respectively. If n > and

min

k > ko (over-specified sparsity), then with probabili-
ty at least 1 — nel~t, the following happen.:

o The support of x* is recovered, i.e., {i | x} # 0} C
c1

/ k(t+log p) cak(t+log k)
A n : )\Qno

:O( kl(:lgp_’_koloikg)

o |x — x*l2 <

c3Kmaxko (t+log ko)
Wi

Ifn > m and k < ko (under-specified sparsity),
with probabzlzty at least 1—ne'™t, the following happen.:

)

e k out of kg nonzero entries are recovered, i.e.,

{i [&: #0} C{i| 2} #0}

[ ] H)A( — )(*”2 S %\/W:ITP) + Cgk(i:gilogk) +
CommaskUHOEN) 1 e2(ky — k) + €\/Rg — F =
O(y/ H1o82 - TI08E) 1 €2(ko — k) + EvRo — F

Proof: Let ¢4 4¢?, where ¢ is the constant in

Lemma 2. Then we get ﬁ\/@ <

n > M. According to Lemma 2, we know

|z — X*||ocm§ fumin  If k& > Ko, then it is sufficient
for all ko nonzero entries to be recovered by x. Hence
k1 = ko and T = Kmax. Substituting them into The-
orem 3, we get the result for k > ko. If & < kg, then
only k£ out of ky nonzero entries are recovered, i.e.,
k1 = k and 7 < Kpax, which gives the similar result

for k < kg. [ ]

Kmm

from

Remark From the results above, if & = ko (correct
sparsity), the signal support can be exactly recovered

with n = c“(tjgﬁp ) = cabEn) & K‘é‘“ < %‘“Z::k (t+
logp) = O(kologp), which matches the sample com-

2010), and the error bound

is comparable to the best known

plexity in (Gupta et al.,
kol ko log k
O( osgp_’_ 0;% 0)

result O(1/ 182} in (Zhang et al., 2014). The addi-

kg log ko
n

tional term stems from the analysis of scale

error || o — 21 k|l2. Our analysis also yields results
under model misspecification. When the sample size is
sufficient large, a slightly larger k > ko (over-specified
sparsity) will not increase the recovery error by much,
while a smaller k£ < ko (under-specified sparsity) can
impact the error adversely due to the presence of irre-
ducible terms, which do not diminish with sample size,
due to unrecovered support. Note that the results also
explicitly involve Kpax and Kmin, and it is not difficult
to see that smaller k. and larger ki, would yield
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better recovery, which is the case that nonzero entries
in x* are correlated, e.g., their magnitudes are roughly
equal (See Section 5 for empirical results).

4 Recovery Analysis: Sub-Gaussian
Measurements

In this section, we consider 1-bit CS based on sub-
Gaussian measurement matrix U. In certain set-
tings, suitable sub-Gaussian U, e.g., sampled from the
Bernoulli distribution, can lead to more efficient imple-
mentation compared to the Gaussian case. As shown
n (Ai et al., 2014), some signals x* cannot be recov-
ered using non-Gaussian U. In particular, the error
bound for their estimator includes an irreducible term
depending on ||x* || which does not decay with num-
ber of samples n.

We present an analysis of the error bound for our k-
support norm estimator and sub-Gaussian U. Our
estimator also has an irreducible term, which can be
shown to be smaller than twice of that based on [|x* ||
n (Ai et al.,, 2014). Moreover, in sharp contrast to
existing sub-Gaussian analysis (Ai et al., 2014), the ir-
reducible term for our estimator can be controlled by
choosing an appropriate scaling of the sub-Gaussian
measurement vectors, at the cost of increasing con-
stants in terms which are reducible by increasing the
number of samples. Thus, our estimator allows for a
trade-off, which we illustrate empirically in Section 5.

For sub-Gaussian U, the result in Lemma 2 for the
expectation of z is not valid anymore. As a result, the
subsequent analysis in Section 3 breaks down. Hence
we start the sub-Gaussian analysis by defining

wéE{

where u is a random vector with i.i.d. centered sub-
Gaussian elements and U consists of n such indepen-
dent u vectors. Note that w is deterministic when x*
is given. We also redefine the random vector

UTy
n

]=EWﬂ=Hﬂkﬂwmh (8)

1 Uy

S onfwl

(9)

It is not difficult to see that if u is standard Gaussian
random vector, then w = Ax* and z is reduced to the
original definition in Lemma 2. In order to recover
x*, we need to assume that w # 0 for each x*. The
recovery guarantee is provided in Theorem 5.

