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Abstract

We consider the least-squares regression
problem and provide a detailed asymp-
totic analysis of the performance of aver-
aged constant-step-size stochastic gradient
descent. In the strongly-convex case, we pro-
vide an asymptotic expansion up to explicit
exponentially decaying terms. Our analy-
sis leads to new insights into stochastic ap-
proximation algorithms: (a) it gives a tighter
bound on the allowed step-size; (b) the gen-
eralization error may be divided into a vari-
ance term which is decaying as O(1/n), inde-
pendently of the step-size v, and a bias term
that decays as O(1/v?n?); (c) when allow-
ing non-uniform sampling of examples over a
dataset, the choice of a good sampling den-
sity depends on the trade-off between bias
and variance: when the variance term domi-
nates, optimal sampling densities do not lead
to much gain, while when the bias term dom-
inates, we can choose larger step-sizes that
lead to significant improvements.

1 Introduction

For large-scale supervised machine learning prob-
lems, optimization methods based on stochastic gra-
dient descent (SGD) lead to computationally effi-
cient algorithms that make a single or few passes
over the data (see, e.g., Bottou and Le Cun, 2005;
Bousquet and Bottou, 2008).

In recent years, for smooth problems, large step-sizes
together with some form of averaging, have emerged
as having optimal scaling in terms of number of ex-
amples, both with asymptotic (Polyak and Juditsky,
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1992) and non-asymptotic (Bach and Moulines, 2011)
results. However, these convergence rates (i.e., bounds
on generalization performance) in O(1/n) are only op-
timal in the limit of large samples, and in practice
where the asymptotic regime may not be reached, no-
tably because of the high-dimensionality of the data,
other non-dominant terms may come into play, which
is the main issue we are tackling in this paper.

We consider least-squares regression using constant-
step-size stochastic gradient descent, often referred
to as least-mean-squares in the non-averaged case
(Macchi, 1995; Bach and Moulines, 2013), where the
generalization error may be explicitly split into a bias
term that characterizes how fast initial conditions are
forgotten, and a wvariance term that is only impacted
by the noise present in the prediction problem. In this
paper, we first show that while the variance term is
asymptotically dominant, the bias term may play a
strong role, both in theory and in practice, that ex-
plains convergence behaviors typically seen in applica-
tions. We should emphasize that here bias is meant as
the error we would get in a noiseless setup rather than
its usual statistical meaning.

Another question that has emerged as important to
improve convergence is the use of special sampling dis-
tributions of examples (Nesterov, 2012; Needell et al.,
2013; Zhao and Zhang, 2014). From our theoretical re-
sults, we can optimize the first-order asymptotic terms
rather than traditional upper-bounds, casting a new
light on the potential gains (or lack thereof) of such
different sampling distributions.

More precisely, we make the following contributions:

— We provide in Section 2 a detailed asymptotic analy-
sis of the performance of averaged constant-step-size
SGD, with all terms up to exponentially decaying
ones. We also give in Section 2.1 a tighter bound
on the allowed step-size 7.

In Section 2.4, the generalization error may be di-
vided into a variance term which is (up to first or-
der) decaying as O(1/n), independently of the step-
size vy, and a bias term that decays as O(1/v*n?).
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— When allowing non-uniform sampling, the choice of
a good sampling density depends on the trade-off
between bias and variance: as shown in Section 3,
when the variance term dominates, optimal sam-
pling densities do not lead to much gain, while when
the bias term dominates, we can choose larger step-
sizes that lead to significant improvements.

1.1 Problem setup

Let X be a random variable with values in R? and Y
another random variable with values in R. Through-
out this paper, ||- || denotes the Euclidean norm on R.
We assume that E [HXHz} =E [ X7 X] is finite and we
denote by H = E [XXT] € R%*? the second-order mo-
ment matrix of X. Throughout the paper, we assume
that H is invertible, or equivalently, in optimization
terms, that we are in the strongly convex case (see,
e.g., Nesterov, 2004). We denote by u the smallest
eigenvalue of H, so that we have u > 0. Note that
in our asymptotic results, the leading terms do not
depend explicitly on pu.

