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Table 1. Recall of Notations.

K Number of arms
v Distribution of arm k
k) Expectation of arm k
p* = pM  Expectation of the best arm
x™ Reward of arm k£ when observed
for the r*" time
ng) Empirical mean of arm k after r

observations. X" = iy xP
Ay gap between the means of arm k
and of the best arm. Ay, = p* — p(*)
Amin/Amax  smallest/largest of the positive gaps
T®) (1) Number of pulls of arm k during
the ¢ first stages
ER; Expected regret after ¢ stages

@(m) max(1,log(z))
log(z) max(0, log(z))

1. Single-pull UCB2

UCB2 (Auer et al., 2002), reproduced here as Algorithm 1,
was introduced with the unusual particularity for UCB-like
algorithms that it requires a chosen arm to be pulled not
once but an exponentially increasing number of times. The
advantage of this algorithm over UCBI is that it enjoys a

bound for the expected regret at time ¢ with a leading fac-
IOg(tAk)

tor y Ap>0 AL , which leads to a distribution inde-
pendent bound proportional to v/ Ktlog K. This is an im-
provement over the v/ Kt log ¢ bound of UCB since K < ¢.
Lemma 1 (Theorem 2 of (Auer et al., 2002)). An upper
bound for the expected regret of UCB2 is

(14 a)(1 + 4a)log(2etA2) ¢,

ER, < Lo

Re< ) < 9A, AL
k,Ar>0

where c,, varies only with o and goes to infinity when «
goes to 0.
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Algorithm 1 UCB2.
1: Input o > 0.

2: Forall k € {1,..., K}, initialize r, = 0, s, = 1.
3: Pull each arm once.
4: fort > 1do

— 14a) log( <t
5:  Select k that maximizes X iﬁ) + %

6:  Pull the arm k for 7(ry + 1) — 7(ry) stages, with
7(z) = [(1+ a)*].

7 sp <+ T(rp+1).

8: TR — e + 1.

9: end for

We show that the block structure of UCB2 is only a conve-
nience for the proof. We introduce a single-pull variant of
UCB2 (Algorithm 2) that removes the block structure and
we prove a similar upper bound.

Algorithm 2 single-pull UCB2.
1: Input o > 0.
2: Forall k € {1,...,
3: Pull each arm once.

K}, initialize s = 1.

4: fort > 1do

— 1+a)log( £t
5:  Pull arm £ that maximizes X i]z) + %
6: S — s + 1.
7: end for

Theorem 1. The expected regret of single-pull UCB?2 sat-
isfies

ER; < Z

k,Ar>0

(1 + 80a)log(2etA?) N Cy
2Ay Ay

where C,, is a function of c.

Proof. This proof follows broadly the one of UCB2 (Auer
et al., 2002).
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Let 7; be the largest integer such that 7, <
(1+80a)log(2etA%) 1
Az + 1.

k
T )(t) <1+ Z H{k pulled more than r times}

r>1

< TR+ Z Lk pulled more than r times} -

r>PE

We define 6 > Oand e, s = %‘zg(ﬂ Now consider
the following implications, where we use again that when a
suboptimal arm is played the optimal arm is underestimated

or a suboptimal arm is overestimated:

k has been pulled more than r times
= k was pulled once when it was pulled r times,

at a time ¢, when * was pulled s times ,

=ds> 1,3ty >r+ S,Yik) + e > Y: + €5

s A
=3s> 1,3 >r+5,X, ters < p’ —57]6

_ A
or It > r,Xfﬂk) Fe . > 75716,
Ay

= ds > 1,?: +6’I‘+S,S < M* — (57

where we used in the last inequality that for a given s the

(14a)log( < +e)

function f : u = €455 = 25

is increasing.

We get an upper bound for ET(*) (¢),

R —(k N A
BT (1) < fit 3 B{X, e, >t =057
r>T
+ZIP{E|3>1y*+e < *—5%
= = 4 s r4s,s Y 2

Since 7, < (1+80a)log(2etA}) + 1, with lemmas 2 and 3

2A7
withézaandnzw/HTafl,weget
1+ 80a)log(2etA2) 32
BT (1) < { L
) < 2AZ Tt A
2(1 + )3/

a?A? log(1£2)

Hence the result.

1.1. Experiments

The reward variables used are all Gaussian with variance
0? = 1/2. While the unique best arm will always have

mean 0, the gaps between this arm and the 9 suboptimal
amrs are the main parameters influencing the behaviour of
the algorithms and depend on the experiment.
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Figure 1. Regrets of the algorithms in the equal gaps case, aver-
aged over 100 runs.