Theorem 5 Given a ko-sparse signal x* € RP with
Ix*|I2 1 and a measurement matric U contain-
ing n i.i.d. samples, where each w; consists of i.i.d.
centered sub-Gaussian entries with ||ui;lly, < K (See
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(Vershynin, 2012) for more on || - ||ly,) , we choose a
specific k in the convex program (3) to obtain X (pos-
sibly k # ko). Assume that ki nonzero entries of x*
are recovered (k1 < ko), and define

(w, x*)

8=

531‘790}»

T :max{
[[wl2llx*(l2"

§:max{7

[[wll2

[[w ||
:i"i:O}.

Then the recovered signal x, with probability at least

1 —ne'~t, satisfies
. . aK [k(t+1o o K? k(t + logk
HX—X H2 < 1 ( gp) 2 . ( g )
w2 n w3 n
CgKT kl (t + log kl) 2
+ &% (ko — k1)
[[wll2 vn

+&Vko — k1 +/2(1 = B)
k1 log k1
\/>
+&Vko — k1 +V/2(1 - B)

where 1, c1,co and c3 are absolute constants.

kzlogp
n

= O( )+ & (ko — k1)

Proof Sketch: We assume that x has the same struc-
ture as in the proof of Theorem 3. Then the error
satisfies

I = x7ll2 < 1% = ol + g =%l
< o= el Bzt + 1o -1
= Hzlik W1||k2 H H HZZ11:||2 Zl:kHz
+ e + I, -

Tl

<\f||Z1k ||
+£\/ko—k1+\/2(1—6

Using similar argument in the proof of Theorem 3, we

have following inequalities simultaneously hold with

probability at least 1 — nel~?,

+ [|lzk]3 — 1]

HZ1~k Wi || aK [t+logp
T w2 T T w2 n
9 ca K2 k(t + logk)
. -1 <
A

CgKT kl (t + IOg kl)
Vn

where 1, c1, c2 and c3 are absolute constants. Combin-
ing all the inequalities, we complete the proof. [ ]

+€2(k0 - kl) )

w2

Remark The new quantity which plays a role in
the error bound is f = WX Clearly, f < 1.

Iwll2llx*]l2
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Compared to the Gaussian case, the error bound in-
volves an additional drreducible term /2(1—p) =
I ™~ X |l2, which does not decrease with increasing
n. Further, |[w||2 controls the convergence rate for the
reducible terms, which decrease with n. Interestingly,
for two special cases, viz U being standard Gaussian
and nonzero entries in x* being equal, it is easy to show
that 8 = 1, thus eliminating the additional error.

The next result shows that the term (1 — ) is upper
bounded by the corresponding irreducible term based
on [|x*||e in (Ai et al., 2014, Theorem 1.3).

Proposition 6 Under the setting of Theorem 5, if u;;
is unit-variance and ||u;jlly, < K as assumed in (Ai
et al., 2014, Theorem 1.3), and the second and third
derivatives of 0 are bounded by o and T3 respectively,
then

2CK*

A

where C is an absolute constant.

1-p<

(T2 + 73)|x*[| oo

Proof: Note that 1 — 8 < (1 — B)(1 + %) <
T(lllwll2 = BA|+|A— B|lw|l2|). Using the Berry-Esseen
type central limit theorem (i.e. Lemma 3.1 in (Ai
et al., 2014)), we obtain

[B[0((u,x7))(u, mﬂ - E[0((g,x"))(s,
= [lIwll2 = BA| < CK* (72 + 73) 1% [l

B0 ((u,x"))(u,x")] - E[0((g,x")) (g,
= [Blwll2 = A| < CK* (72 + 7)1 [l

\\% W

)]

w2
x|

in which g is the random vector with ii.d s-
tandard Gaussian entries and we use the equality
E[f((g,x*))g] = Ax* from Lemma 2. The result sim-
ply follows. [ ]

Though the error term 4/2(1 — 3) can be bounded by
twice of ||x*||cc term in (Ai et al., 2014, Theorem 1.3),
the bound can be loose in general. Next we illustrate
that under suitable scalings of the sub-Gaussian vec-
tors, [ is close to 1. We start with the following lemma.

Lemma 7 Suppose that u is a random vector with
i.i.d. centered sub-Gaussian entries of variance o2,

then for any vector x € RP, E[(u,x)u] = o?x.

Proof: We expand the expectation for each entry,

Bl{u x)u] = Blutr] + 3, 4, Blur,] = Blutle, +
0 = o2z;. Hence the result holds for the vector. [ |
By this lemma, if we can ensure that 6((u;,x*)) looks

like a linear function in a suitable neighborhood, say
around 0, then with proper scaling of the u;, we expect
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w to be approximately aligned with x*, thus g ~ 1
Specifically we have the following result.

Theorem 8 Assume that 6 is twice continuously d-
ifferentiable, and the second-order derivative 0" 1is
bounded by ¢. Let v = 6'(0), and u; consists of i.i.d.
centered sub-Gaussian of variance o2 , the following
inequality holds for every unit ko-sparse vector x*.

