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A SUPPLEMENTARY MATERIAL

This supplementary material contains (i) detailed proofs of the consistency of MERR (Section[AT]), (ii) numerical
illustrations (Section [A22)).

A.1 Proofs

A.1.1 Proof of k: continuous, bounded = u: H-measurable; ;: H-measurable,
X = pu(M{ (X)) € B(H) = p: X-measurable = Jp

Below we give sufficient conditions for the existence of probability measure p. We divide the proof into 3 steps:

e k: continuous, bounded = y: H-measurable: The mapping u : (M (X), B(1y)) — (H,B(H)) is
measurable, iff the Ly, : (M{ (X), B(tw)) — (R, B(R)) map defined as Ly (x) = (h, piz) g (= [o h(u)dz(u)) is
measurable for Vh € H [38, Theorem IV. 22, page 116]. If k is assumed to be continuous and bounded, these
properties also hold for Vh € H [0l Lemma 4.23, page 124; Lemma 4.28, page 128], i.e. H = H(k) C Cp(X).
By the definition of the weak topology the Lj functions are continuous (for Vh € H), which implies the
required Borel measurability [6l page 480] of Ly-s (for Vh € H).

e ;1 : H-measurable, X = u(M{(X) € B(H) = p : X-measurable: Let 7 denote the open sets on
H = H(k). Let 7|y = {ANX : A € 7} be the subspace topology on X, and let B(H)|,y = {ANX :
A € B(H)} be the subspace o-algebra on X. Since B(7|y) = B(H)|y € B(H) (the containing relation
follows from the X € B(H) condition), and B(H)|y = {A € B(H) : A C X}, the measurability of
we (MF(X), B(w)) — (H, B(H)) implies the measurability of u : (M{(X), B(1w)) = (X, B(H)| ).

e ;i : X-measurable = Jp: Let us consider the

g: MF(X) xR, B(1y) ® BR)) = (X xR, B(H)|y ® B(R)) (14)

g(x,y) = [g1(x,y); 92(x,y)] = [ y] mapping. If g is a measurable function, then it defines p, a probability
measure on (X x R, B(H)|y ® B(R)) by looking at g as a random variable taking values in X x R:

p(C)=M(g71(C)), (C e B(H)|x@BR)). (15)

Function g in Eq. ([[4) is measurable iff its coordinate functions, g; and go are both measurable functions
[39) Proposition 3.2, page 201]. Thus, we need for VA € B(H)|y, VB € B(R)

B(7w) @ B[R) 3 g7 ' (A) = {(2,9) : g1(x,y) = po € A} = p~(4) xR, (16)
B(rw) @ B(R) 3 g3 (B) = {(2,9) : g2(z,y) =y € B} = M{ (X) x B. (17)

According to Eqs. ([6)-({IT), the measurability of g follows from the X-measurability of p
(MT(X), B(1w)) = (X, B(H)| ), which is guaranteed by our conditions.

A.1.2 Proof of ¥V: Hoélder continuous = K: measurable

[5)’s original assumption that (pq, py) € X X X — K (uq, up) € R is measureable follows from the required Holder
continuity [see Eq. ()] since (i) the continuity of ¥ is equivalent to that of K, (ii) a continuous map between
topological spaces is Borel measurable [6, Lemma 4.29 on page 128; page 480].

A.1.3 Proof of K: linear = V¥: Hdélder continuous with L =1, h =1

In case of a linear K kernel K (ia, o) = (fba, o) g~ (fbas o € X), by the bilinearity of (-, ), and ||<,a)H||iC =

2
lallzr, we get that [|K(-, ta) = K (s p)llge = 145 pa) g = Cotn) g llse = 1C a — 0) g llg¢ = llta — pol - In other
words, Holder continuity holds with L = 1, h = 1; K is Lipschitz continuous (h = 1).

A.1.4 Proof of X: compact metric, u: continuous = X = p (MT(DC)) compact metric

Let us suppose that X = (X,d) is a compact metric space. This implies that M (X) is also a compact metric
space by Theorem 6.4 in [40] (page 55). The continuous (p) image of a compact set is compact (see page 478 in
[6]), thus X = (M{ (X)) C H is compact metric.
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A.1.5 Proof of the Kernel Examples on X = u(M; (X))

Below we prove for the K : X x X — R functions in Table[Ilthat they are kernels on mean embedded distributions.

We need some definitions and lemmas. Z, Z1, RT,RZ% denotes the set of integers, positive integers, positive real
numbers and non-negative real numbers, respectively.

Definition 1. Let X be a non-empty set. A K : X x X — R function is called

e positive definite (pd; also referred to as kernel) on X, if it is
1. symmetric [K(a,b) = K(b,a), Ya,b € X], and
2. szzl cic;K(ai,aj) >0 for alln € Zt, {a1,...,an} C X", ¢ = [c1;...;¢,] € R™,
e negative definite (nd; sometimes —K is called conditionally positive definite) on X, if it is
1. symmetric, and
2. 300 ioi ciciK(aisa5) <0 foralln € 2, {ay,...,a,} C X", € = [c15...5¢,] € R", where 37, ¢; = 0.

We will use the following properties of positive/negative definite functions:

1. K is nd < e *F is pd for all ¢ > 0; see Chapter 3 in [33].
K:X xX = R>isnd & % is pd for all ¢ > 0; see Chapter 3 in [33].

3. If K is nd and non-negative on the diagonal (K (z,z) > 0, Vo € X), then K® is nd for all a € [0, 1]; see
Chapter 3 in [33].

4. K(z,y) = (z,y) y is pd, where X is a Hilbert space (since the pd property is equivalent to being a kernel).

N

5. K(z,y) = ||z — yH?X is nd, where X is a Hilbert space; see Chapter 3 in [33].

6. If K is nd, K +d (d € R) is also nd. Proof: (i) K(z,y) +d = K(y,x) + d holds by the symmetry
of K, (i) 35—y cicj [K(ai, a5) +d] = 377, cici K (ai,a5) + 300 ¢ 35y ¢id = 35705 cici K (ai, a5) +
i cidy iy cj =300 cicjK(ai,a;) +0 < 0, where we used that 7, ¢; = 0 and K is nd.

7. If K is pd (nd) on X, then it is pd (nd) on X’ C X as well. Proof: less constraints have to be satisfied for
X' CX.

8. If K is pd (nd) on X, then sK (s € R") is also pd (nd). Proof: multiplication by a positive constant does
not affect the sign of 337, cic; K (a;, aj).

