
Fast Function to Function Regression

APPENDIX

Multidimensional Projection Series Functional
Estimation

Let yij = pi(uij) + �ij . For readability let (ν, γ, A) =
(νI, γI, AI). Given Pi as in (4) our estimator for pi ∈ I
(31) will be:
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That is, the set of indices for basis functions for input func-
tions will be:
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t ≡ {α : κα(ν, γ) ≤ t}. (42)

First, note that:
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where the last line follows from the orthonormality of
{ϕ}α∈Z. Furthermore, note that ∀pi ∈ I:
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Also,
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We may see that aα(Pi) is unbiased. Let u ∼ Unif([0, 1]l),
then:
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Also,
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where ϕmax ≡ maxα∈Zl�ϕα�∞. Thus,
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First note that if we have a bound ∀α ∈ MI
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A similar result may be reached for q̃i functions.

Theory

Assumptions

A.1 Sobolev Input/Output Functions. Suppose that (31)
(32) hold.

A.2 FFR Mapping. We shall assume that f ∈ Fσ as in
(14), (37).

A.3 Functional Observations Suppose that (4) holds and
ni,mi � n.

A.4 RKS Features Suppose that the number of RKS fea-
tures D (16) is taken to be D � n log(n).

Lemma 7.1. Let V = MO
u where V is de-

fined as (17) and MO
u is analogous to (42). Also,
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�

α∈MO
u
f̂α(P0)ϕα(x). If ∀α ∈

Zk, E
�
(aα(q0)− f̂α(P0))

2
�

= O(R(N,n)), then

E
�
�q0 − q̂0�22

�
= O

�
R(N,n)2/2+γ−1

O
�

, where γ−1
O =

�k
j=1(γO)

−1
j .

Proof. Note that:
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by the orthonormality of {ϕα}α∈Z (see above). Then,
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Furthermore, since q0 ∈ Θk(νO, γO, AO),

�

α∈(MO
u )c

a2α(q0) =
1

u2

�

α∈(MO
u )c

u2a2α(q0) (53)

≤ 1

u2

�

α∈Z
κ2
α(νO, γO)a

2
α(q0) ≤

A2
O

u2
.

(54)

Thus, E
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For simplicity of notation let (ν, γ, A) = (νO, γO, AO). By
an argument similar to (47) and (48) we have that |MO
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For ease of notation below, let TB(x) ≡
sign(x)min(|x|, B) and henceforth redefine f̂α(P0)

as f̂α(P0) ≡ TBα
(f̂α(P0)), where f̂α(P0) on the RHS

refers to (25) and Bα is as in (37).

Lemma 7.2. Let a small constant δ > 0 be fixed. Then,
asymptotically ∀α ∈ Zk,
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Proof. Note that f̂α(P0) is a function to real estimator at-
tempting to estimate the mapping p0 �→ fα(p0). Note that
aα(qi) = aα(Qi) + �αi, where E [�α] = 0 and Var[�α] =

O(1/n) (see above). Also, f̂α(P0) is trained using a data-
set Dα = {(Pi, aα(Qi))}Ni=1 = {(Pi, aα(qi) + �αi)}Ni=1.
Thus, a straightforward analogue (using general functions
rather than distributions) of the rate derived by Oliva et al.
(2014a) yields the result.

Theorem 5.1. Let a small constant δ > 0 be fixed. Sup-
pose that q̂0(x) =
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suppose that (31) and (32) holds, and f ∈ Fσ is as in (37).
Moreover, assume that (4) holds and ni,mi � n. Also, as-
sume that the number of RKS features D (16) is taken to be
D � n log(n). Then,
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Proof. Follows from Lemmas 7.1 and 7.2.


