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A Proofs

Proof of Theorem 1. For any Ω(k) � 0 with ‖Ω(k)‖op ≤
bk,

λmin

[
∇2

Ω(k)

(
〈Ω(k), S(k)〉 − log det(Ω(k))

)]
= λmin

[
Ω(k)−1 ⊗ Ω(k)−1

]
=
[
λmin(Ω(k)−1)

]2
=

1

‖Ω(k)‖2op
≥ 1

b2k
.

Then

Ω 7→
K∑
k=1

nk
2

(
〈Ω(k), S(k)〉 − log det(Ω(k))− ‖Ω

(k)‖2F
b2k

)
is a convex function over Ω ∈ Sp(b). Applying Lemma 1
given below, the function

x 7→ log(1 + f(x)/β) +
L2

2β2
‖x‖22

is convex, and so the following is a convex function over
Ω ∈ Sp(b):

Ω 7→
K∑
k=1

nk
2

(
〈Ω(k), S(k)〉 − log det(Ω(k))− ‖Ω

(k)‖2F
b2k

)
+ γ

∑
i<j

β

[
log
(
1 + f(Ωij)/β

)
+

L2

2β2
‖Ωij‖22

]

= F (Ω)−
K∑
k=1

nk
2
· ‖Ω

(k)‖2F
b2k

+ γ
∑
i<j

L2

2β
‖Ωij‖22

= F (Ω)−
K∑
k=1

‖Ω(k)‖2F ·
(
nk
2b2k
− γL2

4β

)
,

where the switch from a 2 to a 4 in the last step comes from
the fact that Ωij is penalized for i < j but not i > j.

This proves that F (Ω) is convex over Sp(b) as long as
nk

2b2k
≥ γL2

4β for all k, which is equivalent to the condition in
the theorem. If this inequality is strictly satisfied, then this
implies strict convexity of F (Ω).

Lemma 1. Let f : Rp → R be a L-Lipschitz convex non-
negative function and fix any β > 0. Then

x 7→ log
(
1 + f(x)/β

)
+

L2

2β2
‖x‖22

is a convex function.

Proof. Take any x, y ∈ Rp, and any t ∈ [0, 1]. Then, using
the convexity of f(·),

log
(
1 + f(t · x+ (1− t) · y)/β

)
≤ log

(
1 + t · f(x)/β + (1− t) · f(y)/β

)
= log

(
t · (1 + f(x)/β) + (1− t) · (1 + f(y)/β)

)
Since ∂2

∂z2 log(z) ∈ [−1, 0] for all z ≥ 1,

≤ t · log
(
1 + f(x)/β

)
+ (1− t) · log

(
1 + f(y)/β

)
+
t(1− t)

2β2
· (f(y)− f(x))2

≤ t · log
(
1 + f(x)/β

)
+ (1− t) · log

(
1 + f(y)/β

)
+
t(1− t)

2β2
· L2‖x− y‖22 .

Then

log
(
1 + f(t · x+ (1− t) · y)/β

)
+

L2

2β2
‖t · x+ (1− t) · y‖22

≤ t · log
(
1 + f(x)/β

)
+ (1− t) · log

(
1 + f(y)/β

)
+
t(1− t)

2β2
· L2‖x− y‖22 +

L2

2β2
‖t · x+ (1− t) · y‖22

≤ t ·
[
log
(
1 + f(x)/β

)
+

L2

2β2
‖x‖22

]
+ (1− t) ·

[
log
(
1 + f(y)/β

)
+

L2

2β2
‖y‖22

]
,

proving convexity of the function as desired.
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Proof of Theorem 2. Define

Sp(b;A)

=
{

Ω ∈ Sp(b) : Ω
(k)
ij = 0, ∀ k and ∀ i 6∼A j

}
⊂ Sp(b)

and let

Ω̂ ∈ arg min
Ω∈Sp(b;A)

F (Ω) .

We will show that Ω̂ is a minimizer of F (Ω) over the larger
set Sp(b).

Take any ∆ = (∆(1), . . . ,∆(K)) with ∆(k) ∈ Rd×d for
each k. Let D and E be the block-diagonal and off-block-
diagonal parts of ∆; that is,

D
(k)
ij =

{
∆

(k)
ij if i ∼A j

0 if i 6∼A j

and E(k)
ij =

{
0 if i ∼A j
∆

(k)
ij if i 6∼A j

.

Suppose that Ω̂ + ∆ ∈ Sp(b). Then

bk ≥ ‖Ω̂(k) + ∆(k)‖ ≥ ‖
(

Ω̂(k) + ∆(k)
)
Ar,Ar

‖

= ‖
(

Ω̂(k) +D(k)
)
Ar,Ar

‖ ,

and so

‖Ω̂(k) +D(k)‖ = max
r
‖
(

Ω̂(k) +D(k)
)
Ar,Ar

‖ ≤ bk ,

proving that Ω̂ + D ∈ Sp(b;A). Then by optimality of Ω̂
over the set Sp(b;A),

F (Ω̂ +D) ≥ F (Ω̂) .

