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1. Finite sample analysis of CH-PRFA

In this paper, we prove the following Theorem.

Theorem 1. Let p be a distribution realized by a minimal PRFA of size d, B = (P, S) be a complete and residual basis, we
denote by 04 the d-th largest singular values of (pu(v)),cr- Let D be a training set of words generated by p, we denote by
n the number of time the least occurring prefix of P appears in D (n = min,ecp [{Iv € T*|uv € D}|). Forall0 < § < 1,
there exists a constant K such that, for all t > 0, € > 0, with probability 1 — 6, if

474
nZth |E|log<|7)>,

2 10
€20 1)

CH-PRFA returns a PFA realizing a proper distribution p such that

> Iplw) —plw) < e

uELS

1.1. Notations

In order to make the proof easier to read, we first define few notations. Let Z be the matrix built by stacking the p,| , where
u € R as follows,

T
Z = (p“)ueR .
Similarly, we define the following matrices :
5 T
Z = (pu)ueﬁ ’
L NT
Zo = (OPU)ueR >

5 A N T
ZO = (Op“)ue’fl'

In addition, we denote by A, the horizontal concatenation of the A, for all o € ¥. Thus, we have

A= (Ao1 . "A0|E\) .
The proof of Theorem 1 is decomposed in four parts. First, we bound with high probability the maximum error for all
u € P between d,, and au in norm /5. Here, we use concentration inequalities like in (Hsu et al., 2012). Then, this error is
propagated through the SPA using (Gillis & Vavasis, 2014). This allows bounding the perturbations in Z and Z,. Next, we
analyze how solutions of the quadratic programming problems are perturbed using (L&tstedt, 1983). Finally, perturbations
in the estimated parameters of the PFA are multiplied together in a non-trivial way to finish the proof.

'now with Google DeepMind
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1.2. Sampling errors

Let be NV independent sequences drawn from the target distribution p. These sequences are used to build empirical estimates

d,, of d,, for all win P. The first step consists in bounding with high probability the error €' = max,ecp Hd“ —d, H . We
2

start by recalling a result in (?)Proposition 19]hsu2012spectral that uses the McDiarmid inequality (McDiarmid, 1989).

For all u € P, let d° be an infinite vector such that Vv € ¥*, d°[v] = P (2 = v|u) = p’zsgﬂ)), where z is a random
variable with value in >* drawn from p,,. Let Eiff’ be an estimator of d}° built from n,, i.i.d. copies of z denoted z;.

Lemma 1. We the previous notations, for all §,, > 0 we have

(le -3l (e () =

In the sequel, we note n = min,ep n,. In particular, n. = N.

>

dy —dy
2

Proposition 1. With the previous notation, for all 6 € [0, 1] we have

P <e“’§ % <1+ log <|7;|>>) >1-24.

Before proving Proposition 1, we make few remarks. As d,, stands for a conditional distribution, the bound on ¢*' depends
necessarily on n. In addition, the bound depends on log (|P|). We could obtain a bound independent of the dimension (|P|)
using (Denis et al., 2014) but the bound would be much more complicated. So, we kept a dimension dependent results.

Proof. By Lemma 1, we have

P<r51€a7>)<‘d5°—513° QS\}E<1+ og (@>>>
:1_P<3ue7?,‘d3°—330 22\/15<1+\/1%<7|7;>>>
21—1;3P<‘d30_a3022\}5<1+ 10g<|7;|>>>
>1—§P<‘d3°_‘330 22\/}17<1+ log(@)»
>1—Z7i|—1 J

Next, by the definition of the norm /5, we have ‘ d, —d,

<o i

because some coordinate of d;° — dS° can
2

appear twice ind,, — d.. Finally, taking the maximum on u € P leads to the result. O

1.3. Perturbations in the convex hull

In this Section, we focus on how estimation errors perturb the identification of the convex hull. The analysis mainly use
the results in (Gillis & Vavasis, 2014) on the robustness of SPA. First, we recall that we assumed rang((d,),er) = d as
required by SPA. As the basis is complete, we also have that rang(Z) = d. In addition, o is the lowest positive singular
value of Z and so of (d,),cr too. We denote K = maxy,er ||dyll,-

