Recovery guarantee of weighted low-rank approximation via alternating minimization

A. Preliminaries about subspace distance

Before delving into the proofs, we will prove a few simple preliminaries about subspace angles/distances.
Definition (Distance, Principle angle). Denote the principle angle of Y, V' € R"*¥ as §(Y, V). Then for orthogonal
matrix Y (e, Y'Y =1I),

tan (Y, V) = [Y V(Y V) 2.

For orthogonal matrices Y, V,

cosf(Y,V) = Umin(YTV)»
sinf(Y, V) = [I-YY )V = [YLY [ V]2 = Y] V]2,
dist.(Y,V) = min |[[YQ— V|2

Qe0

kXk
where Oy is the set of k& x k orthogonal matrices.
Lemma 4 (Equivalence of distance). Let Y, V € R"** be two orthogonal matrices, then we have:

1—cosfO(Y,V)

. < 4 < s
sinf(Y, V) < dist.(Y,V) <sinf(Y,V) + cos6(Y, V)

< 2tan0(Y, V).

Proof of Lemma 4. Suppose
Q" = argmingco, , [YQ — V2.
Let’s write V = YQ* + R, then dist.(Y, V) = || R||2. We have

sinf(Y, V) = |I-YY)V[: = [Y.Y R[> < [[R]>

On the other hand, suppose ADB" = SVD(Y "V), we know that 0,5, (D) = 01in(Y T V) = cos (Y, V). Therefore,
by A=Y 'VBD ', AB" € O} we have:

dist.(Y,V) < [[YABT — V|, =|YY'VBD 'B" — V|,
< [[YY'VBD'BT —YY V|, +[[YY'V - V|,
< |IBD7'BT Iy +sinf(Y,V) = D! — 1|z +sind(Y,V)
) 1—cosf(Y,V)
= 0Y, V) + ————~
sin6(Y, V) + cos (Y, V)
Finally, sin (Y, V) < tan0(Y,V) and %\({Y\/’\)’) < tan 0(Y, V) can be verified by definition, so the last inequality
follows. =

For convenience in our proofs we will also use the following generalization of incoherence:

Definition (Generalized incoherence). For a matrix A € R"** the generalized incoherence p(A) is defined as:

n .
A)= —|| A3
p(A) = max { 7 AT3}

We call it generalized incoherence for obvious reasons: when A is an orthogonal matrix, then p(A) = p(A).

B. Proofs for alternating minimization with clipping

We will show in this section the results for our algorithm based on alternating minimization with a clipping step. The
organization is as follows. In Section B.1 we will present the necessary lemmas for the initialization, in Section B.3 we
show the decrease of the potential function after one update step, and in Section B.4 we will put everything together, and
prove our main theorem.
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Before starting with the proofs, we will make a remark which will simplify the exposition.
Without loss of generality, we may assume that

Ao—min(M*)

0=|lW@ON|s <
[W o N2 < 200k

(B.1)
Otherwise, we can output the 0 matrix, and the guarantee of all our theorems would be satisfied vacuously.

B.1. SVD-based initialization

We want to show that after initialization, the matrices X, Y are close to the ground truth matrix U, V. Observe that
[X,%2,Y] =SVD(W o M) =SVD(W o (M* +N)) = SVD(W & M* + W & N). By our assumptions we know
that ||[W ® N]||2 < § which we are thinking of as small, so the idea is to show that W ® M* is close to M* in spectral
norm, then by Wedin’s theorem (Wedin, 1972) we will have X, Y are close to U, V. We show that W © M* is close to
M* by the spectral gap property of W and the incoherence property of U, V.

Lemma 5 (Spectral lemma). Let W be an (entry wise non-negative) matrix in R™*"™ with a spectral gap, i.e. W =

E +vynJSwK', where J, K are n x n (column) orthogonal matrices, with || Sw||o = 1,7 < 1. Furthermore, for every

matrix H € R™*" such that H = AXB" (A, B not necessarily orthogonal, ¥ € R*** is diagonal) we have
[(W-E)o H||2 < Vkomax(2) v/ p(A)p(B)

where E is the all one matrix.