We wish to solve the following optimization problem:

(1.1)

min E
weRd

X7 =]

from a stream of independent and identically dis-
tributed samples (X;,Y;)i>o0-

For any given w € R? we denote by f(w)
E [HX Tw — YHQ} the expected generalization perfor-
mance; we denote by w* € R? the optimal solution (as
H is invertible, it is unique), and by f* = f(w*) € R
the value at the minimum. This set-up covers two
common situations:

(a) Single pass through the data, where each observa-
tion is seen once and considered as an i.i.d. sample,
which is the context we explicitly study in this pa-
per; note that then, our bounds are on the testing
error, i.e., on the expected error on unseen data.

Multiple passes through a finite dataset, where
each sample (X;,Y;) is selected uniformly at
random from the dataset; in this situation,
the training error is explicitly minimized,
a regularizer is often added and our bound
corresponds to training errors. Moreover,
dedicated  algorithms  (Schmidt et al.,  2013;
Shalev-Shwartz and Zhang, 2013) have then better
convergence rates than stochastic gradient.

Averaged SGD with constant step-size. From a
starting point wy € RY, at each iteration i > 1, an
ii.d. sample of (X;,Y;) is obtained and the following
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recursion is used:

w; = wi—1 —vX; (X[ w; - Y;),
_ J— 1 i
TS T e e

where v > 0 is a user-defined step-size. We denote by
g = XiTw* —Y; the residual. Note that by definition
of w*, E[e;X;] = 0. If the vector X includes a con-
stant component (which is common in practice), then
this implies that ; and X; are uncorrelated. However
in general they are not independent, unless the model
with independent homoscedastic noise is well-specified
(which implies in particular that E(Y;|X;) = XIw*).

We denote by f; = E[f(w;)] the expected (with re-
spect to the randomness of the data) value of the
generalization performance f at the averaged iter-
ate w; (with respect to time). It will be more con-
venient to work with the following centered estimates
7, = w; —w* and 7; = w; — w*, for which one imme-
diately gets

ni = (I =X X )nim1 +vei X,

which is the recursion that we study in this paper.

1.2 Related work

Stochastic gradient methods have been heavily stud-
ied. We mention in this section some of the works
which are relevant for the present paper.

Analysis of stochastic gradient algorithms.
Since the work of Nemirovski and Yudin (1983), it is
known that the optimal convergence rate depends in
general on the presence or absence of strong convezity,
with rates of O(1/nu) for p-strongly convex problems,
and O(1/4/n) for non-strongly convex problems. Re-
cently, for specific smooth situations with the square or
logistic loss, these rates can be improved to O(1/n) in
both situations (Bach and Moulines, 2013). For least-
squares, this is achieved with constant-step-size SGD,
hence our main focus on this algorithm.

Asymptotic analysis of stochastic gradient de-
scent. In this paper, we focus on finding asymptotic
equivalents of the generalization errors of SGD algo-
rithms (with explicit remainder terms). For decaying
step-sizes and general loss functions, this was partially
considered by Fabian (1968), who provides the limit-
ing distribution of iterates (from which the general-
ization performance can be derived), but only with-
out averaging. Moreover, the traditional analysis of
Polyak-Rupert averaging (Polyak and Juditsky, 1992;
Ruppert, 1988) also leads to asymptotic equivalents,
also for decaying step-sizes, but only the (asymptot-
ically dominant) variance terms are considered. See
also the recent analysis of Toulis et al. (2014).
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Non-uniform sampling. Non-uniform sampling,
that is using another distribution than the one given
by (X,Y), has been already tackled from several points
of views; for example, in the active learning literature,
Kanamori and Shimodaira (2003) provide the optimal
sampling density to optimize the generalization error
(for an estimator obtained as the minimum of the em-
pirical least-squares risk), leading to distributions that
are the same than the one obtained in Section 3.3
(where the variance term dominates), for which the
actual gains are limited.

Moreover, in the context of stochastic gradient de-
scent methods, Needell et al. (2013); Zhao and Zhang
(2014) show that by optimizing the sampling density,
bounds on the convergence rates could be improved,
but the actual gains are hard to quantify. Our focus
on limits of convergence rates allows us to precisely
quantify the gains and obtain extra insights (at least
asymptotically).