9. If K isnd on X and K (z,y) >0 Vz,y € X, then + is pd; see Chapter 3 in [33].

10. If K is pd on X, and h(u) =Y., a,u™ with a,, > 0, then h o K is pd; see Chapter 3 in [33].

Making use of these properties one can prove the kernel property of the K-s in Table [ (see also Table B) as
follows. All the K-s are functions of ||tta — |l 7> |tta — tll i = |6 — ttall g, hence K-s are symmetric.

K(z,y) = ||z — y|3 is nd on H = H(k) (Prop. [, thus K(z,y) = ||z — y[|3 is nd on X = u (M (X)) C H(k)
(Prop. [M). Consequently, K(z,y) = ||z — yH?{ is nd on X, where d € [0,2] (K (z,x) =0 > 0, Prop. B.

e Hence, K(z,y) = e l*=vli is pd, where t > 0, d € [0,2] (Prop. d). By the (t,d) = (352,2) and
(t,d) = (#, 1) choices, we get that K¢ and K, are kernels.

e Using Prop. 2 (||lx — y||f{ > 0), one obtains that K(z,y) = m is pd on X, where t > 0, d € [0, 2].
By the (¢,d) = (1, < 2) choice the kernel property of K; follows. "

e Thus, K(x,y) = S||$—y||i1 is nd on X, where s > 0, d € [0,2] (Prop. §). Consequently, K(x,y) =
m is pd on X, where s > 0, d € [0,2], t > 0 (Prop. 2)). By the (d,t,s) = (2,1, 9%), we have that
K¢ is kernel.

e Hence, K(x,y) = HUC—yHiI + e is nd on X, where d € [0,2], e € RT (Prop. [6). Thus, K(z,y) =

f
(||:v — yH'Ii{ + e) isnd on X, whered € [0,2], e € RT, f € (0,1] (||lx — y||i1+e > 0, Prop.[). Consequently,
f
K(z,y) = m is pd on X, where d € [0,2], e € RT, f € (0,1] ((HUC —ylli; +e) > 0; Prop. 0);
z—y||y+e

with the (d,e, f) = (2, 62, %) choice, one obtains that K; is a kernel.

A.1.6 Proof of “Conditions of Proof[A.1.4] and Proof [A. 1.5 = U-s of K-s in Proof[A.1.5t
Holder continuous

We tackle the problem more generally:
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Table 3: Nonlinear kernels on mean embedded distributions.

Kernel (K) Parameter(s)
K (pta, o) = e~ tha=mellic 4 >0, deo,2)
K(Mmﬂb):m t>0,del0,2]
_ 1
K (poas o) = P — $s>0,de[0,2],t>0
K (s 1) = 7t de0,2], e €R¥

(lla—psl1G+e)”

1. we give sufficient conditions for K kernels of the form

K (pas 1) = K (o = poll ) » (18)

i.e., for radial kernels to have Holder continuous canonical feature map (¥(u.) = K(-,pc)): 3L > 0,
h
h e (0,1] such that [[K(, ua) — K i)llsc < I 10 — sl
2. Then we show that these sufficient conditions are satisfied for the K kernels listed in Table [II

Let us first note that K is bounded. Indeed, since ¥ is Holder continuous, specially it is continuous. Hence using
Lemma 4.29 in [6] (page 128), the

Ko:pg € X = K(tta, tta) €R

mapping is continuous. As we have already seen (Section [A.T.4]) X is compact. The continuous (Kj) image of a
compact set (X), i.e., the {K(fq, pta) : pta € X} C R set is compact, specially it is bounded above.

1. Sufficient conditions: Now, we present sufficient conditions for the assumed Hoélder continuity
h
K (s pa) = KCpn)llse < Lllpa — poll - (19)
Using ||u|\:2}c = (u, u)q, the bilinearity of (-, -),., the reproducing property of K and Eq. (18], we get

”K('nu'a) - K('7Mb)||§—( = <K('7:u'a) - K('vﬂb)vK('uﬂa) - K('vub»ﬂ{
= K (f1as pta) + K (1o, pt5) — 2K (fta, p1p) = 2K (0) — 2K (|| pta — o 57)
=2 [K(0) = K (|ltta — ol )] -

Hence, the Holder continuity of K is equivalent to the existence of an L’ (: %2) > ( such that
% = 2h
K(0) = K (la = moll ) < L'l 1a = polly -

Since for u, = up both sides are equal to 0, this requirement is equivalent to

K(0) — K (|lita — 1ol )

2h
Il tta _,ub”H

w(fhay o) = <L, (pa # )

i.e., that the u : X x X — R function is bounded above. Function w is the composition (v = ug o uy) of
the mappings:

Ui X XX — R207 Ul(,ua,/lb) = ||:u¢l - /LbHHa
K(0) - K(v)

up :RZY 5 R, uy(v) = 5

v
Here, u; is continuous. Let us suppose for us that
(a) (1) 3h € (0, 1] such that lim,_,o4 uz(v) exists, and
(b) us is continuous.
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In this case, since the composition of continuous functions is continuous (see page 85 in [41]), u is continuous.
As we have seen (Section [A1.4]), X is compact. The product of compact sets (X x X) is compact by the
Tychonoff theorem (see page 143 in [41]). Finally, since the continuous (u) image of a compact set (X x X),
ie. {u(phas tn) : (fta, p) € X x X} C R is compact (Theorem 8 in [41], page 141), we get that u is bounded,
specially bounded above.
To sum up, we have proved that if

(a) K is radial [see Eq. (I8)],

(b) uz [Eq. 0)] is (i) continuous and (ii) 3h € (0, 1] such that lim, o4 uz(v) exists,
then the Holder property [Eq. (I9)] holds for K with exponent h. In other words, the Holder property of
a kernel K on mean embedded distributions can be simply guaranteed by the appropriate behavior of K
at zero.
. Verification of the sufficient conditions: In the sequel we show that these conditions hold for the us functions
of the K kernels in Table [l In the examples

_ o2 _ v _ 1 _ 1 _ 1
K = e 262 K = e 262 K = K = K, E————
G(U) € 207, 8(”) € 207, C(U) 1+ z_g’ t(v) 1 + UG’ 1(1}) \/m
The corresponding uy functions are
w2 v R 1 1 1
1—e¢ 262 1—e 2% 1422 e 7 Jooror
upG(v) =~z uze(v) = ——5—, wac(v) = ——z, un(v) = ——5, usi(v) = ——g——.