Proof of Lemma 5. We know that for any unit vectors x,y € R”,

' (W—-E)OoH)y

k
> o2’ (W-E)oAB/)y
r=1

k
= mY oA 02) ISWwK' (B, ©y)
r=1

k
< Y ollA © x|l TSwWK[2|B, 0yl
r=1
k
< oA ©alll[Br Oyl
r=1
k k
< nomax(E)y | Y 1A 0|3, S IIB 0yl
r=1 r=1
<

n n
Yo (E), | S 22 A3, | S y2I[Be3
=1 =1

S ’YTLO'maX(E) %P(A) (Z (E?) %p(B) <Z y?)
=1 =1
< Yomax(B)kV/ p(A)p(B).

The lemma follows from the definition of the operator norm. O

The spectral lemma can be used to prove the initialization condition, when combined with Wedin’s theorem.

Lemma 6 (Wedin’s Theorem (Wedin, 1972)). Let M*, M be two matrices whose singular values are o1, ...,0, and
O1y ey O, let U,V and XY be the first k singular vectors (left and right) of M*, M respectively. If 3a > 0 such that
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max,_, 11 o < minf:1 o; — o, then

max {sin (U, X),sin0(V,Y)} < M
a

Lemma 7. Suppose M*, W satisfy all the assumptions, then for (X,3,Y) = rank-k SVD(W © M), we have

A(ypk +6)

<
max{tan (X, U),tan (Y, V)} < Omin (M*)

Proof of Lemma 7. We know that
[WoOM-M[; <[[WoM" =Mz + [[WO N2 < ypkomax(M") + 6.

Therefore, by Weyl’s theorem,
1
max{o,(WOM): k+1<r<n}<yuk+46< iamin(M*).

where the last inequality holds because of B.1 and the assumption on -y in the theorem statement.

Now, by Wedin’s theorem with o = 111, (M*), for (X, 2,Y) = rank-k SVD(W ® M),

2(ypk +90)

max {sin (U, X),sin6(V,Y)} < O min (M*)

Since «y and § are small enough, so sinf < 1/2. In this case, we have tanf < 2sinf, then the lemma follows. O

Finally, this gives us the following guarantee on the initialization:

Lemma 8 (SVD initialization). Suppose M*, W satisfy all the assumptions.

. 2u
< < —
dist.(V, Y1) < 8kA1, p(Y;) < kA,

8(ypk+5)

where A = i (V)

Proof of Lemma 8. First, consider ?1. By Lemma 7 and 4, we get that
dist.(Y1,V) < A,

which means that 3Q € Oy, S.t.
1Y1Q— V]2 <4y

hence

—_

IV1Q — V[p < kA; < —

N

where the last inequality follows since  and ¢ are small enough.
Next, consider Y. In the clipping step, if || Y[ > & = 22& then |[Yi — V7| > &5 and ||¥, — V7| = |[Vi|| = £k,
Otherwise, Y = Y*. So

_ . 1
Y1Q - V[r <[[Y1Q-V]Fr < T

Finally, we can argue that Y is close to V. Let’s assume that Y, = YR !, foran upper-triangular R.

: - I\ — - _ 1 -
sinf(V, Y1) = [VIYill2 = [VI(Y1 - VQ )R 2 < [Y1Q — V2 Rz < 5 IY1Q-Vir

min 1)
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where the second inequality follows because the singular values of R and Y are the same. Note that
— — 1
Umin(Yl) 2 Umin(v) - HYl - V”F Z Umin(v) - kAl =1- kAl Z 5

So

< 1
sin@(V,Yl) < 2||Y1Q — VHF < 5

In this case, we have tan (V,Y;) < 2sin6(V,Y) and thus
dist.(V,Y1) <2tanf(V,Y:) <4sinf(V, Y1) < 8[[Y1Q — V|2 <8[[Y1Q — V| r < 8kA;.