Then

F (Ω̂ + ∆) = F (Ω̂ +D + E)

=

K∑
k=1

nk
2

(
〈Ω̂(k) +D(k) + E(k), S(k)〉

− log det(Ω̂(k) +D(k) + E(k))
)

+ γ
∑
i<j

β log
(
1 + f(Ω̂ij +Dij + Eij)/β

)

Since Dij and Ω̂ij are nonzero only when i, j are in the
same block, and Eij is nonzero only if i, j are in different
blocks,

=

K∑
k=1

nk
2

(
〈Ω̂(k) +D(k), S(k)〉 − log det(Ω̂(k) +D(k))

)
+ γ

∑
i<j

β log
(
1 + f(Ω̂ij +Dij)/β

)
+

K∑
k=1

nk
2

(
〈E(k), S(k)〉 − log det(Ω̂(k) +D(k) + E(k))

+ log det(Ω̂(k) +D(k))
)

+ γ
∑

i 6∼Aj,i<j

β log
(
1 + f(Eij)/β

)

Letting M = #{(i, j) : i 6∼A j, i < j},

= F (Ω̂ +D)−Mγ · β log(1 + f(0)/β)

+

K∑
k=1

nk
2

(
〈E(k), S(k)〉 − log det(Ω̂(k) +D(k) + E(k))

+ log det(Ω̂(k) +D(k))
)

+ γ
∑

i 6∼Aj,i<j

β log
(
1 + f(Eij)/β

)

By optimality of Ω over Sp(b;A),

≥ F (Ω̂)−Mγ · β log(1 + f(0)/β)

+

K∑
k=1

nk
2

(
〈E(k), S(k)〉 − log det(Ω̂(k) +D(k) + E(k))

+ log det(Ω̂(k) +D(k))
)

+ γ
∑

i 6∼Aj,i<j

β log
(
1 + f(Eij)/β

)

Since ∂
∂Ω log det(Ω) = −Ω−1 and ‖∇2 log det(Ω′)‖ is

bounded for Ω′ near Ω, we can apply a Taylor expansion
to the difference of log det(·) terms:

= F (Ω̂)−Mγ · β log(1 + f(0)/β)

+

K∑
k=1

nk
2

(
〈E(k), S(k)〉 − 〈E(k),−(Ω(k) +D(k))−1〉

− O
(
‖E(k)‖2F

))
+ γ

∑
i 6∼Aj,i<j

β log
(
1 + f(Eij)/β

)
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Since Ω̂(k) + D(k) is block-diagonal and therefore so is(
Ω̂(k) +D(k)

)−1

, while E(k) is supported off of the diag-
onal blocks,

= F (Ω̂)−Mγ · β log(1 + f(0)/β)

+

K∑
k=1

nk
2

(
〈E(k), S(k)〉 − O

(
‖E(k)‖2F

))
+ γ

∑
i 6∼Aj,i<j

β log
(
1 + f(Eij)/β

)
Applying Taylor expansion to the terms log(1+f(Eij)/β),
for Eij sufficiently close to 0,

= F (Ω̂)−Mγ · β log(1 + f(0)/β)

+

K∑
k=1

nk
2

(
〈E(k), S(k)〉 − O

(
‖E(k)‖2F

))
+ γ

∑
i 6∼Aj,i<j

β
[

log(1 + f(0)/β) +
f(Eij)− f(0)

β

−O
(

(f(Eij)− f(0))
2
) ]

Since f is L-Lipschitz,

= F (Ω̂)−Mγ · β log(1 + f(0)/β)

+

K∑
k=1

nk
2

(
〈E(k), S(k)〉 − O

(
‖E(k)‖2F

))
+ γ

∑
i 6∼Aj,i<j

β
[

log(1 + f(0)/β) +
f(Eij)− f(0)

β

− L2 · O
(
‖Eij‖22

) ]
Simplifying,

= F (Ω̂) +

K∑
k=1

nk
2

(
〈E(k), S(k)〉 − O

(
‖E(k)‖2F

))
+ γ

∑
i 6∼Aj,i<j

β

[
f(Eij)− f(0)

β
− L2 · O

(
‖Eij‖22

)]

If we assume that −γ−1 · diag{n1, . . . , nK} ·Sij ∈ ∂f(0)
for all i 6∼A j,

≥ F (Ω̂) +

K∑
k=1

nk
2

(
〈E(k), S(k)〉 − O

(
‖E(k)‖2F

))
+ γ

∑
i 6∼Aj,i<j

β
[ 〈Eij ,−γ−1 · diag{n1, . . . , nK} · Sij〉

β

− L2 · O
(
‖Eij‖22

) ]

Cancelling out the terms that are linear in E,

= F (Ω̂)−
K∑
k=1

nk
2
O
(
‖E(k)‖2F

)
− α

∑
i6∼Aj,i<j

L2O
(
‖Eij‖22

)

= F (Ω̂)−O

∑
i,j,k

E
(k)
ij

2

 ≥ F (Ω̂)−O

∑
i,j,k

∆
(k)
ij

2

 .

Since F is convex over Sp(b) which is itself a convex set,
this is sufficient to prove that Ω̂ is a minimizer of F (·) over
Sp(b).
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