The limit requirements at zero complementing the continuity of us-s are satisfied:
e usc: In this case

1—e 2 1—e 7 sme 27 ]
li = lim ——~ — lijim —— = — lim 2%~ _— _—_
S ee) =l ——a— = Iy = T = e
where we applied a v? substitution and the L'Hopital rule; h = 1.
® Uge:
1—e 307 AzeTmz 1
li = lim ———— = lim & ——— = —
Jm, uee(v) = Jim — o = 0 ST = 37
where we applied the L’Hopital rule and chose h = %, the largest h from the 2h — 1 < 0 convergence
domain.
® uyc:
1
- 92 2 _
uzc(v) = A == R v
v2h w2k v2h 92 4 p2 220F g2’

we chose h = 1, the largest value from the convergence domain (2 —2h > 0=-1> h).
® Ut
1— % pf—2h
) = LI

1400 229 17

thus we can have h = g, the largest element of the convergence domain (6 —2h > 0 & g > h). Here

we require 6 < 2 in order to guarantee that h = g <1.
ug;: Let g denote the nominator of usg;

1 1 1

9"(0) ,
=—-——=-—|g(0 (0
90) = § = s = 5~ [90) + g O+ T
1 1 11 9"(0) , 2 [97(0) | ¢ (0)
=-—1|3 —m—2 == .
9 0+( 2(02+9)% v) WOU—F 5 Y + v o1 + 30 v+
Hence,
1_ 1 —2 [9”(0) + 9, } .
PPl ! T 0
lim wug;(v) = lim 0 V40— lim 2 i -9 ( )7
v—0+ v—0+ 02 v—0+ 2 2

i.e., h can be chosen to be 1 (h = 1).
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n 2 n
A.1.7 Proof of |0, fil " <n X, |15

In a normed space (N, ||-||)

2 n
<nd IR (21)
=1

where f; € N (i =1,...,n).

Indeed the statement holds since |1, fill> < (X, I1£:()% < n 32", |I£:]|?, where we applied the triangle
inequality, and a consequence that the arithmetic mean is smaller or equal than the squared mean (special case

of the generalized mean inequality) with a; = || f;|| > 0. Particularly, Z%l Loy Z{;;L(ai)? = (>r, ai)z <
UDDCHE

A.1.8 Proof of the Decomposition of the Excess Risk

It is known [5] that E[f] — E[fsc] = VT (f — fao)l|Z, (Vf € H). Applying this identity with f = 3 € ¥ and a
telescopic trick, we get

1R -l = VT (R - i), = VTR -+ -+ (P -sl],, @

By Eqgs. @), (@), and the operator identity A~' — B~* = A=}(B — A)B~! one obtains for the first term in
Eq. @2)

- fz)\ = (Ta+A)" 1gz (Tx + )~ 1gz = (TA +)‘)_1( 2 — 9z) + (Tx +)‘)_19z - (Tx+/\)_1
= (Te+X) " (92— 92) + [(Ta + A" = (Tx + N7 g2
= (Te+N) 192 — g2) + [(Tx + X) 7 (Tx — Tx) (Tx + N) '] 94
=(Te+AN)"" [(92 — 92) + (Tx — Tx) (T + A)~ gz] =(Tx+ A" [(92 — 92) + (Tx — ch)fz)\} .

Thus, we can rewrite the first term in ([22]) as
VIR =) = fatfo, Ja=VTT4 N0 -9, fo=VI(Tx+ ) (T =T fy

The second term in ([22) can be decomposed [5] as

VT [(£2 = ) + (= f20)] = VT [(Tu + N7 (g2 — Tucfae) + (T + N)7HT = T) (£ = fae) + (£ = f30)]
=: f1 + fa + fs,
where
fi = VT(T + N Hgo — Tufs)s  fo=VT(T+ N "HT =T (= fae),  f3=VT(f* — fs).

Using these f; notations, ([22]) can be upper bounded as

2

3 3
£ - STR <53 5. (23)
=1 g i=—1
exploiting Section A1 (||-|* = ||-]|2., » = 5). Consequently, introducing the
p g I q Y g
S_1= Sfl()‘azvi) = Hf*lniz}fa So = So(/\,Z,i) = ”fOH%f?
Sy =81\ z) = || f1]5 Sy = Sa(M,z) = || f215 AN = || fsl5¢,

notations (for A(\) see also Theorem M), ([23]) can be rewritten as

E[f2] = Elfsc) <5[5-1+ So +AN) + S1 + S5 (24)



Two-stage sampled learning theory on distributions

A.1.9 Proof of the Upper Bounding Terms of S_; and S,
Using the
[Mullsc < [[M|[c@ollullsc (M € L(H),u € H), (25)

relation, we get
2
S_<HTT§c )\_1H i—zz,
1 < V(T + 3 £(50) 192 — gall3¢

K 2 K 2
S < [ VI@ 4 07| o I8 = TR < VTt 0715 = Tl o 125

A.1.10 Proof of the Convergence Rate of the Empirical Mean Embedding

The statement we prove is as follows.[25

Let pp = [y k(-,u)dz(u) denote the mean embedding of distribution z € M{ (X) to the H = H(k) RKHS
determined by kernel k (u, € H), which is assumed to be bounded k(u,u) < By (Yu € X). Let us given N
i.i.d. samples from distribution x: 1, ..., zy. Let uz = % 25:1 k(-,x,) € H be the empirical mean embedding.

62
Then P (|lss — pally < 2B +¢) 21— ¢ 7 on

H,[k —u < \/2Bk + \/20[Bk _ (1 + \/5)\/23k
oo rm =N VN VN
with probability at least 1 — e™®, where o = §2B]Z .

The proof will make use of the McDiarmid’s inequality.

Lemma 1 (McDiarmid’s inequality [42]). Let x1,...,2n € X be independent random variables and function
g € X" = R be such that sup,, ... ex ’g(ul, cosun) = gu, w1, U U, .,uN)’ <¢ Vj=1,...,N.
7

.....