For p(Y1), observe that Y} = YR, s0
£ < §
min (Yl) 1- kAl
which leads to the bound. O

Y5 < IV3lIR )2 <

B.2. Random initialization

With respect to the random initialization, the lemma we will need is the following one:

Lemma 9 (Random initialization). Let Y be a random matrix in R"** generated as Y;; = b ﬁ, where b; ; are
independent, uniform {—1, 1} variables. Furthermore, let |W || < Iﬂﬁ%' Then, with probability at least 1 — 2 over
the draw of Y,
: 1A
Vi, Omin (Y 'D;Y) > 1@'

Proof of Lemma 9. Notice that Y 'D;Y = 3°.(Y7)"(D;); Y7, and each of the terms (Y/)"(D;);Y7 is indepen-
dent. Furthermore, it’s easy to see that E[(Y7)T(D;);(Y7)] = 1(D;);, Vj. By linearity of expectation it follows that
E[Y2;(Y7) T (D:); Y] = . 32;(Dy);.

Now, we claim ) | j(Di) j > % Indeed, by Assumption (A3) we have for any vector a € R"

a"VID;Va=> (D:);(V/,a)* >\
J

On the other hand, however, by incoherence of V, Zj(D,-)j<V-j, a)? < Zj(Di)j%k. Hence, > ;(D;); > Xﬁ. Putting
things together, we get

, , A

T A

E[;(Y”) (D), Y] =
Denote

. . k
B = ||(Y)"(D); Y|z < =(D;); < —=5—
I07) TP, ¥ < (D) < 2
where the first inequality follows from our sampling procedure, and the last inequality by the assumption that |W ||o, <
An
kzuTog2 n'

Since all the random variables (Y7) " (D;);Y/ are independent, applying Matrix Chernoff we get that

_ . A e’ "B ed \E"

J

1

Picking § = %, and union bounding over all 7, with probability at least 1 — 5,

L(Y'DY)> 1A
Umln (Y D’LY) Z 4]{/’/,[/

as needed. O

for all i,
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B.3. Update

We now prove the two key technical lemmas (Lemma 10 and Lemma 11) and then use them to prove that the updates make
progress towards the ground truth. We prove them for Y, and use them to show X; improves, while completely analogous
arguments also hold when switching the role of the two iterates. Note that we measure the distance between Y; and V by
dist.(Y¢, V) = mingeo, ., [|Y+Q — V|| where Oy, is the set of k£ x k orthogonal matrices. For simplicity of notations,
in these two lemmas, we let Y, = Y;Q* where Q" = argmingco, , [Y:Q — V.

We first show that there can only be a few i’s such that the spectral property of Y] D;Y,, can be bad, when Y, is close to
V. Let (D,), be the j-th diagonal entry in D, that is, (D;); = W, ;.

,

Lemma 10. Let Y, be a (column) orthogonal matrix in R"**, and e € (0,1). If ||Y, — V||% < 126821@%1 for D1 =
maxie[n) > ;(Di);, then

102442242 D,

‘{z € [n] ‘Umin(YOTDiYO) <(1—eA}| < )3

IV =Y.

Proof of Lemma 10. For a value g > 0 which we will specify shortly, we call j € [n] “good” if || Y7 — V7||?> < ¢g2. Denote
the set of “good” j’s as Sg.

Then for every unit vector a € R¥,

(J,TY;I—DZ'YOQ = Z (D’L)] <a7 Yg>2
Jj€ln]

Z (D7)] (a, Yg>2

JESy

= Z (Dy); ({a, VI) + (a, Y — Vj>)2

JESy

(1= ) > (D);(a, V7)? = —= 3 (Dy);{a, Y] — V7)?