In the first case, reported in Figure 1, all 9 suboptimal arms
have the same gap A = 0.
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Figure 2. Regrets of the algorithms in the increasing gaps case,
averaged over 800 runs.

Figure 2 shows the results of an experiment with increasing
gaps: the 9 suboptimal arms have gaps increasing linearly
between o and 3o.
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2. FULL INFORMATION

Theorem 2. The expected regret of FTL in the full infor-
mation setting with K arms with equal gaps verifies for
t>1,

2
ER; < Z(2 +log(K — 1)) .

Proof. Letd € (0,A). The value of § will be chosen later.
The expected regret can be bounded as

t
ER, = AE[Y T, 13]

s=1

< AE[Y T, 21]
s=1

—AY PEke 2 KL XY ST
s=1
The next inequality uses the following argument: if the
algorithm pulls a suboptimal arm then either the optimal
arm was underestimated or one of the suboptimal arms was
overestimated.

ER, <A (P{Yg” <1 — 514

P{3k € [2,K], X7 > p — 5}) .

By Hoeffding’s inequality,
AZ]P’{X(I) <puM -5} < AZeXp (—2562)

s=1 s=1

< B
- 2627
and

P{3k e 2,K], X > V) 5}
=1-P{Vke[2, K], X <@ — 5}

K
=1-[PES <u® -4}

k=2
K
—1-JJa - > u® -5y
k=2
K
—1-Ja-PEY - uW 4 Aa> A4}
k=2

<1—(1—exp(—2s(A— 5)2))1(—1

Forn € N, let f,,(s) = 1 — (1 —exp(—2s(A —§)?))". The
bound on the regret can be written

A o0
ER < g5 + A; fre-1(s)

Forn > 1, f/(s) = 2n(A — §)2(—fn(s) + fn_1(s)). We
use it to compute the integral of f,,

“+o0 1 “+o0 ,
/0 fn(s)ds = —m/o fr(s)ds
+oo
" d
+ / fu1(s)ds

+o00
= MTI*W +/0 fnfl(s)dS

n

1
B ; 2k(A — )2

Finally we can bound the regret as

A
252 +AZfK 1(

§252+A/ fr—1(s

A K1y
*2752**2@_5)22%'

k=1

ER,

\ /\

K—1 L
Let Sk = > 1 % The last expression is minimal for

0= 1+§1 -z and gives the inequality

1 1/3\3
ER; < —(1
Rt_QA( + S¢ )

With § = %, we get

K—1 1
ER; < —(1 -
0= A T2y
k=1
< 3(2—}-10 (K -1))
SA g .
O
This upper bound i in g X naturally poses the question of a

possible matching 1ower bound, with the same dependency
in K. The question remains open.

Theorem 3. FTL in the full information setting with equal
gaps verifies verifies for t > 1,

supER; < /2t(2 + log(K — 1)) .
A

Proof. First remark that the regret of any algorithm up to
time ¢ with gaps A is bounded by At. Then for FTL, for
any A > 0,

(2 +1log(K — 1)), At}

< V22 +log(K — 1)) .

2
ER; < min{ A
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3. MOSS-anytime

Algorithm 3 MOSS-anytime.
1: Input o > 0.
2: Pull each arm once.
3: Forl <k < K,sets;, = 1.
4: fort > 1do

5 Pull arm k that maximizes

) (k) (1+a) max(0,log( %))
6: X, + o P
7 S+ Sk + 1.
8: end for

Theorem 4 (Upper bounds for MOSS-anytime). In the K
arms bandit setting, for o« = 1.35, the expected regret of
MOSS-anytime verifies

ER, <75

2tA2 .
1 mln 1 AIIl(rZLX
(o (—= % )+ > +

min
and

ER, < 113VEt + A -

Proof of Theorem 4. The beginning of this proof uses a de-
coupling of the arms inspired from the proof of the upper
bounds of MOSS (Audibert & Bubeck, 2010) but then de-
parts from it to control the probabilities of the suboptimal
pulls in an anytime fashion. In this second part, the critical
arguments are well chosen relative weights for the different
sources of regret, the use of Hoeffding’s maximal inequal-
ity and a peeling technique.