As any reordering of R is inconsequential in CH-PRFA, we can assume without loss of generality that the i element of
R, denoted R(i), correspond to R(4). So, for clarity we slightly abuse the notation by denoting with the subscript u, both
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R(i) and R (i), even if they differ. For example, max; (1 H&ﬁ(i) —drg d, —d,

ARG _p(R()
BR(OT)  PROIY

Hdu 7du
2

) becomes max,, 5 ‘ y Similarly,

pu) _ _p(u)
p(ux*)  p(ud)

max;e(1,d] becomes max,, 5 . Now, we define the perturbations in the convex

hull to be €°™ = max

ueER

3
94

648v/d then,

Proposition 2. With the previous notations, if €' <

66’.&'f
EC()IIV S 16272
g
d

Proof. The proof is a direct application of the Theorem 3 in (Gillis & Vavasis, 2014) followed by some simplifications.
This Theorem shows that if

. 11 K2\
d, —dy| < in(———,- | (1+80— | ,
ey , < Tamim (Nm 4> ( * a§>
then
o N K?2
max ||d, — d,|| < max ‘ d, —d, (1 + 802) .
ueER 2 u€P 2 op

First, we have

1 1 1
—— <min | ———, - | .
aa = <2\/d—1’4>

Next, as d,, contains probabilities, ||d,||, < ||/dy||; < 1 and so, we have K < 1. Using Lemme 4 in (Gillis & Vavasis,

2014), we also have that 04 < K. This gives the following inequality
K? 1 81
(1 + 802> < — (07 +80K?) < —.
94 94 94

Thus, we can simplify the two bounds as follows,

. ( 1 1) (1+80K2>1> 1 <1+80K2>1> o3
ogmin [ ———, - — > 0y—— - >
¢ o0vd 14 o2 N 2 324

5

and,

au_du

max ‘

K2 maxXyecp ’ du -d,
(1 + 802> < 81 5 2
u€P 2 g

d 94
Finally, we conclude using
au - du

max ’
uEP

< 2 Eest.
, =
1.4. Perturbations in solutions of the quadratic programming problems

In this Section, we first introduce a general form of the quadratic programming problems involved in CH-PRFA. This form
allows us treating simultaneously all the minimization problems together up to one point. Then, in the next Section we will
focus on each particular problems. The general form we consider is the following

x* = argmin||@Qx + q|, (D

2

. Bx+b >0,
s.t. Cxtcm0

Here, we are interested in bounding ||X* — x*||, by a function of HQ - Q’

B—B’

B—b‘

é—c‘

2’ q_qHQ" 2’ 2’ 2’

|l€ — cl|,, where X* is the solution to the perturbed problem.
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Next, we show that the minimization problems in CH-PRFA can be written in the general form of Equation (1). Let
X = &o = (a¢),cp- then we have

c=1",

c=-—-1L

o

0-17,
q = 7]:\{;167

o>

:I’
:0,

Similarly, for all u € R, let %, be a vector of size d |3 such that

%] = ( Aoluys] o Ay fuy1] ):A[u, 1.

d|X| columns

then we have,

ZT 0 0
Q= 0 N
o o 2T

d|X| columns

q, = - (Zl[u,:] Z|E‘[u,:]),

d| 3| columns

B=1,

b=0,

C=1",

R plu)

Cy = — -1
p(uX*)

1.4.1. EXISTENCE AND UNIQUENESS OF THE SOLUTION

In this Section, we check that the solutions x* and X* to the previous unperturbed and perturbed quadratic programming
problems exists. We denote the kernel of a matrix M by N(M) and the range by R(M). We denote by E the matrix and e

the vector such that
B b
E B < C > ’ °= ( c > .

First, its straightforward to verify that the sets delimited by the linear constraints are not empty for both the unperturbed
and perturbed problems. Thus, using Theorem 1 in (L&tstedt, 1983), we know that x* et X* exists.

Next, we show that
N(Q) = N(Q) = {0}, 3)
N(E) = N(E) = {0}. 4)

Moreover, as rang(Z) = d, we also have that N(Q) = {0}. Lastly, we have that N(Q) = {0}, with probability 1, by
density of invertible matrices. Again using Theorem 1 in (L&tstedt, 1983), we know that x* and x* are unique.