2 Main results

We will present results about the convergence of the
algorithm which are derived from the exact compu-
tation of the second-order moment matrix, which we
refer to as the covariance matriz, E [ﬁnﬁg } Since we
consider a least-squares problem, we have

fo— f"=Te(HE [7,72]).

We will distinguish two terms, which can be assimi-
lated to a variance/bias decomposition. The variance
term Avariance can he defined as the covariance ma-
trix we would get starting from the solution (that is,
no = 0). On the other hand, the bias term AP is
defined as the covariance matrix we would get if the
model was noiseless, that is ¥ = XTw* and ¢ = 0. It
thus characterizes the rate at which the initial condi-
tion is forgotten.

Each of these two terms leads to contribution to
fn — f*, that is Tr(HAY1an¢¢) and Tr(HAP#). Un-
der extra assumptions that are discussed in the supple-
mentary material, such that when X and e are inde-
pendent (i.e., well-specified model), the actual covari-
ance matrix is exactly the sum of the bias and variance
matrices, and thus

fn _ f* — Tr (HAvariancc) + Tr(HAbias) .

Moreover, even when this is not true, it has been noted
by Bach and Moulines (2013) that

fn _ f* < 2Tr (HAvariance) + QTI‘(HAbiaS),

that is, the sum of the two terms is a factor of two
away from the exact generalization error.
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2.1 Improved step-size

Let us denote by My the vector space of d-by-d real
matrices. For any v > 0, we can define a linear oper-
ator T defined by, VM € Mg:

TM =HM+MH —~E [(X"MX)XX"]. (2.1)
The operator T can be seen as a symmetric d? x d?
matrix and is central in our analysis, like in the work
of Murata (1998), who considered a simplified version
of non-averaged stochastic gradient. ~We also define
two contraction factors,

pr =1 =T, and py=|I—-~H]| (2:2)

op’?

as well as p = max(pr, pu), where |||, is defined
as the largest singular value. Note that in traditional
analyses of gradient methods, only py is considered.

Let us define ypax as the supremum of the set of v > 0
verifying, VA € S(R?) (the set of symmetric matrices
of size d x d):

2Tr (ATHA) — E [(XTAX)?]

> 0, (2.3)

or equivalently as the supremum of v > 0 such that T
is definite positive. Omne can actually show that we
necessarily have that

“Ymax < 2/TI‘ (H)a

and the following lemma (see proof in the supplemen-
tary material):

Lemma 1. If0 < 7 < Ymax then p < 1 so that both
I —~T and I — vH are contractive.

(2.4)

Note that we may rewrite ymax as

2

E[(XTAX)?
= SUP T
AeS(R?) Tr (A HA)

’Ymax

which can be computed explicitly by a generalized
eigenvalue problem once all second- and fourth-order
moments of X are known. This is to be contrasted
with the largest step-size viet for deterministic gradi-
ent descent, which is such that

2 aTHa
= sup .
det T
meea.x acRd A7 Q

One can observe that for any distribution on X, we
necessarily have ymax < 2/Tr (H) < 73 so that the
maximum stochastic step-size will always be smaller

than the deterministic, as one would expect.

Note also that the step-size provided by ymax is a
strict improvement (see supplementary material) on
the one proposed by Bach and Moulines (2013), which
is equal to the supremum of the set of v > 0 such that
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E[XXT] —~E [(XTX)XXT] is positive semidefinite.
Our results also extend the result of Slock (1993), who
considered a very special set-up for inputs while ours
only relies only on fourth-order moments. We conjec-
ture that the bound given by ~max is tight, namely
that if v is larger than ymax then there exists an initial
condition 7y such that the algorithm diverges.

2.2 Bias term

In this section, we provide an asymptotic expansion of
the bias term AP, We introduce A(y) some linear
operator over My that is given in the supplementary
material, with an explicit remainder term.