Let ko be an integer in [1, K| that will be chosen later. Let
(1+a) max(0,log( 7=
S

€t,s = 5 ) be the exploration term of
the algorithm and 6 > 0 a constant to be chosen later. For
ke {ko+1,...,K}, we define z;, = p* —5%, Zky =
400 and zx 11 = 0. We will consider the smallest value
possibly taken by the index of the optimal arm after a time
t’

A} = mlnmlnX +eus,
s>1 u>t

and after r pulls of suboptimal arms,

—
B! =min min X, +¢€,;.
s>1 u>r+s

Step 1: separating the events that the optimal arm is un-
derestimated or that a suboptimal arm is overestimated.
We allow a regret of Ay, at each stage,

K
ER; < tAg, +E[ D> (A — Ay ) TP (1)) .
k=ko+1

We will bound the regret incurred for k& > ky. We note 7,
the arm pulled at time s.

ER; — tAg,
K
S E[ Z (Ak - Ako) Zﬂ{kpulledaltime s}]
k=ko+1 5>0
K K
< El Z Z (Ak = Ao) ZH{”SZ’C)AZTE[ZJ'H,ZJ)}]
k=ko+1 j=ko s>0

K J
= ZE[Z Z (Ax — Ako)ﬂ{ﬂszkw‘lzelzwﬂ721')}]

520 j=ko k=ko+1

K K
+ ZE[Z Z (Ak = Ago ) ir =k, Az€[2511,25)}]

>0 j=ko k=j+1

Here we get two sums: one quantifying the event that the
optimal arm is underestimated (against values depending
on the arms) and a second one quantifying the event that
one of the suboptimal arms is pulled even if the optimal
arm is not underestimated.

Step 2: bounding the probability that the optimal arm
is underestimated.

K J
SO Ak = A r ok Al
j=ko k=ko+1
K J
Z A Ako H{WS—kA r€lziq1,25)}
ji=ko

J
(&) = Ak asezynzy D Limn)
k=ko+1

Mw

Jj=ko

Mx

(A Ako)H{A* [ZJ'+1,ZJ),7TSEU€0+1,K]} .

j:ko

We now use Iyaxelz; 1,21 = Ifaz<zy — ljaz<z,.,y and
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reorder the sum,

K

Z (A] - AkO)H{A:E[Zjﬁ»l,zj’)}ﬂ'sE[k)()“rl,K]}
j=ko

= > (A = Do) Igas <=y = Tpaz<z, ) maeror1,67)

Jj=ko

K
= Z (Aj - Ako)H{A;‘,<zJ'}

Jj=ko
K+1
- Z (A1 = Ap)liar <2y | Lroelrot 1,57}
Jj=ko+1
K
=imemorrxly P, (A5 — A 1)asczy
j=ko+1

We will rewrite the sum over s of such terms as a sum over
r, number of times that an arm in [ko + 1, K] has been
pulled. Note that if we know that suboptimal arms were
pulled at least r times before a time s, we get A* > B.

K
Zﬂ{me[ko-&-LK]} Z (Ak = Ap—1)ar <y
5>0 k=ko+1
K
<Y (A=A Brczyy -
>0 k=ko+1

Intuitively, for each r, this is of the form (Ag, — Ay, ) for
some k, > ko and is thus of the order of one Ay, .

The sum describing the optimal arm is thus bounded as

K
]E[Z Z (Ar — Ar—1)Be <2, 3]

>0 k=ko+1

=3 ) (A= A 1)P{B; < 2}

r>0 k=ko+1

K . K
SZ Z (Ap—Ak_1)P{3s>1,3t'>r+s, X A€ o<z} . gz Z (Ap—Ap )T

r>0 k=ko+1

We use the monotonicity of u — €, to simplify the event,

K
Z Z (Ap—Ag_1)P{Is>1,3t' >r+s, Y:—i—etgs<zk}
>0 k=ko+1

K

< > (Ar=A)) PEs > LX ey, <)
k=ko+1 >0

Step 3: bounding the probability that a suboptimal arm
is overestimated.

K K
Do D (A= A m mkazelynzy)
j=ko k=j+1
K k-1
= Z Z (Ak = Bko ), =k Aze[z41.2))}
k=ko+1 j=ko
K k—1
= Z (A — Ako)ﬂ{m:k} Z H{A;e[zj+1,zj)}
k=ko+1 Jj=ko
K
= > Bk Dig)gm, =k a2
k=ko+1

As we did for the other sum, we replace the sum over the
time of such terms by sums over the number of pulls of the

arms. We denote by P,Ek) the event ”arm k was pulled for
the 7" time”.