262

Then for all e > 0 P(g(z1,...,2n) — Elg(z1,...,2n)] > €) < e Thoich

Namely, let ¢(u) = k(-,u), and thus k(u,u) = ||¢(u)||§{ Let us define

9(8) = llus — pall g =

3

H

1 N
N Z Qb(xn) — Mz
n=1

where S = {z1,...,zn} be the sample set. Define S = {z1,...,2;-1,2},j41,...,2n}, i.e., let us replace in
the sample set z; with 2. Then

) 1 & 1 & 1,
|g(S)_g(S)| = NZ¢(J;71)_N$ - N Z (b(xn)"’—ﬁ(b(‘rj)_ﬂm
n=1 H n=1;n#j

H
< 3 1660 = )y < - (106 + 6651) < 3 [yt + )| < 262

based on (i) the reverse and the standard triangle inequality, and (ii) the boundedness of kernel k. By using the
McDiarmid’s inequality (Lemma [I), we get

or, in other words

2N

1—e 25 <P(g(S) <E[g(S)] +¢) <P(g(S) <E[g(S)] +¢).

°In the original result a factor of 2 is missing from the denominator in the exponential function; we correct the proof
here.
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Considering the E[g(S)] term: since for a non-negative random variable (a) the E(a) = E(al) < y/E(a?)y/E(1?) =
v E(a?) inequality holds due to the CBS, we obtain

1 < 1 ’
n=1 H n=1 H
1 1 &

= E <NZ¢($Z')_N$7NZ¢(J;]')_N1> =vb+c+d
i=1 j=1 H
using that ||a||§1 = /(a,a) . Here,
1 al N(N —1) N
b=E |15 Z k(i) + > k(a,a) || = — 7 Bt ekt 1) + 5B [K(E )],
i,j=13i#] i=1

:——E

2N ,
d=EDMAH}=Em%Wwwa¢m

applying the bilinearity of (-, ), and the representation property of ji,.. Thus,

N -1 1
Vb+c+d= \/[T -2+ 1:| Eth,t’Nz [k(ta t/)] + NEth [k(tvt)]

]EtNLIJ t'~x [k(tu t/)]
\/N .

1 ' \/EtNLE
- \/ ~ B 56 1)] = Bing vna k(2 1)) =

VB (B 0] = Ba s 156 )) <\ Ba (5 )]+ (B (o8 0)]] < /B (8 O] + B (K8 0,

where we applied the triangle 1nequahty7 |k(t,t)| = k(t,t) < By and |k (¢, t' ) < k(¢ t)\/E(t,t) (which holds
to the CBS), we get \/Eth t,t)] — Btz trma [K(t,8)] < v/ B +VBg = +/2B.

_ &N
To sum up, we obtained that ||p, — pszlly < V\;%’“ + ¢ holds with probability at least 1 — e 2Bx. This is what
we wanted to prove.

A.1.11 Proof of the Bound on | g5 — g/, ||Tx — T;c||2L(g{), VT (Tx + /\)_1“%(9{)’ 1£2115¢

Below, we present the detailed derivations of the upper bounds on || gz —ga||2, HTX—T;(H%(%), VT (Tx+M) "1 ||2L(9{)
and || (3
! .
e Bound on ||g; — g.|3:: By (@), we have gz — gz = 7 31 [K( p1a,) — K (-, pta,)] yi- Applying Eq. @1,

the Holder property of K, the homogenity of norms ||av|| = |a| ||v]] (e € R), assuming that y; is bounded
(lys| < C), and using ([I3]), we obtain

LQZCQ 3 {(H@ \/E}

l
5 1
z — Yz S_l K'7 zi) — x; )Yt = i T; Z;
ll9z — 9all5c B ;II (o ttzy) — K (- pa)will5e < E 2 s, — pias |3 Wil

i=1
_ 2o (L V@) (2B
- L

with probability at least 1 — le™®, based on a union bound.



Two-stage sampled learning theory on distributions

e Bound on ||Tx — ch”i(}c): Using the definition of Ty and T, and ) with the || - ||z (3¢) operator norm,
we get

1T = Tl o 1212 [N (26)
To upper bound the quantities ||7},, — T}, ||2L(9{)= let us see how T),, acts
Ty (F) = K (5 p)Op, (F) = K (5 pran) f () (27)
If we can prove that
(T = T ) (Dllge < BN Fllae (28)

then this implies ||T}, — T, || z(5¢) < E. We continue with the Lh.s. of [@28) using @7), @I) with n = 2,
the homogenity of norms, the reproducing and Holder property of K:

1T = T e = I Co ), () = B G 1) (D
= 1K o i) By () = 80, O]+ [ o i) = B o 1) 8 () e
<2 [ (1) (B () = B (NI + I G 1) = B C 108, (I3
=2 [[60, () = G (DI I G ) 3+ B, (N N Cpra) = K )3
<2 [[8 (1) = G () B (s ) + 22 850, (D] N — s3]

By rewriting the first terms, we arrive at

5Hu(f) - 6Mu (f) = <f7K('7Mu)>J—C - <f7K('7lufv)>9{ < |<f7K(7Mu) - K('an)>9{|
< Mg I Copra) = B p)llsg < 1Nl I it = poll
6Mu(f) = <f7K('7MU)>J—C < |<f7K('7:U'U)>}C| < ||f||9{ ||K(7IU'U)||_’H = ||f||f}f K(M’LMM’U)u

where we applied the reproducing and Hélder property of K, the bilinearity of (-, -);, and the CBS inequality.
Hence

1T = T )O3 < 2 (15 2 Nt = pol3 K (s ) + 22 15 B Gt 10) 1t = 1ol
= 2L2 || Fll5¢ it — proll 3y [ (prs pra) + K (o, )] -
Thus
E? = 202t — oo |3 1K (ptas ) + K (ph, 1)) -

Exploiting this property in 20), ), and ([I3)

l 2h
., 207 ABKL? <~ (1+ &)™ (2B,
||T — T3 ||L U—C) Z ||:uﬂh Mz, [ (/’Lz'L? /Lml) + K(:uim /1@1)] = Z Nh

A

=1
1+ \/a)% 2h+2(By )" By L2
- = _

(29)
e Bound on ||[VT(Tx + )\)_1||%(9{): First we rewrite Tk + A,

Ta+A=(T+N)—(T-Tx) = [I - (T —Tx)(T+ X' (T+ ).

Let us now use the Neumann series of I — (T'— Tx)(T + )~}

VI(Te+ N =VT(T+ 0 (T -T)(T+ N 1"
n=0
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to have

oo

H\/T(T,z + /\)‘1H — IVT@+ NS (=TT + 27"

L(3H) 0

£(30)

oo

ST -TR)T+ 0"

IN

VT(T + 27!