5= (w,x*) < 11—«

= > ,
WIalxT = /i 20 1 Aas

where o = 3vV34CK? , C' is an absolute constant, and

202y
K = ||uijlly, is the sub Gaussian norm.

Proof: We expand 0({u;,x*)) at 0 by Taylor expan-
sion, O((u;, x*)) = 0(0) +0(0) (us, x*) + T2 (u;, x*)2,
where r is between 0 and (u;,x*). Then we have

w = E[f((wi,x"))u;] = E[0(0)ui] + E[6'(0) (ui, x")ui]
lt 0"(r)

+E| (u;, x*) ;] = o?vx* + E| 5 (u;, x*) 2],
(w,x") = (0%rx" + E[O/;(T) (w;,x")u,], x*)
=B )

> gy — gEH(ui,x*)P] > oy — 3\[¢C3K3
The last inequality follows the deﬁnltlon of sub-
Gaussian norm and the fact that (u;,x*) is sub-

Gaussian (Vershynin, 2012). Similarly we have

9//( )

Il = (. w) = (otonc 5 BL T )
1
olux* +E[9 2(r) (u;, x*)?u;])
< o"v? +3V3¢o*vCPK? + ||E| Z(T) (ui,x*>2ui]”§ :

To bound the last o-norm term, we first try to bound
each entry in that vector. For simplicity, we assume
that x7,, ~are nonzero. For j > ko, it is easy to see

0" (r) R 0" (r) ]
B[ (ui, x7) ui;] = Bl (Wi, XL, ) JBu] = 0
For 1 < j < kg, we have
6" (r) 0" (r .
B[ (s, %) ?uig] | < B[] (wi, x")?us |
ko
< 2B x)lusl] = SEIY mvaruga - |
k,l=1
%
5( E[|ug;|*] + ZxkE i | E|ui;])
k#j
ko
< 2(3\/§x?K3 + Y 2 K®) < @K?’
k]



Sheng Chen, Arindam Banerjee

0"(r)
2

276%ko
4

- HE[ (ui,x*>2ui]Hz < K¢ .
Combining the lower bound for (w,x*) and the upper

bound for ||w||%, we get the inequality for 3. |

Remark Note that ¢ and v are constants in this the-
orem, if we replace u; with a; % for some large

~v > 0, then the sub-Gaussian norm K= K variance
o= %, and thus & = % accordingly. As - increases, &
approaches 0, so the corresponding 3 approaches 1.

We highlight the key differences between our bound
for the irreducible error and that in (Ai et al., 2014).
Essentially our irreducible term characterizes the o
norm Hﬁ — x*||2, while Ai et al. (2014) considers
the quantity |(w,X) — A(x*,x)| instead. For the bound
in (Ai et al., 2014) to hold, the sub-Gaussian entry
u;; should be unit-variance. Hence it is impermissible
to reduce it by scaling down u,;. As for our result,
the irreducible term can be made arbitrarily small by
using % with « large enough. However, the scaling is

5
not a free lunch since using “7 with large + decreases

|lw||2 which adversely affects the constant m for the
reducible terms (decreasing with n) in Theorem 5.

5 Experiments

In recent work, Zhang et al. (2014) illustrated that
their passive algorithm outperforms other baselines.
Hence, in the experiments, we directly compare our
estimator against their passive algorithm. The regu-
larization parameter «y of the passive algorithm is set

log p
n )

et al., 2014). All results are reported based on an av-
erage over 100 trials.

to

which is the optimal choice used in (Zhang

5.1 Gaussian Measurement Matrix

We use standard Gaussian U, i.e., u;; ~ N(0,1). The
noise model is random bit-flip with probability 0.1, i.e.,
y; = psign((u;,x*)), where p equals 1 with probability
0.9, —1 with probability 0.1. Apart from total error
||x —x*||2, we also investigate the behavior of the three
types of error, i.e., error from empirical mean ||z1.; —
X731 |l2, error in scale H”Zzllikkuz — 21.k]|2, and error from
unrecovered support [[xz ., [2-

First we study the recovery error at different sam-
ple sizes n. In particular, we choose k£ = kg = 50,
p = 5000, and vary n from 1500 to 30000. We focus
on two different scenarios, x* being uncorrelated or
correlated. Correlated x* tends to have some nonzero
entries with similar magnitude, whereas the uncorre-
lated does not (see settings in Figure 1(a),1(b)). The
error curves are shown in Figure 1. The performance

144

—%— Passive algorithm

k-support norm estimator

=+ Error from empirical mean
Error in scale

— % — Error from unrecovered support|{

recovery error
o o o
w S o

o
N}

o
o

THER K K X e

’ :
15 2 25 3
n x10

L i
0 0.5 1

(a) Uncorrelated signal. Nonzero entries are sam-
pled from A/(0,1). Our estimator performs worse
at small n, but quickly catch up when n grows.
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—¥— Passive algorithm

k-support norm estimator

+++++ Error from empirical mean
Error in scale

— 3 — Error from unrecovered support |

recovery error
=3
>

(b) Correlated signal. Half of the nonzero entries
are sampled from N (5, 1), half are from N (—4,1).
Our estimator outperforms the passive algorithm.