Theorem 1 (Asymptotic covariance for noiseless
problem). Let Ey, = nong. If 0 < v < Ymax and
Vi > 1,6, =0, then

Y23
Ablas -F ['ﬁnﬁz;] — n272 A('Y)EO + O(%) (25)
Using Lemma 1, we know that p < 1 so that (2.5)
converges as n 2. We can thus derive the rate of con-
vergence for Tr(HAbias), that will be of order n=2 as
well. Although the dependency of A(v) is complex,
one can easily derive an equivalent when ~ tends to

zero, and we have

. 2 bias -2, Trr—1
nh_}rrolon Tr(HAP™) et H™ np. (2.6)

2.3 Variance term

In this section, we provide an asymptotic expansion of
the variance term A'aance  We introduce B(v) and
C(y) some linear operators over M, explicitly com-
puted in the supplementary material.

Theorem 2 (Asymptotic covariance for problem
started at the optimum). Let ¥9 = E [sQXXT} and
let assume that ng = 0. If 0 < v < Ymax then Avariance
is equal to:

E 77, ]

1 1 o
BT — = 50()%0 + 0(;). (2.7)

Unsurprisingly, the asymptotic behavior of the vari-
ance term is dominant over the bias one as it de-
creases only as n~!, which is the overall convergence
rate of this algorithm of least-mean-squares as noted
by Bach and Moulines (2013).

It is also possible to get a simpler equivalent when ~
goes to 0:
lim nTr(HAvariancc)

n—0o0

~ E[?XTH'X].

v—0
If we further assume that the noise € is independent
of X, then we recover the usual

lim nTr (H Avariance)

n—roo

~ do?,
y~0
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where o = E [¢2], which is the Cramer-Rao bound
for such a problem (obtained from computing the gen-
eralization performance, which depends only on the
usual estimation covariance matrix). It is also inter-
esting to notice that this is the exact same result as
the one obtained by Polyak and Juditsky (1992) with
a decreasing step-size.

Finally, note that if ~ is small, the term in #C(W)Eo
is always positive so that there is no risk of it exploding
for small values of v (unlike for the bias term).

2.4 Comparing both terms

As seen above with an asymptotic expansion around
v = 0, for n sufficiently large, the bias and variance
terms are of order:

1
72n2

T

o H™ "o

Tr(HAbias>

Tr (HAvariance) ~ %]E [E2XTH71X} )

The different behaviors of the bias and variance terms
lead to two regimes, one in (yn)~2 and one in n~! that
can clearly be observed on synthetic data. On real
world data, one will often observe a mixture of the
two, depending on the step-size and the difficulty of
the problem. Experimental results on both synthetic
and real world data will be presented in Section 4.

3 Optimal sampling

Changing the sampling density for (X,Y)) may be in-
teresting in several situations, in particular (a) in pres-
ence of outliers (i.e., points with large norms) and (b)
classification problems with asymmetric costs.

3.1

Using the two previous theorems, we can now try to
optimize the sampling distribution to increase perfor-
mance. We will sample from a distribution ¢ instead
of the given distribution p. Since we wish to keep
the same objective function, we will use importance
weights ¢(X,Y"), so that if we denote by E, [A] the ex-
pectation of a random variable A under the probability
distribution given by p over A we have

Impact of sampling

E, [|[XTw—Y ] =E; [e(X,Y)|XTw-Y?].

First, one can notice that, from a practical point of
view, we must restrict ourselves to ¢ that are abso-
lutely continuous with respect to p as one cannot in-
vent samples. In order to be able to define ¢ we also
need p to be absolutely continuous with respect to ¢,
so that ¢ = g—g. Besides, ¢! is defined as ¢! = ¢

=&
A key consequence of using least-squares is that for
a given (g,c) pair, we only have to sample using ¢



Alexandre Défossez, Francis Bach

and scale X, Y and ¢ = XTw* — Y by /e(X,Y).
Thus we can use the two previous theorems for X’

Ve(X,Y)X and Y = /¢(X,Y)Y and sampling X,V

according to gq.

As of now, we will assume that almost surely X # 0.
Indeed, when X; = 0, we perform no update so that
we can just ignore such points.