£(30)

IN

£(5)

V(T + \)~} o0 3 H (T = T)(T + 3)]"
n=0

1 —1|"™
< ||VT(T + N) L(}C)ZH(T—T&)(T*')‘) ||L(1H)’

where [|AB|[;5¢) < [[All g (5¢) [ Bll g (5¢) and the triangle inequality was applied. By the spectral theorem,

the first term can be bounded as ||[vT(T + )\)_1||L(g{) < ﬁ, whereas for the second term, applying a
telescopic trick and a triangle inequality, we get

(T = T)(T +A)~ = I(T = T2) + (T =TT + 2| 5 50,
<@ = Y@+ N 50 + [T =TT+ 27|50

e

We know that

O\ 2) = (T = L) (T + X e (s < (30)

2

with probability at least 1 — 2 [5]. Considering the second term, using @9) and ||(T + X\) ™| ¢(3c) < 5 (by
the spectral theorem),

L 1
-1 1 (1+va)" 2541 (By) s (Bk)P L 1
H(Tx_ch)(T“L)‘) HL(i}C) < ||Tx_T>?||L(:}c)"(T+/\ HL(J{ N N
For fixed A, the value of N can be chosen such that
(L+va)" 28 By (B)i L1 1 (14 V&) 28 (B (Br)PL _ o
N% o1 A = <
)\h
In this case ||(T — Tx)(T + A)~* HL(% < 3 (the Neumann series trick is legitimate) and
1 1 2
\/TT;NL)\*H < < = 32
H ( ) L30T 2/X1=3 7 /X (32)

Bound on |f}|3: Using the explicit form of f [@)], @5), the positivity of Ty
[:> H(Tx—i-)\)—lHL(g{) < %], the homogenity of norms, Eq. (2I), the boundedness assumption on y;
(lys| < C), the reproducing property and the boundedness of K [Eq. )], we get

1
HszH}C < H(Tx + )‘)_IHL(G{) HgZHU{ < 2\ HQZHﬂfv

where

l l
1 1
lg=ll3e < ZQZZIIK st )ill5e < ZCZHK )3 = 72 K (i, ;) 72 By = C*Bg.

=1 = i=1 i=1

Thus, we have obtained that

1215 < 5C2Bxc. (33)
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A.1.12 Final Step of the Proof (Union Bound)

Until now, we obtained that if

1. the sample number N satisfies Eq. (&),

2. (@3) holds for Vi = 1,...,1 (which has probability at least 1 —le~® = 1 — e~ [*~1°8()] = 1 — ¢=% applying a
union bound argument; o = log(l) + §), and

3. ©(\,z) < 1 is fulfilled [see Eq. B0)], then

2h h 2h 5h+2 h 2 2
9 o (1+Va)" 2Bp)" (14 &)™ 2"2(By)"BxL? C?Bg
S_1+ 8 < < [L2C A + R 3z
_ALC? (1L+ V)™ (2By)" [ 4(Bx)*
- ANH A2 '

By taking into account [5]’s bounds for S; and S,

6\ [BkM? S2N(\) o (6\ [4BXB()) BrA()\)
< 2 (2 < hd K
S1 < 32log (77) [ B + ] , Se < 8log ; B + 3 ,

plugging all the expressions to (24]), we obtain Theorem [ via a union bound.

A.1.13 Proof of Consequence

Since constant multipliers do not matter in the orders of rates, we discard them in the (in)equalities below. Our
goal is to choose A = A\; v such that

(] 1iml7NHOO /\LN = O and
e in Theorem[ (i") log(l) <N, ({) N

b1 > lmand (ii) #(I, N, ) = I?Vg:)(\? et )\;;2 +>\cl—1 +%+ﬁ — 0.

o

log" (1)
NR)3

— O}, which implies % — 0 and hence

h

In r(I, N, \) we will require that the first term goes to zero [

I;‘i(l) — 0. Thus constraint (i’) can be discarded, and our goal is to fulfill (i)-(ii). Since
h

1.2—c<1 (& 1<0), m% = ’\;2 < % (in order), and

2.¢c—1>0(&1<0), )‘6[1 < -1 (in order)

condition (i)-(ii) reduces to

log" (1) ) 1

: b1
NP3 BN , subject to I\ > 1. (34)

r(l,N,\) =

Our goal is to study the behavior of this quantity in terms of the (I, N, \) triplet; 1 < b, ¢ € [1,2], h € (0,1]. To
do so, we

1. choose A such a way that two terms match in order (and A = A\ y — 0);
2. setting | = N* (@ > 0) we examine under what conditions (i)-(ii) the convergence of r to 0 holds with the

constraint I\ > 1 satisfied, (iii) are the matched terms also dominant, i.e., give the convergence rate.

We carry out the computation for all the (;l) = 6 pairs in Eq. (34)). Below we give the derivation of the results
summarized in Table

. =|2|in Eq. (4) [i.e., the first and second terms are equal in Eq. (34)]:

10 N()\) can be upper bounded by (constant multipliers are discarded) A\~ g [5]. Using this upper bound in the I

constraint of Theorem M we get | > A 1 = l)\b 1=t > 1.
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— (i)-(ii): Exploiting C+3 > 0 in the A choice, we get

Nh)3 N N N
hc
log(l) | =*2 1 1
T(Z,N) = Og( )] + T h
N 12 [loga)} SRR [loga)} PeTs)
N N
hc
log(N) | «*? 1 1
o) = [T ot —
a | log(N) | et3 a | log(N) | b(e+3)
v P ]
log(N)] N&ts N
= N + h + h ° (35)
N2aloge+3(N)  N@log®e+s (N)

Here,
x (ii): #(N) = 0 if

. — 0: [i.e., the first term goes to zero in Eq. (B5)]; > 0.
.—>O 2a > c+3 [« & c+3 > 0].
: . —0:az> b(c+3) [« b(c+3) > 0],
Le., a > max (2(!—13)7 b(c]-li-3)) = (c-i;i)lrﬁin@,b)'
* (i): We require N [%} ) >1ls liiﬁ% > 1. Since %b*—l > 0, it is sufficient
to have cﬁs ngl a<0& ((Ei-g)lg <a
To sum up, for (i)-(ii) we got a > max ((c+3) flin@b), }(lc(fg)lg)
— (iii):
i b <

* — 0: no constraint.

hc

h
* > [i.e., the first term dominates the second one in Eq. (33))]: [M} > _NEE o
N2a]oget3 (N)

hc h he h
log=F3 &3 (N) > Nets Ters 2% Thus, since (c+1) > 0 we need (0:31) 2a <0, ie, QECI;; < e

_hc
* . . [i.e., the first term dominates the third one in Eq. (35)]: [log N)] F > Lﬂ:%) &
Nealogb(et3) (N)

1Ogm+m(N) > NTE TH3~ Since c+3 + b(c+3) > 0 we require b(c+3) + c+3 —a<0,ie.,

h hc
5t T g = O

< a. Since

h(c+1)\ _ hmax(%-i—c, C;rl)
c+3’ 2(c+3) c+3

To sum up, the obtained condition for a is max (b(c+3) +

b+c>c+1<:> +£>1 [<:c>1b>0] we got

h(34¢) hb+1) ~ [log(V) s
max( cb—i—3 ’(c+3)b> <a, r(N) = { ] — 0.