K
E (Ak =g ) =k, A2 >2,)
5>0 k=ko+1
< § : (Ak_AkO)z :H{Pr(k).allimetr,andA;fTZZk}
k=ko+1 >0
K
<D 2L (M- x
— (Ak AkO)H{PT(k),attimety‘,andXE,k)-‘retT,rzzk}
r>0 k=ko+1

K
SZ Z (Ak_AkO)H{PﬁA’)andﬂt/Zr,Yg)—&-et/ﬂ,sz}

r>0 k=ko-+1

{3 ZT,Y(TIC) +epr 22k}
>0 k=ko+1

For this sum, for each r we get a sum that intuitively can
be of order ZkKZkOH(Ak — Ay, ), that is roughly K times
larger than the sum depending on the optimal arm.

The sum describing the suboptimal arms is thus bounded
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as

Ako {3 ZT,YLIC) e 2k }]

MNCMN

(A — A )P >, X 4 e > )

%

%
(=)
>
Il
>

o+1

ARP{F' > 7, Yik) + ey > 21}

] =

>0k

Il
z

ot+1

K
< Z Ay ZP{Yik) +€tr > 21},
k=ko+1

r>0

where we used the monotonicity of u +— ¢, , in the last
inequality.

Step 4: Controlling the probabilities. Putting the two
previous steps together we get for the expected regret the
inequality

ER; < tAy,
K
Y (A= An) Y P{3s>1, X ey, <z}
k=ko+1 r>0

K
+ Z Ay Z]P’{Y(rk) + e > 2k}

k=ko+1 r>0

The next step is to control the sums of probabilities, which
are small for r big enough. To this effect we cut the sums in
two, a first part for small r for which the probability is up-
per bounded by 1 and a second part for big . As noted pre-
viously, intuitively the first sum tend to be K times smaller
than the second one. Thus we cut the sums at indices that
differ by a factor K.

Let 7, be the largest integer such that 7, < % +1and 7},

2
| < (1+80a)Tog ( 22k )

the largest integer such that 7 22

K
ER; < tAy, + Z (Ap—Ak—1)T%
k—ko+1

K
+ Z (Ak'_Akt—l) Z P{aszlayz+€:+s,s<zk}

k=ko+1 r>F,

K K
+ Z Apr + Z Akzp{yik)ert,rzzk}

k=ko+1 k=ko+l  r>7
=tA,+A+B+C+D,

where A, B, C, D are the four sums of the previous lines.

Bounding term A. 7, < <3 2 —+ 1 and thus

K

K
A< Z (Ag — Ak—l)(fAi +1)
k=ko+1
K
K
< _
< Ak + Z (Ag Ak71)2Ai
k=ko+1
< Ag + .
K Ak0+1
Bounding term B. With lemma 4,
B EK: (A a K log(2etA§) 401+ )32
< k— Rg—1)=5
Rt A2 K 7a?log(l+ «)
We compute the sum,
K
2etAZ 1
Z (A — Ag—1) log( K )Ki
k=ko+1
K
QetA% 1
= > (A= Ak_y)log( % )A—i
k=ko+2
2et A2 1
+log(— 2oty
K Aioﬂ
1
2et 2etA7 . 1
< / log (2o a?) 7 d + log(— )
Akg+1 K K A%O-&-l
Ay,
2et 1 2] Tkott 2€L‘Ak 1
1 2 = 1 o+1
= [loagatg + 2] 7 onC*)
QetAk 1 2
< 2lo otl +
2tA? 1 4
= 2log(——otl) .
) GAV S AV

Then we have

8(1+«)
~ a?log(l + a)

IFAY K 2K
log(——motL) -
K TAgy1 Agetr

8(1+ _ 2tA? K 2K
< 5 ( a) log( k +1 +
Q log(l + Oé) K Ak}o-‘rl Ako-‘rl

< (1+80a)10g( — )

Bounding term C. 7, and then
K 2tA7
(1 4 80c)log(=7%)
C= Z Ak 2A2
k=ko+1
K — 2tA3
< (1/2 + 400) log(——Fkotly

Ak’o-‘rl



Anytime optimal algorithms in stochastic multi-armed bandits - Supplementary Material

Bounding term D. Since for r > 7, r >

% > fi, it is not difficult to see that
€t < A/ 7565 and thus that lemma 2 applies.

s Y
k=ko+1
32K

B a2Ak0+l

2Ak

Step 5: Putting things together.
bound for the regret, for any ko,

We get the following

ER: < tAg,
8(1 + a)?/2 K 2tAf 4
———+1/2440 1 =
<oz2 log(l—i—a)+ /2+40a Akot+1 og( K

< 16(1 + «)3/2

+w> K A
a?log(1 + ) Apgrr

We can then get two particular upper-bounds. The first one
is obtained with kg the number of the last optimal arm,

K — 2tAZ,
ER < Ca 1 min Cl A
b= Amin Og( K ) + « Amln + K

then one upper-bound independent of the distributions, by
taking ko such that Ay, < ,/% < Akt s

ER, < VKt(1+ Cylog(2) + C.) + Ak .