For all the quadratic programming problems involved in CH-PRFA, we have that B = B = I. So N(E) = N(E) = {0}.

1.4.2. BOUND ON THE PERTURBATIONS

First, we verify that for all quadratic programming problems in CH-PRFA, we have

I
Q

B =B, b=b, C
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This implies & = E. Next, we adopt the same notations than in (Létstedt, 1983) by denoting G = EQT. So, we have that
G = EQ'. In addition, we denote v* = 2(G1) T (Qx* + Pr(q)q) where Pg(q) is a projector on R(Q). As (a, A, o)
defines a PRFA by hypothesis, we have exactly that @x* + Pgr(g)q = 0. Thus, we have v* = 0. As the basis is complete,
we have Pr(g)q = q. These particular properties will allow us simplifying the results of Theorem 3 in (L&tstedt, 1983).

Theorem 2. [f Equation (3) holds, let x* be the solution of (1) and X* be a perturbed solution. If Qx* + Pr(g)q = 0,
PR(Q)q:q,B:B,b:BandC:é, then

=l <l 1+ [ pe11) [0 -1, ot o 2 -
®)

Proof. We start by the unsimplified bound of the Theorem 3 in (L&tstedt, 1983),
I =l < @x* = Pgryal, (@7 = @7, + @7 7] ¢ - ¢],)
N 1 /4 T N A A
], (23 (6= 0) v - @-a + e leel).
2 2 9 2
As PygT) = Pr(q) and Qx* + Pr(g)q = 0 then

|Qx* — Pxgmal, = 2llall,-

In addition, as v* = 0 we have
1/ T, .
H2(G—G) V' —(d-q)
Moreover, as G = EQJr et B = E’, we obtain
-, - o (@ - )], < e - o
|6-¢], == (@ -], <1zn]er -1,

A AT A
In addition, as N(E) = {0} and N(Q) = {0}, we have GT = (EQT) = QE" and using the triangle inequality

=14 — all,-
2

&, = 111, @],
Finally, we obtain

[|x* —x*||y < 2[ally (1 + HQHzHQTH2||EH2HETH2) HQT B QTH2 +

Q||| @], 1= l1e = ell, +2|[ Q1| lla - all,

O
To further simplify, we need a Lemma in (Wedin, 1972) that bounds the perturbation in the Moore-Pseudo inverse.
Lemma 2. IfHQ — QH HQTHQ < Kk < 1then
2
1], <
2
and
Jor -], < valer] o'l
Thus, Lemma 2 implies that
e 2V2
[[x* —x H2 < quHz (1 + H2|E|2HETH2)
1 A .
Q. 1@l £ L1 — el ©

2 N
+EHQTH2HQ —ql,-

In the sequel, we analyze each quadratic programming problems separately.
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1.5. Perturbations in the automata parameters
1.5.1. PERTURBATIONS IN THE INITIAL PROBABILITIES

In this section, to propose a bound on the perturbation in &, we focus on the following problem,

{a“}—argmln P Za Pul| st Za =landa? > 0.
{az} ueR 9 ueR

Proposition 3. Let « be a real in [0, 1], if €™ < \/E’wd’ then

-~ d2 cony \/a est
Hao—a0||1§2(\/§+2)me +2m6 .
Proof. First, we recall thaté = e = ( b' ¢’ )T =(0 ... 0 -1 )T. By replacing in Equation (6), we obtain
that
N 2v2 A 2 2 5
I =l = 222 al A, I el ) 113 @ - @, + 12 10 la - all.

Next, we have
ETE=B"B+0"TC =1,+U,,

where I, is the identity matrix of dimension d and Uy is the unity matrix (all the coefficients equal 1) of dimension d. We
denote by Apax (M) (resp. Amin(M)) the largest (resp. smallest) eigenvalue of M. Note that, the eigenvalues of Uy are d
with multiplicity one and 0 with multiplicity d — 1. This implies that

HEHg = AmaX(ETE) = )\max(Id + Ud) =1+4d,

and )
HETHQ = )‘min(ETE) = )‘min(Id + Ud) =1.