Omne can notice that for any A,B € {X,Y,¢e}, tak-
ing A = /e(X,Y)A (same for B), E,[A'B’]
E,[c¢(X,Y)AB] = E, [AB], and thus all second-order
moments are unchanged under resampling. This is the
case for the matrix H = E, [XXT| = E, [X'X'T].

However, for terms of order 4 like T, E [(XT X)X XT]
or Yo, an extra c¢ appears and we have for instance

p(X,Y)

E, [(XTXNX'XT] =E
q [( ) ] 4 q(X,Y)

(XTxX)xxT|.

It means that while H will not be changed, T is im-
pacted in non trivial ways, as is 77'. This makes it
tricky to truely optimize sampling for any . However,
when assuming « small, it is possible to optimize the
limit we obtained for v — 0 (see Sections 3.3 and 3.4).
The experiments we ran (see Section 4) seem to con-
firm that this is a valid assumption for values of vy as
high as ymax/2.

3.2 Asymmetric binary classification

As a motivation for this work, we will present one prac-
tical application of resampling which is binary classi-
fication with highly asymmetric classes. Assume we
haveY € {—1,1} and that P{Y = 1} and P{Y = —1}
are highly unbalanced, as it can be the case in var-
ious domains, such as ad click prediction or object
detection, etc. Then, it can be useful in practice
to give more weight the less frequent class (see, e.g.,
Perronnin et al., 2012, and references therein). This is
equivalent to multiplying both X and Y by some con-
stant /cy. A common choice is for instance to take
¢y = 1/P{Y = y} which will give the same importance
in the loss to both classes.

However, these weights will make the gradients from
the less frequent class huge compared to the usual up-
dates. This is likely to impact the convergence of the
algorithm. In that case it is easy to notice that tak-
ing taking c(z,y) = 1/c, will leave the gradients un-
changed but will favor sampling examples from the less
frequent class.

3.3 Optimal sampling for the variance term

Let assume that we are only interested in the long
term performance for our algorithm. Ultimately the
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variance term will be driving the performance and we
need to optimize it.

Exactly optimizing the sampling for this case in uneasy
as it impacts both 3 and the terms B(v) and C(7) in
Theorem 2, in a non trivial way. However, if we assume
a small step-size ~, then we just have to minimize

Eq [?XTH'X'] =B, [e(X,Y)e?XTH ' X],

under the constraint that E, [¢c™!(X,Y)] = 1so that ¢
is a distribution. Using the Cauchy-Schwarz inequal-
ity, we have that

Ep [e(X,Y)e?XTH ' X]
=E, [¢(X,Y)E2XTH'X|E, [¢ ' (X,Y)]
> (B, o vXTHX] )"

When X # 0 almost surely, then this lower-bound is
achieved for

le| VXTH-1X
E, [|e| \/XTH%X}

cHX,Y) =

Prior knowledge of H and ¢ is required, or just H when
the noise is independent, which can be impractical.

In that case, we obtain

i 2
lim nTe(HA™ ) = (E [|e] VXTHTX|) .
n—oo

One can notice that this is the exact same optimal
sampling as the one obtained in the active learning

set-up by Kanamori and Shimodaira (2003).
Again, it is possible to slightly simplify this expression
when ¢ and X are independent, as we obtain

(HAvrenee) = o2 (IE {m}){

lim nTr
n—oo
with o2 = E [¢2]. At this point it is important to
realize that the gain we have here is of the order of
2
E[VXTX|/E[X7X]. (3.1)
During our experimentations on usual datasets, we
have observed that this factor was always between 1/2

and 1 and thus there is little to be gained when opti-
mizing the variance term.

3.4 Optimal sampling for the bias term

Although asymptotically the variance term will be the
largest one, it is possible that initially the bias one is
non negligible and it can be interesting to optimize for
it. This is all the more possible as it depends much
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more on the step-size v and if 7y is too small, the bias
term can stay larger than the variance term for many
iterations.