JESy JESy

Y

4—e€

v

1_
(Using the fact Vz,y € R: (z +y)? > (1 — eo)z? — €0 y%)

€0
€ —€ 72
> (1= ) Y D) V)2
JESg Jé[n]
€ . wk 4—¢€
> <1—1>Z<Di>j<a,w>2—; > D) -5
J€(n] J€ln]-8,4 JEln]

By Assumption (A3), we know that

> (D4);(a, V)2 = a"VID;Va > 00 (VD V) > A

J€[n]
Moreover, recall Dy = max;e[,) j (D;);, so when g% < 12231 ,
4—€ 4 e
N < 2
€ g (DT)] — 4
J€[n]

Let us consider now Zje[n]fsq (D;);. Define:

) wk €A
S=XKi€ [Tl] ? Z (D’L)] Z
J€[n]=S4
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Then it is sufficient to bound |S].

For S, observe that

DIV =Y = IV - Yo%
7

Which implies that

. V-Y, 2
In] — 8, = size (In] - &,) < ”Q”F

Let ug be the indicator vector of S, and u,, be the indicator vector of [n] — Sy, we know that

quug = Z Z (Di);

i€S je[n] -8y
EAN

@EW

v

On the other hand,
ud W, udBug + us (W — E)u,

|S][[n] = Sol +y1y/IS][[n] = Syl

IN

Putting these two inequalities together, we have

22X

Suk We have:

Which implies when |[n] — S| <

6412k |[n] = Syl _ 64p*k**|[V = Yol[%

5= e2)\? - €2\ g2

Then, setting g% = %, we have:

10244%k?~y2 D4

[{i € In] Jown (Y, DiYo) < (1 -2 }| < 18] < == 5

IV = Y,|%

which is what we need.

Lemma 11. Let Y, be a (column) orthogonal matrix in R"**. Then we have

DoIVIY LY DY, |5 <%0(Yo)nk? Y, - VI3

i€[n]

Proof of Lemma 11. We want to bound the spectral norm of V'Y Y [D,Y,, for a fixed j € [k], let Y; be the j-th
column of Y, and V; be the j-th column of Y LYIV.

For fixed j, j/ € [k], consider a new vector z7-/ € R™ such that :c-z’j/ = (V;)i(Y)s.

Note that (V;, Y /) = 0, which implies that 3", mf’j/ =0.
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Let us consider VJTYLYIDin/, we know that

VY. YDY; = > (D).V;)u(Y;0)s

Which implies that

Yo Dol = W3

i€[n] \s€[n]

(W — E)a?7" |2 (since Ez77 = 0)

Iy
Anfa |

IN

Observe that

. .
27715 = > (@)
i€[n]

= (VY

i€[n]

IA
=
..<
N
Ed
<
S

i€[n]

pP(Yo)k &
= ——=IViliz

Y, )k
< MYy vTv;

p(Y,)k
= PRy vy, - v

p(Yo)k

< BBy, - v

Which implies
2

S @t | <P p(Yo)nk|Y, ~ VI

i€[n] \s€[n]

Now we are ready to bound V'Y Y [ D,Y,. Note that
IVIYLYID,Y, |5 < [[VIYLY[D,Y,|%
< ¥ (VY. YID,Y;)

J,3" €[k
2

Z Z (Di)sxj;jl

3,3’ €lk] \s€[n]

This implies that

YIVIYLYIDYE < Y D [ D Daal’ | <4Pp(Yo)nk? Y, - V3.

i€[n] i€[n] 5,5’ €[k] \s€[n]
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as needed.

‘We now use the two technical lemmas to prove the guarantees for the iterate after one update step.

Lemma 12 (Update, main). Let Y be a (column) orthogonal matrix in R™**, and disE (Y, V) < min{3, 384%27,;[)1} for

D1 = maxie[n] Zj (Dl)J
Define X argminy cgpnxx HM -XY"' Hw Let X a n x k matrix such that for each row:

xi_ [ X X< e =2t
0 otherwise.