These properties allow us to simplify again Equation (6),

2\[ 1+d
22 g, (1 N

_ *

.t 7HQTH la—qll,.

) el

In addition, as QQ = Z T, we have that HQJr ||2 = Uid where o4 is the smallest eigenvalue of Z.

whereq = —H BT 1. and Q = Z7. First, as q contains probabilities, we have that

Now, we focus on ||q]|, and HQ’ ,
2

||Q||2 < HqH1 < HHBTleul = Zp(u) <1

ueS
Secondly, the Holder inequality implies
@], = /il <
2 1
On one hand, we have A TH1 = MaX,cp Y yes 5 ((Z;)) < 1. On the other hand, we show that HQH
H = MaAXyes Y ,cn p((:fg) < |R| = d. Thus, we have

Finally, we obtain that

&0 — axoll, <

2v/2 <1+ d(1+d)>

m )||fl— all,-

2
O'd(l—lﬁ:
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When we considered the perturbation in the convex hull, we showed that o4 < 1. As k < 1, we have

Va1 + 14 /d (1 +d)

1+0d(1—/£)_ oa(l—r) = (1—@

because for d > 1, we have 1 + \/d (1 +d) < (1 + \/i)d Combining the previous inequalities leads to

2(V2+2)d
oq(1— “)

. 2 .
||ao—040||2 = ﬂ”q—qnz-

The next step is to insert the bounds on H 7 — ZH and ||q — q||,. First, we have
2

S 00) — @)’ < [ S (60) - p(e)” = [[d -

vES vEX*

N T
Ja—al, = | (Fs — ) 1] .

Next, using properties of the norm ¢5 and of the Frobenius norm, we show that

|2-2), <22, = | Z (201~ z0ea],) < | Z

ueER ueR

N 2 N
d,—d, ) §\/gma;<‘du—du
2

uER

Thus, as

H:O'd,

[@-af, =77, = vimax]a.

uER

we have that HQ — QH < kog holds if max,, d, —d,
2

< %nad. Finally, using norms properties, we obtain
2

&g — exoll; < Vd||lég — g, and

A d?
lao — a4 §2(\/§+2)73 5 Max
o5 (1 — k)" uer

Vd
2+2O'd(1—1€)

W —dy

2.

To conclude, just substitute in the final inequality

max w— du — conv
u€ER 2
and
‘ 2 < max = .
2 ueP 2

1.5.2. PERTURBATIONS ON TRANSITION PROBABILITIES

In this Section, we focus on the following problems, for all u &€ R

A : N v v ~ v
{a; .} = argmin E 0Py — E @y oPul| st E ayo,0=1—pylcanda; , >0.
@0t oex vER 9 VER,0ES

Proposition 4. Let k be a real in [0, 1], if €« < \/EI{O'd, then

a2\/3] d . Vd
A AH < 2 2 conyv o — o 2 CU”V.
H (V2 + )53 o3(1 — k)2 ot cq(l — k) & Ooollo + Ud(l—m)6

The proof of Proposition 4 follows the same steps than Proposition 3 for each individual problems and then combine the
results for all u € R.
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Proof. First, we have
E'E=B'B+C'C
= Iys| + Ugs),

This implies that ,
||E||2 = Amax (ETE) = Amax (Id|2\ + Ud|g‘) =1+d|¥|.

In addition, we have )
HETHQ = )\min (ETE) = >\min (Id\2| + Ud\2|) =1

By replacing in Equation (6), for the problem associated with u € R, and assuming HQ — QH < o4k We obtain,
2

H2> s

1 A A
+mHQH2HQTH2”eu - eu”2

%7, —x ||2_ 1_

2V/2 1 +d|2]
||Qu||2

2 .
JFEHQTHQHCM — dully-

Moreover, as @ is block diagonal, @ has the same eigenvalues than Z " and ||QT||, = ||Z 7|, = U—ld

Now, we analyze ||q,||, and HQH . First, we have that
2

p(uov) p(uX*)
||qu||2 < Hqqu < Z Z < =1.

o0EX vES ’LLZZ* (’U,E*)