Figure 1: Recovery error vs. sample size n (Gaussian).

of the two estimators are comparable for the uncor-
related case, while the new estimator does better in
the correlated case. Further, in the correlated case
(Figure 1(b)), the error from unrecovered support de-
creases nearly to zero, which means that the support of
x* is well recovered in this situation and matches our
analysis. Besides, we can see that the error from em-
pirical mean always dominates the total and the error

in scale plays little role in both cases.

Next we study the error of our estimator under mis-
specified model, ie., k # ko (Figure 2). We stay
with correlated x* and two scenarios, sample size be-
ing large or small. For large n (Figure 2(a)), the error
sharply drops at the correct k = kg, and our estimator
performs better than the passive algorithm in a neigh-
borhood of kg. Under misspecification with & < kg,
the error is large since the error from unrecovered sup-
port is large. For k > kg, the support is correctly
recovered so that the corresponding error is small, but
there is some additional error due to empirical mean.
For small n (Figure 2(b)), our estimator outperforms
the passive algorithm over a wide range of k, with the
best performance being around k = kg. The trend of
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(a) Recovery error for uncorrelated
signal. Nonzero entries are generat-
ed from N(0,1).

nal.

(b) Recovery error for correlated sig-
Half of the nonzero entries are
from N (5, 1), half are from N (—4, 1).

0 02 04 06 08 1

n

12 14

(c) Recovery errors for differently s-
caled Bernoulli distributions. Nonze-
ro entries are generated from N(0, 1).

Figure 3: Recovery error for sub-Gaussian.
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(a) Large sample size, n = 25000. Total error
is minimized at £ = ko. k < ko incurs a large
error from unrecovered support, and k > ko only
slightly increases the error from empirical mean.

05 T T

—%— Passive algorithm

k-support norm estimator

+++4+ Error from empirical mean
Error in scale

— % — Error from unrecovered support|

0.45

0.4r

o
w
a

Q

recovery error
N

45 60

(b) Small sample size, n = 5000. The error from
empirical mean is comparable to error from un-
recovered support, and the curve of total error is
smoother than the one for large sample size.

Figure 2: Recovery error vs. parameter k (Gaussian).

three types of error matches our theoretical bounds.

5.2 Sub-Gaussian Measurement Matrix

Here we specifically use a centered Bernoulli distribu-
tion to generate U, i.e, each u;; takes —1 or +1 with
equal probability. We choose kg = 10, p = 1000 and
set function 0(t) = Zf—j&, which corresponds to logistic
regression model. The small kg facilitates the calcu-
lation of w, whose complexity is basically O(2%0) for

Bernoulli distribution. Thus we can compute the irre-
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ducible error term ||ﬁ — x*||2 using w.

From Figures 3(a) and 3(b), we note similar error
curves against sample size compared to those for
Gaussian measurement matrix. In fact, the curve
for Bernoulli measurements almost overlaps with the
Gaussian one, and the irreducible error is negligible
relative to the total. Again, our estimator outperforms
the passive algorithm, especially for the correlated x*.

We also study how the scaling of sub-Gaussian dis-
tribution affects the recovery error. We choose three
scaled Bernoulli distributions, u;; = £2, £1 and $0.5.
In Figure 3(c), u;; = £2 has largest irreducible error,
while its reducible error has almost converged, yield-
ing a moderate total error. In contrast, u;; = £0.5 has
smallest irreducible error, but the reducible error has
not yet converged in range of n we consider, resulting
in a large total error. u;; = 1 balances the two error
in a way and gives the smallest total error. These ob-
servations confirm our conclusions in Theorem 8, and
the optimal scaling depends on the sub-Gaussian dis-
tribution, the noise model and the sample size.

6 Conclusions

In this paper, we first introduce the k-support norm es-
timator for 1-bit CS, which has a closed-form solution.
Then we establish its recovery guarantees. For Gaus-
sian measurement matrix, our result considers model
misspecification and is comparable to the best known
results for both /5 error and support recovery. In sub-
Gaussian case, our bound ends up with an irreducible
error similar to previous work. However, we show that
this error can be controlled under certain assumptions
by properly scaling the sub-Gaussian distribution. Ex-
perimental results provide sound support to our theo-
retical development.
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