The values of C,, and C, are

8(1+ «a)3/?
Cop=————"—"—+40 1/2
a?log(l + «) +40a+1/
16(1 + a)3/2 32
Cl=———"—+1+—.
¢ a?log(1l+ ) LR a?

For o = 1.35, the maximum value allowed by lemma 2,
Co, < 75,C < 60 and (1 + C,log(2) + C.) < 113.
Hence the result.

O

4. Technical Lemmas

This section is dedicated to three bounds of quantities used
in the proofs for MOSS-anytime and single-pull UCB2.

Lemma 2 (Suboptimal arms). Fork € {1,..., K},

+oo
—(k) 1+a . Ay 32
P<X A > —a— 3 < —— .
; { PR T R0 0‘2}—a2A§

Proof.

(k) l+a AT
P{X" 4+ A > — a2k
{T+ N 1180 = H 0‘2}

_ 1
—p{X® > (1o o
2~ V1180a

To be able to apply Hoeffding’s inequality, we need 1 —

*— 1}%8‘& > 0. This is in particular true for o < 1.35.
In this case (1 — § — /1252-) > ¢ and

—(k) 1+ a Ag
P{X A — 6—
X7+ Ay 7500 21
. 2A2
< PR - u® > A S} < exp(—r T
8 32
Moreover,

(k) l+a . A
> _5=r
> P, A\ Trg0a 2 H 05

r>1
2A2 2A2
<Zexp Z/ exp(— % k) da
r>1 r>19"

+o0 2 A2
a” Ay 32
S/o exp(—x 3 )dx < OLQA% .

Lemma 3 (Optimal arm bound for single-pull UCB2). For
d>0andn € (0,V/1+a—1),

- A
Z ]P’{Hs >1L, X, +€6qss < p* —6k}

r>7
2(1 +n)3
= P2ATlog(1 + n)(5 — 1)

Proof. We start by working on
P{HSZ 1,Y:+er+sﬁs Su*—é%} and
a time grid for the pulls of the optimal arm similar to the

7(i) of the proof of UCB2 in (Auer et al., 2002). Let
n > 0.

introduce
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2

=P {EIS > 1728:()(:; - /u'*) _3(6r+s s +5A2k)}
<ZP{386[(1+W L +n)Y) Z

i>1

— A
]P{EIS >1, X, +€qss < p" — 5k}

i— Ak
—(1+mn) 1(€T+(1+n)i,(1+n)i + (52)}

(where we used that for a given u the function

h:sr €utss =1/ % is decreasing)
< ZP{HS <@+, (X5 —p)

i>1 u=1

i Ay,
—( 40" s my ey + 52)}

L+9)°07D A7,
S ZeXP< [T+ )] ( 1 €yt ()
i>1 N

(maximal Hoeffding’s inequality)

1 02NA2
<Zexp< 1+77) m 2k

i>1
1+« Tog(e + er )>
(1+mn)? (L+mn)

With 7 such that 1 + o > (1 +7)?
bilities is then bounded as

, the sum of the proba-

— A
Z ]P){HS 2 17Xs +6T+S,S S,U/* _6;}

r>T

<ZZ —(1+ )#(?Ai_
P a2 2

r>7E 121
l+a — er
—1 —_
T )
RN
_ 1 k
zZ;exp +n) 72(1_'_77)2)
er
X Zexp( 1 g(e+i)>
5 n) (L+n)
) 52Ai

i>1
14«

)—W
n)'

xz(

r>Tg

52 A2

< 1 '7
;exp ) 2(1 +n)2)
y /+oo <1 X >(11++nc§2 dz
0 (1+mn)
52A2 )
<Zexp (1+n) 7k)(1+77)11+a7
= 2(1+mn)? S
1 , o 02A2
<) (+n)exp(—(1+n)'-—E5).
T 2+ P
52A2
Let B = W’ then
) . 52A2
1+n) exp(—(14n)' ——FE_
;( )" exp(—(1+n) 20 +n)2)

+oo
) / (1+9)* exp(~B(1 + 7)) da

—7(1—'_77) +Ooex —Bz)dz
_log(1+n)/1 p(~Bz)d

e B4
~ Blog(l+n)
2(1+mn)3

52A2
R S, £ — exp _7k
62A2 log(1+ 1) 2(1 4 n)?
2(1+1n)3

~ 02A%log(1+1)

Hence the result.