Next, the Hlder inequality implies that

al, =127, = iz, |27
2 2 1
On one hand, we have that "ZT“ = max,.p Y ,cs ;’((Z;)) < 1. On the other hand, we show that "ZT“
MaXyes D en ﬁ((ff;) < ‘R = d. Thus, we have
Q‘ 2 < Vd

The two previous inequalities implies that,

% — 2\/5@ <1+ d<1+d|2|>>

o = %alla o2(1— oa(l — k)

vd 2 .
’2 + m”eu —eyll, + quu — qully-

When we considered the perturbation in the convex hull, we showed that 04 < 1. As k < 1, we have

- d1+d[3)) _ 1+d1+d[3]) _ 1+fd\/|§

oq(l—K) — o4 (1l —K) —  os(1—k)

because for d > 1, we have 1 + +/d (1 + d) < (1 4 v/2)d. Replacing in the main inequality leads to

vd 2 .
ﬂ”eu —eylly + m”% — Qulfy-

X, —X —s
u U 2 — 72(1 I{)

Because the norm £ is the maximum absolute row sum, we have

A— AH = max(
o0 u€ER

[ Al = AR, DT = max i = xully < Vmax %, —
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The next step is to insert the bounds on HZ —Z H
2

. aX, e 4w — qull, and max 5 [|€, — e,||, First,

using properties of the norm /5 and of the Frobenius norm, we show that

N ~ N ~ 2 N
fo-2), <[22, - |5 (- 2] <[5 (a0 < Vamagla .
2 F / 2 UER
UER ueR
Thus, as
ol - 2, = Vmag[a. - o o
2 2 uer 2
the condition HQ — QH2 < kog holds if, max,, w — dy , < ﬁfwd. Secondly, we have
max || Gu — Qully = max||( Zi[u,:] - Zi[u:] ... Zglu,] = Ziglu, ] )|,
ueER ueER
< mg;”( Zlu, ) = Z[u,?) Zafu,t) = Zafus] o Zigylu] = Zigyluse] )],
< max —d,
ueER

Finally, as b= b, we have

B ) |
( - o] 00 || a0

) p(uxr)

max [[€, — ey, = max||é, — cul|, = maX
uER uER

To conclude, we use the three last equalities and inequalities on max, p |[qu — Qulls, HQ—QH
2

du_du

= €°°™ to replace in the main inequality. [
2

max, 5 [|€, — eul|,, in addition to max

1.5.3. PERTURBATIONS IN THE FINAL PROBABILITIES

The proof of Proposition 5 is much simpler than the previous as it does not involve quadratic programming problems.

Proposition 5.
[Gtoo — ool < €™

‘ PRG) _ _pu)
wER | p(RG)Z*)  puZ*) |

Proof. By definition |6t — |, = max

R ) | \/( OO )me Z(ﬁ(uv) ) >2<max 4
wer |P(uX*)  p(ud*) ueR p(u¥*)  p(uX*)) T uer ics plur*)  pux*)) ~uer " “ll2
To conclude, just substitute in the final inequality,
' d, —d,|| = e,
2
O

1.6. Perturbations in the distribution

Before proving Theorem 1, we prove the following Proposition from which Theorem 1 can be easily deduced.
Proposition 6. Under the same hypothesis than Theorem 1, for all 0 < § < 1, there exists a constant K such that, for all
t > 0, € > 0, with probability 1 — ¢, if
t2d* |
n>K | log <|P|> ,

2510
P )

the algorithm CH-PRFA returns a PFA realizing p such that

> [B(w) = p(u)| < e

ueX?
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Before proving Proposition 6, we define few terms and prove a useful Lemma. We define,

po = [léo — el
Poo = [[Gtoc — Qooll s
po= 3 |4l = 4-4]
o€EY
In addition, we introduce the following variables,
Tk = Z ||a(—)rAuf v
uexk
Yoo = [0t

Lemma 3. For a PFA (and so for a PRFA) (av, A, as ), we have

’Ykiglr 'YOOSL ,}/ZS:L
Proof.
Vi = Z p(ux*) = p(ZFe*) <1,
uexk
p(u)
< <1
oo =R pu¥X*) = 7
ye =10 Al =1 - anell,, < 1.
oeX 00
O
3
Proof of Proposition 6. Assuming that ¢*' < 6420\1/3 we have by Proposition 2,
R est
e = max [d, - du|| <1625
uER 2 (o