If we assume «y small, then we can approximate the bias
term by the expression given by (2.6), that is, propor-
tional to 1/(v?n?). In this case, it is clear that we want
to increase vymax and, because second-order moments
are not impacted by resampling, it has no effect other
than changing ymax. Numerical experiments tends to
show that increasing v is beneficial even for ~ close to
dmex. Beyond this limit, the approximation (2.6) is no
longer sustainable and besides, exponentially decreas-
ing terms can start to grow quite large.

The maximum step-size is given by the tighter condi-
tion from Section 2.1, that is, VA € S(R?),

2Tr (ATHA) —4E [(XTAX)?] > 0, (3.2)
which implies that
Ymax < 2/E [XTX], (3.3)

using (2.4). As this upper bound on yyax only depends
on moments of order 2, and that those moments are
not changed by resampling, (3.3) is an upper bound on
any Ymax for a given optimization problem, no matter
how we resample. It turns out it can be achieved by
the resampling given by

GMXY)=XTX/E, [XTX] as,

which, unlike the variance term, does not require the
knowledge of H. To show that, one can first prove
that H — yE [(XTX)XX™] - 0 implies (3.2), as we
already noted in Section 2.1. Then, computing H —
7E [(X'TX")X'X'T], one obtains

H —4Eq [c.(X, V) (XTX)XXT]
E, [XTX]
XTX

=H(2—-E, [XTX])a

=2H —E, [ (XTx)xxT

which is positive definite as soon as v < ﬁ This
means that using the resampling defined by c,, we have

Ymax = m which is thus not improvable.

If 'yr(l?gx is the maximum step-size before resampling
)

and 'yr(r}ax is the maximum step-size after resampling,

then the gain for f, — f* is a factor (yﬁ,?gx/y&}gx)Q.
It is computationally expensive to evaluate for large
problems, but from our experiments where we take
the largest non-diverging step-sizes (see Section 4) it
was common to observe gain factors of 1/100 or 1/400

while the gain for the variance term was limited to 1/2.

Unlike the variance term, the resampling in itself here
has an impact only through a larger step-size. Resam-
pling while keeping the same step-size will often lead
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Figure 1: Convergence on Yahoo dataset without
weights.
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Figure 2: Convergence on Yahoo dataset with weights.

to almost identical performances for the bias term. It
is interesting to note that when H = I, this sampling
will exactly have no impact at all on the variance term,
and when H # I, it will only impact it marginally.

Link with other algorithms. When using this re-

sampling and v = 1/E [XTX], the update becomes
Xi

XTX;

W; = Wi—1 — (X;Twifl - )/1) 5 (34)
where X; is sampled from g.. This is very similar to
normalized least mean squares (NLMS) by Bershad
(1986), i.e., we first normalize X (and Y by the same
factor), and then we run the usual stochastic gradi-
ent descent with a step-size of 1. However, while
NLMS does not optimize the same overall objective
function, we remember the norm of X in ¢, and sam-
ple large ones more often and keep the same overall

objective function. One can also notice some links
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Figure 4: Convergence on Sido dataset with weights.

with implicit stochastic gradient descent (ISGD) by
Toulis et al. (2014), where the update rule is

’Yz'Xi

— M (XTw;q —
1+7iXZ.TX,»< i Wil

W; = Wi—1 — Y;) , (35)
which is similar to NLMS and (3.4) when ~; is large.
As ~; is a decreasing step-size for ISGD, during the
early iterations, ISGD will behave like NLMS before
switching to a regular stochastic gradient descent as ~;
goes to 0 (thus allowing convergence to the global op-
timum). However, the decaying step-size will prevent

the fast decay of the bias terms.

4 Experiments

Yahoo and Sido datasets. We have tried to ob-
serve evidence of our predictions into two unbalanced
datasets, “yahoo” and “sido”. The “yahoo” dataset!

lwebscope .sandbox.yahoo.com/
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is composed of millions of triple (ads, context, click)
from the Yahoo front page where click is 1 if the user
clicked on the given ad in the given context (composed
of 136 Boolean features) and 0 otherwise. It is very
unbalanced, as the click rate is low. For this experi-
ment we only looked at the rows corresponding to a
specific ad (107355 rows), with a click rate of 0.03%.
We used it both with and without weights in order to
give the same importance to both clicks and non clicks
as explained in Section 3.2. In all our experiments,
we report the average performance over 50 runs (error
bars are not plotted as the relative error is always less
than 0.2%).