Suppose X has QR decomposition X = XR. Then

J— 2 4
(1) ||X _ UEVTYH% < Ai — (108&/1,2’)\[;372D1 + 160y l;g(Y)k )d/StC(Y,V)Q + %%HW@NH%
(2) IfAu < éamin(M*)y then

8 A, and p(X) < Au

. < :
(U X) S o, " o) 2B

Proof of Lemma 12. (1) By KKT condition, we know that for orthogonal Y, the optimal X satisfies
(Wo [M-XYT])Y =0

which implies that the ¢-th row X' of X is given by
X' =M'D;Y (Y DY) = (MDY (Y DY) +ND;Y (Y DY) .

Let us consider the first term, by M* = UXVT, we know that

(M) DY (Y'D,Y) = USVDY (Y'DY)"

USVI(YYT + Y, Y])D;Y (Y DY)
— U'SV Y+USV'Y,Y]DY(Y' DY)

which implies that
X —USV'Y=USV'Y,YD,Y (Y'D,Y) +ND,Y (Y DY)

Let us consider set

S = {ie [n]

A
Umin(YTDiY) S 4}

Now we have:

. _ 2 1 _ .
3 HX fUZZVTYH < YN uisvTY.YID,Y|2 + 2IND,Y[2)
€S, 2 = ¢S
32uk||%(|3 T T o 32 i 2
< o Z V'Y, Y, D;Y[;+ 32 Z IN'D; Y||35
¢S 1€[n]
32,1k|| 2|2 32
< % SIVTYLY D Y3+ PH(W@N)YH%
na i€[n] =
3292 up(Y)k* 32k
< A= %ﬁ)d.s@(y,vf + 2w o N3,
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where the last inequality is due to Lemma 11. Note that since £ = % > 2||U'EV TY||3, this implies

. iy . 2A
{icm-siixp=e}| < |[{icm-s|i%-vevivig=§} <22
Let Sy = {z €Enl—-8& ‘||)~U||§ > 5}, we have:
o n — ) 2 — )
IX-usvTY|? = ZHX —UTVTYHQ (because |[X'[2<¢ and [U'SVTY|2 <€)
=1

~ . X 2
< Y % Y HXZ—UZZVTYH
1€S81USs 1Z€S1US2 2

~ . . 2
< (sl +lsh+ Y |X-UsvTY|
i€S1US, 2

< 2S1|+ 448, + A,

By Lemma 10, we know that |S;| < 54"2’;% |V — Y||3. Further plugging in A, we have

IX-UsvTY|

< oDy gy SOOIy vz IO o
- (ARl TR )y v+ SR oW o )13
(2) Denote B = XV Y. Then,
s 0(U. X) = [UTX2 = [UT(X - UBJRa < [ X~ UBJa|R o = ! X - B,

Since | X — UB||2 < A, we have
Omin(X) > Omin(UB) — Ay = 0in(EV'Y) — Ay > 0pmin(M*)cos (Y, V) — A,
By the assumption cos (Y, V) > 1/2, so

2
i < .
sin (U, X) < oo (M) — 23, A,

When A, < 20min(M*), the right hand side is smaller than 1/3, so cos6(U,X) > 1/2, and thus tan (U, X) <
2sin (U, X). Then the statement on dist.(U, X) follows from dist.(U, X) < 2tan (U, X) < 4sin §(U, X).

Finally, observe that X' = X R, so

&
Omin (X>
which leads to the bound. O

X2 < X2 Rz <

B.4. Putting everything together: proofs of the main theorems
Finally, in this section we put things together and prove the main theorems.

We first proceed to the SVD-initialization based algorithm:
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Theorem 1. If M* W satisfy assumptions (Al)-(A3), and

’y:O(min{ o ?%2 27 32A 2})7
\| Dy 71u3/2k2" 73/21uk;

then after O(log(1/€)) rounds Algorithm 1 with initialization from Algorithm 3 outputs a matrix M that satisfies

~ kT
M —M*[]2 <O ()\> [[W O N2 + e
The running time is polynomial in n and log(1/e).