Assuming that " < %/md, taking k = %, setting ¢y, ¢ and cx; to be adequate constants and using that d > 1 and

|2| > 1, we have by Propositions 3 to 5,

9 d? d d? d
00 < 5(\/5_’_ 1)73€conv +3£Eest < 93(ﬂ+2)75€est+3£€est <
O'd g

2
cod est
5 € .

gd d Od 04

: : if econv 1
Likewise, if € < 77k0d then,

p < 6conv < 162 Eest _ Co est
o — — 2 - 2
04 d

: : if econv 1
Likewise, if € < Jk0d then,

9 d?\/|3 34d Vd
< Z(vV24+9 conv A — O conv
p2_2(\[+ ) = € +20d|\a a H°°+3ade
/12 . d . d
§93(\/§+2) 5| |€esl+3573665t+2'35\/37€est
O'd O'd O'd

< ng2 V |Z‘eest‘

= 5
04
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We denote ¢ = max(co, s, ¢s1) and
cd?,/|3|
= —— € ,
71— )
By the previous inequalities, we obtain

max(po; Poo;s Px) < -
Next, we can apply Lemma 5.4.4 in (Balle, 2013) that shows that for all integer ¢t > 0,

t—1
> lb(u u)| < (Yoo + Poo) ((72 +ps) pot+ps Y (vm+ pZ)l'Yt—i—l) + VePoo-
ueXt =0
By Lemma 3, we have
t—1
> 1p(u) < (1+p) <1+P2 po+ps Y ( 1+Pz)>+ﬂoo
uext =0

t—1
= (14 peo) <1+ + px) Po+ﬂzz 1+Pz)>—1
=0

= (1+ pso) (1 (1+ps) po+ (1 +ps) —1)—1
= (14 poo) (14 px) (14 po) — 1.

Replacing pg, ps; and p., with p leads to

> 1p(u) — plu)| < (14 ) — 1.

ueXxt

Now we remark that if p = O(+) then we can prove a bound on }_, ... [p(u) — p(w)| without an exponential dependency
on ¢ because (14 )" < 1+ z forz < 1. So, if

o3 04 1
GeS[ < ! 4 econv S 373 S [}
= 648Vd v P=50+2)
then .
. 2(t+ 2
S o) — )] < (14 25DV o g,
2(t+2)
ueXt
As we have
est 5
gconv S 162L 6est — iﬁ,

o2’ cd?\/|%|

the conditions are satisfied for

/5 3 5
st < coy < min 1 O'd 1 o 2 oy ’ 7
a2\/5[(t + 2) 648 \/d' 235 \/d' 81 cd?\/I3|(t + 2)

where ¢’ is such that the last inequality is verified.

Finally, by proposition 1, with probability 1 — §, we have for |P| > 2 and for n > 1 that

.1 1P| \/§ 1 1P|

st (14 Jlog (E1) ) < (144/2]) /=108 [ 2]

e_\/ﬁ<+ 0g<6>>_<+ 2) n0g<6,
because log(2) > 2 and \[Ulog |73\ > 1.
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So, we can find a suitable constant /& such that € if

2 74 b))
nZth | |1og(|fpl>,

620'50 )
then (7) holds and
- 9 cd?\/|2
> 19t — sl < e+ e+ L e <
ueX?t

O

Proof of Theorem 1. By Proposition 6, if we replace ¢ by ¢, there exists a suitable constant K such thatforallZ > 0, € > 0,

with probability 1 — 4, if
tld! |3 <|7’|>
n>K log )
2oV 1)

then

Y 1B(w) —plu)] <

uEL St

Finally, we sum over ¢ to get

Here, we could continue, as it is done in (Bailly, 2011), to get a bound on
> 1p(u) = p(w)| < Y [p(u) — p(u)| + HE>F) + (=),
ueEL* ueN<t

by using the exponential decay of ) .. p(u) and > 5>, p(u). Such a bound would depend on the spectral radius
p and p of p and p. Finally, this would give a bound in total variation. However, this technique does not give an explicit
control over the constants involved.
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