O

Lemma 4 (Optimal arm bound for MOSS-anytime). For
any suboptimal arm k, for § > 0,

A
Z {35>1X +€rqss S Y —5k}

r>T

K 2etA?
< 5 log(— -
A

) 4(1 4 )32
K "6%2log(l+ «)

Proof. We want to bound a sum starting at 7 + 1.
Here we use 7 the largest integer such that 7, <
%i + 1. Thus 7, > ﬁ. We start by working on

]P’{Els > 1,?: + €rqss S YU — 5%} for a fixed r. We
use a peeling argument and Hoeffding’s maximal inequal-

ity to control this probability. Let n = v/1 + a — 1, such
that (1 +n)? = (1 +a).

We recall the notation l/o\g(ac) = max(0, log(x)).
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A COS2A2
]P’{Els>1X +ergs,s < p° 5"} Zexp (1+n) &)

i>1 (1+a)
:P{33>172(X;_,“*)< (er+ss+5Ak)}

= Zp( S+ )
<ZP{HSE[(1+77)1 L +n)h Z

< Y ({14 ) S

xp(— ' s
i>1 = i>1 2(]‘ + Oé)

— Ay -1
—(14n)"""(e €rt(14n)i,(14n)t T 0—— )} 1 r
o R I b <]
(where we used that for a given u the function r2max (7,7, +1)
. 02A2
h:sr €utss = (Ha)lo‘gi %) i decreasing) < ;exp (1+m) (17_’_2))
<> P {as <(1+) Y (X - )
i>1

t/1 T -t
* (o [ (b)),
= ( WK TR

i Ay
—(1+n)"""(e €rg (14n)i,(14n) +0—— )}

We use 7, > % and compute an upper bound for the
k
(1 2i=1) 52 A2 integral
< E exp( + 1) ( k 2 )) g

[ T €y (1)t (1)

i>1 . 02A2

(maximal Hoeffding’s inequality) ; exp(—(1+7)’ 2(1 + «) )
1 52A2

<Zexp< (1+n) . b @ -
)2 2 7, i ) g

i>1 (L+mn) X r+/,:k<K+K(1+n)1> T
_ltae sl T)>
2 oK KA

2702
<Zexp 1+n-&)

i>1 2(1+a)
Thus we can bound the sum of the probabilities, t 1 " —1
i —t d
X T+/K<K+K(1+7])l) x
243
Ay 52A2
IP{E|5>1X F€rgss < P 5} *ZGXP (14 7)i— 2k )
T >T i>1 2(1 + a)
1 82A2
< e (~ o) i h
r> izl (I+a) 2 X [T+ K(1+7) /K cx gy @
1 2A%
—log( ) . 02A2
1 i 52Ai i>1 o
"2 et e L
X 7i+K(1+77)’/ —dx
K
X Z exp < log T)) 282 .
K K(l +n)t o A3
T . 02A7
< ZGXP(_(l +n) m)
_ . 1 . ,
Let 7; be the smallest integer r such that 7= + 4 T 2 i>1 .
1. ) T; is the smalllest inte§er such that log(+ + % (K(1+77)i+K(1+77)i10g 2?,6)
W) = log(% + W) For r < Ty )
exp (—log( + m)) = 1. WehaveT; < (K — 2etAy

— Klog(242%) $™(1 4 ) exp(—(1 + )i ok
DA+n)'4+1<K1+n)"

= 2(14 «)
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Let B = 2(1+g).

S0+ 1) exp(—(1 4 ) )

= (1+a)
+oo

< / (1+n)® exp(~B(1 +n)*1) da
1

+o00
<(1+n) / (1+1)® exp(—B(1 +7)%) dz

1+7n /+°° .
e S Z By exp(—Bz)dz, with z = (1 +n)*
g+ i PP e
_ e P+
Blog(1+mn)
2(1 + a)?/? . §2A2
=T exp| "k
2AZlog(1+n) P\ 21+ a)?2
4(1+ a)3/2
~ 02A%log(1+ a)
Thus we proved
e A
r>F
K 2etA? 4(1+ «)?/?
SﬁlOg( < k) 2( +a)
A2 K 76%2log(1+ a)
O
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