Proof of Theorem 1. We first show by induction dist.(X;, U) < & + 70#0\4*)5 for ¢ > 1, and dist.(Y;,U) <

1 k

First, by Lemma 8, Y satisfies
64k(yuk + 9)

ist.(V,Y}) < 8kA; =
dist ( 1) <8 1 O'min(M*)

Since vy = O (ﬁzu)’ the base case follows. Now proceed to the inductive step and prove the statement for £ + 1 assuming
it is true for t. Now we can apply Lemma 12. By taking the constants within the O(-) notation for ~y sufficiently small and

by the inductive hypothesis, we have

1 2k3~42D 16072 up(Y 1)k 1
085# 2 ! - + 60,-)/ IupQ( 1) S Ur2nin(M*)
A A 100

and

Au < Omin (M* ) .

1
8
By Lemma 12, we get

2 A, < 8 .
Umin(M*) — 2Au - 3Umin(M*)

108€12k372D; 16072up(Y1)k4 . 160k
_ 8 \/( 0864k*y2 D1 1602 up(Y1) )dlstg(vatH ig 52

dist. (U, X,41) <

n 3amin(M*) A2 32 3
° 108¢p2k*y? Dy 1609°pp(Y1)k* Y oo 160k .
= 370 (M) <\/( ooy disti (Y, V) +) [ =50 | (wing VaFb<vatvh)
[ 35vEk
<z _—
=~ 2d|stc(Yt7 V) + AUmln(M*) 6

so the statement also holds for ¢ 4 1. This completes the proof for bounding dist. (X, U) and dist.(Y:, V).

Given the bounds on dist.(X;, U) and dist.(Y:, V), we are now ready to prove the theorem statement. For simplicity, let
X denote X7, 1 and Y denote Y, so the algorithm outputs M = XY.

By Lemma 12,

160k )

108¢u%k3y2 Dy 16072 up(Y) k4
+ S Iw o N3

A2 2\

IX -UZV'Y|%2 < A2 = ( ) dist.(Y, V) +
Plugging the choice of v and noting £ = % and p(Y) = O(u/omin(M*)), we have

160k
22

IX - USVTY|} < A2 = 0 (dist.(Y, V)?) + —y [W © NJ3
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which leads to

16Vk
[W O Nz

Now consider ||M* — MHZ = ||[M* — XY "||;. By definition, we know that there exists Q such that Y = VQ + A,
where [|A, |2 = O(dist.(Y, V)). Also, et R =X — UEV'Y.

M-M*=[USVT(VQ+A,) +R] (VQ+4,)T —UsVT
=UXQA, +USVIA,(VQ+A,)T +R(VQ+A,)"
=UZQA, +USVIA, YT +RY .

Therefore,
IM = M*[[2 < [[US]|2[|QIIz | Ayllz + [USV T2 Ay 2 Y ]Iz + R[] Y2
<2/ Ay[l2 + (Rl
. 16vVEk
< O(dist.(Y, V) + Tfnw O N]s.
Combining this with the bound on dist.(Yr, V), the theorem then follows. O

Next, we show the main theorem for random initialization:

Theorem 3 (Main, random initialization). Suppose M*, W satisfy assumptions (A1)-(A3) with

v = O | min s 2 , A ,
Dy Tp2k5/2 7372 3/215/2

Wl =0 (25
k2plogn

where Dy = max;cn) ||[W'||1. Then after O(log(1/e€)) rounds Algorithm 1 using initialization from Algorithm 4 outputs

a matrix M that with probability at least 1 — 1/n? satisfies

kT
)

\\M—M*Ilg SO( >||W®N||2+e.

The running time is polynomial in n and log(1/e).