° :inEq. B4):
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— (i)-(ii): Using in the A choice that £ > 0, we obtain that

log"(l) 1 2logh(l) ., llog?(l) , h .
Nh’)\?’:m T:)\ @T:)\—)O,lfa<§1nl:]\].
log? (1) ]" 1 1
0
’I’(l,N) = [ gg ] + h + 1
Nz (2o () I llogz(z) v
2 N2
LC c 1 1
r(N) = N % log ¥ () ; - .
N3e=% logZ (N)  No+&~25 log? (N)
Here,
x (ii): r(N) — 0 if
(1] =o: ac—% =c(a—2%) <0« 2 >0]ie, a <L using that ¢ > 0.
(2] =0 3a—4>0[«L2>0]ie,2<a
. =0 a+ ¢ — % >0 [« % > 0], ie., 2(1T) = 2bf}ib1 = 2(b]}|—1) < a exploiting that
1++>0
In other words, the requirement is max (% 2(b}f‘_1)) <a< %
- o B+l
x (i): N [N log > (N)} >1 & l,f’%fl PNV > 1. Since %le > 0 it is enough to have
N7Z N2 —e—aTp—
%Z’JFTl—a—abJrTl §O(:>%b+71 <a 1+b+Tl) ZG%T-H@%% < a using that 2b+1>0,b >0
[<b>1]
To sum up, for (i)-(ii) we obtained max (% 2(b}11)7 %lef—:l) <a<h
— (ii):
x (1): %beLJrll <a
* —> 0: % <a
. c , " (et1)
* > (1) 3 T % > N“c_%log%(N) & Nz-3ati—ac > logh > (N). Thus, since
N&e™ 2 0g2 N
h(c2+1) > 0 we need % —3a + % —ac > 0, ie., gégig - h(gc(l_i;)z) — % ci3 > a, using that
c+3>0. ,
> . 1 1 a+é—L+L-3a > 25 h _ h _
* _ N%*" 3 logT (N) N“*%’z—’llogz_hb(N) en i 10g2 (). Since 5 — 3

l) > 0 using that h >0 and b > 1, we need a + § —
L) ea(l-2)>
To sum up, we got

2b+
5(5—1) Using that b > 1, O>E_1>_

h hb+1 h h %(3-1
max —,—L < a < min ———,2(1b ) r(N) =
67220+ 1 2 3 12
o*.inEq B2):
— (i)-(ii): Using in the X choice that 75 > 0, we get

b

—3a>0,ie,a(l+1+-3)>

B(3-n)

— 2; hence a < —

b

N3a=% Jog7 (N)

log"() 1 log"() g i_wms |llog"()) | . . )
Nh/\3:l/\% N =M= o NF =A—0,if h>ainl =N
be
Log() | 7" 1 1
vy = | HE O _ .
N 2 [Logr ] 5 [Liogh]
) Nh Nk
be
1 h N 3b—1 1 1
r(N) = ogh( ) 1 _ N _ h |
Nh—a N2a+3b T 3b-1 1Og%b¥1 (N) NotzmT — 3T logﬁ(N)

Here,
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x (ii): (V) =0, if
([1]—o0 h—a>0usmgthath>0and s 1>0 ie,a<h,

. . —0: 2a+ 3b71 3527 > 0 [using that 55 > 0]. In other words, a (2 + 3= 1) > % &

hb
3b—1 _ _hb _3b—1 __ _hb ;
a> B+ os) ~ S-T6—215 — T3 using that (2 + 3b71) > 0.

h
. a h : h : 1 h 3b—1
. a—>0 (L-i—m—m 20[usmgthatm>0],1.e.,a(1+m) > m@az r———
_3b—1

_ h : 1
3b T3-13T — 35 making use of (1"_@) > 0.

Thus, we need max ( hb ) <a<h.

76—2° 3b
o0 7Y ) (1)
. a N%log"(N) | 3b—1 log 3v—1 (N . h(b+1 op s .
* (l) N ([T} > 1 & m < 1. Since =p—1 > O, it is sufficient
h(b+1) b+1 h(b+1) b+1 | _  3b—14b+1 4b h(b+1)
T a— S0e 5 <all+g5) =a759— =ag55 < —5— < a, where we

used that 4b>0, 3b—1>0[¢b>1].

To sum up, for (i)-(ii) we received max (ﬂ h h(bﬂ)) <a<h.

— (iii):
x (1): h(lgl) <a.
* —0: a> %.
_be
log" (N)] 36-1 (h—adoe a4 h(bc+1)

* 3| > 1|1 — 1 - >[gka] < N so-1 351 %b1>10 -1 (N).
- a+ﬁ7%10g3b}71(]\[) = | N & (V)
. (bc+1) (h a)bc a h h(bc+1)
Since —5 =7 > 0, we need —a— gyt gy > 0e S >a3b1+1+3b1 &
hbet1) o bc+1 (bc+1) q3b=ltbetl h(bet1) 3b+bc h(be+1)
31 L+ < 1 031 < s-1 ~ 931 < Borbe @

using at the last step that 3b—1>0and 3b+ bc > 0.

< (3)=[2) —

3[;171 3b71 - > 2at - - = <:>
log T (N) N2 55T~ 30T 10g 7T ()
log LGS (N) > N 20—y ity +a+—3b‘11*—3b'11. Since héb 1) > 0, we require that —2a — 3;:31 +

%+a+?jj—3b 1 <0« (b 1) <a(1+3b 1)(:)}1?55 i) < a3tz })*b 1@%57;) < a using
that 3b —1 >0 and 4b—2 > 0.
To sum up, we obtained that

hb—1) h h(b+1) h(be + 1)
- < S
maX<4b—2’3b’ m ) =0s

. :inEq. B2):

1

, N) = — 0.
3b+ be r() N a1 =551 1og @1 (N)

= (1)-(i):
1 1 1 2
N=—— e\ =" a= 0, if I . [&——=>0
X B =— — 0, ifl 500 | c—|—1> ]
2

I logh() 1 I7@m log"(N) 1 1

r(l,N) = + — + =r(N)= - + .