On Figures 1 and 2, we compared the incidence of the
step-size and the resampling of performance. When
using weights, the maximum step-size happens to be
divided by ten, but when resampling proportionally to
XTX, we recover almost the same step-size as with-
out weights. Moreover, without weights (Figure 1),
the lowest step-size performs best, which tends to in-
dicate that the variance term is dominant. However,
with weights (Figure 2), one can observe the more pro-
nounced dependency in v, which show that the bias
term became non negligible. Comparable results, but
obtained on the “sido” dataset? are given in Figures 3
and 4. This dataset is composed of 12678 points with
4932 features. The less frequent class represents 3.6%
of the points.

We did not plot the graphs obtained when sampling
proportionally to VXTH-1X as they are mostly the
same as without resampling. If we were to achieve
the regime where the variance is completely dominant,
the error would be at best be divided by two for the
“yahoo” dataset and would be almost the same for
“sido” (divided by 1.02). These potential gains were
computed directly using the expression (3.1).

Synthetic data and bias-variance decomposi-
tion. We also observed exactly the bias and variance
terms on synthetic data. The data consist in an infinite
stream of points X sampled from a normal distribu-
tion with covariance matrix H, so that the eigenvalues
of H are (%)19325. Y is given by Y = XTw, + ¢ for
a fixed w* € R? and € ~ N(0,1). On Figures 5 and 6
one can see the decomposition of the error between
variance and bias terms (Figure 5) as well as the sum
of both the variance and bias error (Figure 6). We see
that both the variance and bias curves quickly reach
their asymptotic regime with a slope of —1 for the vari-
ance in log/log space and —2 for the bias as expected.
We ran the algorithm with two step-sizes, one being
ten times larger than the other. We observe the ratio
of 100 as expected between the two bias curves and al-

2www.causality.inf.ethz.ch/data/SID0.html
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Figure 6: Convergence on synthetic data.

most no difference at all for the variance ones, except
for the first iterations.

One can also see the effect of the step-size v at a fixed
number of iterations on Figure 7. Due to the sym-
metry between n and v in the expression of the bias
term, one can notice the resemblance at first between
this curve and the one obtained when plotting f,, — f*
against n. However, when the step-size is large, we get
sooner into the regime where the variance dominates.
At this point we observe almost no influence of the
step-size on f, — f*. When getting closer to the max-
imum step-size, convergence becomes very slow as p
becomes close to 1. The variance term increases at
first with v because for v = 0, one has by definition
fn = f«. The predicted flat part is only achieved for
v sufficiently large so that the exponentially decaying
terms are negligible. For all the experiments on syn-
thetic data, we used 300 independent runs to obtain
statistically significant results.
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5 Conclusion

In this paper, we have provided a tighter analysis of av-
eraged constant-step-size SGD for least-squares, lead-
ing to a better understanding of the convergence of
the algorithm at different stages, in particular regard-
ing how the initial condition is forgotten.

We were able to deduce different sampling schemes
depending on what regime we are in. Sampling pro-
portionally to VXTH-1X is always asymptotically
the best method. The potential gain is however lim-
ited most of the time. Besides, for datasets that are
more “difficult”, that is with moments that increases
quickly, forgetting the initial condition can happen ar-
bitrary slow due to the strong dependency in the step-
size. If this is the case, then sampling proportionally
to X7 X will allow us to take a much larger step-size
which will then lead to a smaller error.

Our work can be extended in several ways: for simplic-
ity we have focused on least-squares problems where
the bias/variance decomposition is explicit. It would
be interesting to see how these results can be ex-
tended to other smooth losses such as logistic regres-
sion (with the proper use of Fisher information matri-
ces), where constant-step size SGD does not converge
to the global optimum (Nedic and Bertsekas, 2000;
Bach and Moulines, 2013). Moreover, we have only
provided results in expectations and a precise study of
higher-order moments would give a better understand-
ing of additional potential effects of resampling.
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