L) N [7E l () N ye(-adn)

Here,
* (i) r(N) — 0 if
-—>O:h——>0s1nceh>01e a< (c+1)usingthatc+1>0.

: . — 0: fj:cl > 0 — this condition is satisfied by our assumptions (a > 0, ¢ > 0).

. — 0: a(l (c+1)) > 0. Using that @ > 0, b > 0, ¢+ 1 > 0 this requirement is
1> 55y & ble+1) >2[=b>1c21].

Thus, we need a < @.
b«ltl 2a(b41)
x (i): N® (—1_27) >1s N e > 1. Thus it is enough to satisfy a — 2&8?;31) >0&1>
N+

féﬁ_ﬁg, where we used that a > 0.
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To sum up, for (i)-(ii) we obtained a < (CH) ;1> féﬁ;g
~ (i):

* (1) 1> 204 1)

(c+1)b"
* . — 0: no constraint
* . . > 1057(1\2) & Nh-S—as > logh(N). Thus, since h > 0 we require that
Ne +1 c+1

h — cfl — 3_‘:_‘; >0« h > afo & héf:;l) > a, where the 6 +2¢ > 0, c+ 1 > 0 relations were

exploited [<: c> 1]
* . . > 1 <:>Na(17b<62+1))73i61 > 1. Hence, by a > 0 and ¢+ 1 > 0 we need

NC+1 (l’b( +1))
ble+1)—2
a (1 _ —b<c2+1)) _ 313 >0 a2 > 200 0 pe 1) = 2> 2be e b—2> be s —2> ble— 1),

Since b > 0 and ¢ > 1, b(¢ — 1) > 0; thus, this condition is never satisfied.

. linEq Ba):

— (1)-(ii):
1 e 1 1
A= 1@)\”%—%:—@)\: — =0, ifl 500 [« > 0].
X3 l [BeFT bc+1
3b b
1757 log" (1) 1 izzas log" (V) 1 1
I,N) = + + = 7r(N) = :
N = e e W = e e e
Here,

x (ii): r(N) — 0, if
: — 0: Since h > 0 we get h — biﬁf’l >0, ie., (bCH) > a using that b > 0, be+1 > 0.

. —0: b‘;l_fl > (0 — the second condition is satisﬁed by our assumptions (a > 0, b > 0, ¢ > 0).

. — 0: 2a — bcafl > 0. Making use of the positivity of a and bc + 1, this requirement is

equivalent to 2 > # < 2bc+2>b< 2> b(1 — 2¢), which holds since b(1 — 2¢) < 0.
Thus, we need % >a
b+1
v (b+1
* (1) Na< 1ab > >1& N ST

N b+l

a(+1) a(b+1)

> 1. Thus it is sufficient to have a — et T 01>

b+1
be+1?

To sum up, for (i)-(ii) we got
- (iii)
bt1
() 1> be+1°
* . — 0: no constraint
log" (N) h—Sab _ abe 3ab
« (2)> (1) a2 ‘27 i & N3 7551 > log" (). Since h > 0, this holds if h — Bt —

b‘zljfl >0< h> aibc"ff & hégfgi) > a, exploiting that 3b + bc > 0, be + 1 > 0.

_ _ab _ _abe .
* . . = > 2a,1 —— < N2~ w417 5e+1 > 1. Hence, since a > 0 and be 4+ 1 > 0 we have

NbetI Dot

20 — 327 — b‘;l_’;l>0<:>2>g*j_’;’@2bc+2>b+ba@ba+2>b@2>b(1—c) This holds
since b(1 —¢) < 0.
Thus, we got
h(bc+ 1 b+1 1
hibe+ 1) a, 1> + r(N)= —F — 0.
3b+ be be+1 N vet1

B o

using a > 0.

b+1
, 1> Dor T

h(bc+1)
3b

Here,
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RMSE Values: MERR=0.11, DFDR=0.285

.

l/,._ """\‘\f 1

1l / —true 0.4
MERR 02 .
‘ _ |- DFDR ' ] -
i 1 2 3 MERR DFDR

rotation angle (a)
(a) Entropy of Gaussian (b) Boxplot of RMSE

Figure 1: (a) Learned entropy of a one-dimensional marginal distribution of a rotated 2d Gaussian. Axes x:
rotation angle in [0, 7]. Axis y: entropy. (b) RMSE values of the MERR and DFDR algorithms. Boxplots are
calculated from 25 experiments.

x (ii): r(N) = 0 if
- (1) = 0: Since h > 0 we get h — 22 > 0, ie., 281 > g using that 3b > 0 and b — 1 > 0.
. — 0: 2% > (. This requirement holds by our assumptions [a > 0, b > 1, ¢ > 0].

b—1
. —> 0: 2a—% > 0. Bya > 0and b—1 > 0, this constraint is 2 > % S20-2>bsb> 2.
Hence, we need h(bggl) >a,b> 2.
b+1
b
« (i): N@ ( L ) > 1 N1 > 1. Thusweneed a—aldd >0 & 1-182 > 0o 1> &L
Nb-T

where we used that a > 0. The 1 > ZJ_F—} is never satisfied since ZJ_F—} > 1.

A.2 Numerical Experiments: Aerosol Prediction

In this section we provide numerical results to demonstrate the efficiency of the analysed ridge regression tech-
nique. The experiments serve to illustrate that the MERR, approach compares favourably to

1. the only alternative, theoretically justified distribution regression method (since it avoids density
estimation) @ see Section [A2.1]

2. modern domain-specific, engineered methods (which beat state-of-the-art multiple instance learning alter-
natives); see Section [A.2.2]

In our experiments we used the ITE toolbox (Information Theoretical Estimators; [43])

A.2.1 Supervised entropy learning

We compare our MERR (RKHS based mean embedding ridge regression) algorithm with [I]’s DFDR (kernel
smoothing based distribution free distribution regression) method, on a benchmark problem taken from the latter
paper. The goal is to learn the entropy of Gaussian distributions in a supervised way. We chose an A € R?*2
matrix, whose A;; entries were uniformly distributed on [0, 1] (A;; ~ U[0,1]). We constructed 100 sample sets
from {N(0,%,)}19  where 2, = R(8,)AAT R(B,)T and R(B,) was a 2d rotation matrix with angle 8, ~ U0, 7).
From each N(0,X,) distribution we sampled 500 2-dimensional i.i.d. points. From the 100 sample sets, 25 were
used for training, 25 for validation (i.e., selecting appropriate parameters), and 50 points for testing. Our goal
is to learn the entropy of the first marginal distribution: H = %ln(27rea2), where 02 = My 1, M =%, € R?*2,
Figure [Il(a) displays the learned entropies of the 50 test sample sets in a typical experiment. We compare the
results of DFDR and MERR. One can see that the true and the estimated values are close to each other for
both algorithms, but MERR, performs better. The boxplot diagrams of the RMSE (root mean square error)

"The ITE toolbox contains the MERR method and its numerical demonstrations (among others); see https://
bitbucket.org/szzoli/ite/.


https://bitbucket.org/szzoli/ite/
https://bitbucket.org/szzoli/ite/
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Table 4: Prediction accuracy of the MERR method in AOD prediction using different kernels: 100 x
RMSE(+std). K: linear. The best single and ensemble predictions are written in bold.

kc ke ke ky ky(p =2) ky(p = 3)
7.07 (£1.81) 8.25 (£1.92) 7.92 (£1.69) 8.73 (£2.18) 12.5 (£2.63) 171.24 (£56.66)
k. k; ks ks ensemble

9.66 (+£2.68) 7.91 (£1.61) 8.05 (+1.83) 7.98 (+£1.75) 7.86 (+1.71)

values calculated from 25 experiments confirm this performance advantage (Figure[I[(b)). A reason why MERR
achieves better performance is that DFDR needs to do many density estimations, which can be very challenging
when the sample sizes are small. By contrast, the MERR algorithm does not require density estimation.

A.2.2 Aerosol prediction

Aerosol prediction is one of the largest challenges of current climate research; we chose this problem as a further
testbed of our method. [35] pose the AOD (aerosol optical depth) prediction problem as a MIL task: (i) a given
pixel of a multispectral image corresponds to a small area of 200 x 200m?, (ii) spatial variability of AOD can be
considered to be small over distances up to 100km, (iii) ground-based instruments provide AOD labels (y; € R),
(iv) a bag consists of randomly selected pixels within a 20km radius around an AOD sensor. The MIL task can
be tackled using our MERR approach, assuming that (i) bags correspond to distributions (x;), (ii) instances in
the bag ({z;,})_,) are samples from the distribution.

We selected the MISR1 dataset [35], where (i) cloudy pixels are also included, (ii) there are 800 bags with (iii) 100
instances in each bag, (iv) the instances are 16-dimensional (z;, € R16). Our baselines are the reported state-
of-the-art EM (expectation-maximization) methods achieving average 100 x RMSE = 7.5 — 8.5 (£0.1 — 0.6)
accuracy. The experimental protocol followed the original work, where 5-fold cross-validation (4 x 160 (160)
samples for training (testing)) was repeated 10 times; the only difference is that we made the problem a bit
harder, as we used only 3 x 160 samples for training, 160 for validation (i.e., setting the A regularization and the
6 kernel parameter), and 160 for testing.

e Linear K: In the first set of experiments, K was linear. To study the robustness of our method, we picked
10 different kernels (k) and their ensembles: the Gaussian, exponential, Cauchy, generalized t-student,
polynomial kernel of order 2 and 3 (p = 2 and 3), rational quadratic, inverse multiquadratic kernel, Matérn
kernel (with % and % smoothness parameters). The expressions for these kernels are

_lla=b)13 _lla=bliy 1
ko(ab) = e 37, ke(a,b) = e =2, ko(e,b) = —
14+ 5=
ko(ab) = — ky(a,b) = ({a,b) + 0)” Fo(a,b) = 1 — _lla=bll;
’ - ’ p\* - ’ ’ (%) - 2 ’
1+ Jla— bl lla —bll5 +0

—b V3la—
Ri(a,b) = ——— kpy 3 (a,b) = (1 | Y3Ja—bl, '2) o~ Lzt

V0a=b2+62 b

Villa=bll,  5lla—=bl3\ _vale-si,
karg(a,b) = (1 + 0 LT € °

where p = 2,3 and § > 0. The explored parameter domain was (\,0) € {2765 2764 . 2731 x
{2715 271 . 210} increasing the domain further did not improve the results.
Our results are summarized in Table @l According to the table, we achieve 100 x RMSE = 7.91 (+1.61)

using a single kernel, or 7.86 (£+1.71) with ensemble of kernels (further performance improvements might
be obtained by learning the weights).

e Nonlinear K: We also studied the efficiency of nonlinear K-s. In this case, the argument of K was
ltta — || instead of ||a — b, (see the definition of k-s); for K examples, see Table [l Our obtained
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Table 5:

Prediction accuracy of the MERR method in AOD prediction using different kernels:

100 x

RMSE(+std); single prediction case. K: nonlinear. Rows: kernel k. Columns: kernel K. For each row
(k), the smallest RMSE value is written in bold.

T\ K Ko K, Ko K, Ky s
Fe  8.14 (£1.80) 8.10 (£L.81) 8.14 (£1.81) 8.07 (£1.77) 8.0 (£1.88)
ke 7.97 (£1.58) 8.13 (£1.79) 7.96 (£1.62) 8.0 (£1.69) 7.90 (+£1.63)
kas 800 (£1.66) 814 (£1.80) 8.00 (£1.69) 8.08 (£1.72) 7.96 (+1.69)
ki 8.01 (£153) 817 (£1.74) 8.03 (£1.63) 7.93 (£1.57)  8.04 (£1.67)
K\K Ky s K, K; linear

Fe  8.14 (£1.78) 8.12 (£1.81) 8.12 (£1.80) 8.25 (£1.02)

ke 7.95 (£1.60) 7.92 (£1.61) 7.93 (£1.61) 7.92 (£1.69)

kaz 802 (£1.71) 8.04 (£1.69) 7.98 (£1.72)  8.05 (+1.83)

ki 8.05 (£1.61) 8.05 (£1.63) 8.06 (£1.65) 7.91(+1.61)

results are summarized in Table[Bl One can see that using nonlinear K kernels, the RMSE error drops to
7.90 (£1.63) in the single prediction case, and decreases further to 7.81 (£1.64) in the ensemble setting.

Despite the fact that MERR has no domain-specific knowledge wired in, the results fall within the same range
as [35)’s algorithms. The prediction is fairly precise and robust to the choice of the kernel, however polynomial

kernels perform poorly (they violate our boundedness assumption).