Proof of Theorem 3. Let Y be initialized using the random initialization algorithm 4. Consider applying the proof in
Lemma 12, with §; being modified to be

A
=131 min(YTD,Y) < =
S {ze[n]o ( )_4/~Lk}

But with this modification, S; = @, with high probability. Then the same calculation from Lemma 12 (which now doesn’t
need to use Lemma 10 at all since S; = ()) gives

X - USVTY|[% < Ak
But following part (2) of the same Lemma, we get that if A,pk < %amin(M ),

2

ist. (U, X) <
diste(U, X) < M) — 24 ik

Agpk
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So, in order to argue by induction in 1 exactly as before, we only need to check that after the update step for X, dist.(U, X)
is small enough to apply Lemma 12 for later steps. Indeed, we have:

2 1 /\2n
. X) < A < : - =
Aste(U. X) < & ) — 28k SoE \/mm{T 384uk2D1}

Noticing that A, has a quadratic dependency on -y, we see that if

. . N Aomin(M¥) Aafn/li(M*)
7=0 (mm {\/;1 p2k5/2 7 3/2k5/2 '

the inequality is indeed satisfied.

With that, the theorem statement follows.

B.5. Estimating o, (M*)

Finally, we show that we can estimate o, (IM*) up to a very good accuracy, so that we can apply our main theorems to
matrices with arbitrary o, (IM*). This is quite easy: the estimate of it is just || W ® M||5. Then, the following lemma
holds:

Lemma 13. Ity = O(I%H) and § = ||W © N||2 = 0(0max(M*)) then |[W © M|z = (1 £ 0(1))(0max(M*))

Proof. We proceed separately for the upper and lower bound.

For the upper bound, we have

[WoOM|s=|WoM +WoN| <[[WoM:+ ||[WoN|;
<[[((W—-E) oMz + [[E0 M2+ [[W O N2
< Yk pomax (M) 4+ omax(M*) + 8 < (1 4+ 0(1))omax(M*). (by Lemma 5)

For the lower bound, completely analogously we have

WoOM|2=[WoM + WOoN|2 = [Wo M2 - [WoN|;
> [EoM 2 — (W —-E)© M|z - [W © N2
> Omax(M™) = Ykpomax(M™) =6 > (1 — 0(1))omax (M) (by Lemma 5)

which finishes the proof. O

Given this, the reduction to the case opax(M*) < 1 is obvious: first, we scale the matrix M down by our estimate of
Omax(M*) and run our algorithm with, say, four times as many rounds. After this, we rescale the resulting matrix M by
our estimate of o, (M*), after which the claim of Theorems 1 and 3 follows.

C. Empirical verification of the spectral gap property

Experiments on the performance of the alternating minimization can be found in related work (e.g., (Lu et al., 1997; Srebro
& Jaakkola, 2003)). Therefore, we focus on verifying the key assumption, i.e., the spectral gap property of the weight
matrix (Assumption (A2)).

Here we consider the application of computing word embeddings by factorizing the co-occurrence matrix between the
words, which is one of the state-of-the-art techniques for mapping words to low-dimensional vectors (about 300 dimension)
in natural language processing. There are many variants (e.g., (Levy & Goldberg, 2014; Pennington et al., 2014; Arora
et al., 2016)); we consider the following simple approach. Let X be the co-occurrence matrix, where X; ; is the number
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of times that word 7 and word j appear together within a window of small size (we use size 10 here) in the given corpus.
Then the word embedding by weighted low rank problem is

m\}anf(Xz‘,j) (log (X);]) - <Vz'an>>2

where X = 37, X, ;, V;’s are the vectors for the words, and f(z) = max{X; ;,100} for a large corpus and f(z) =
max{X; ;, 10} for a small corpus.

1,79
We focus on the weight matrix W ; = f(X,; ;). It has been observed that using X; ; as weights is roughly the maximum
likelihood estimator under certain probabilistic model and is better than using uniform weights. It has also been verified
that using the truncated weight f(X, ;) is better than using X; ;. Our experiments suggest that f(X; ;) is better partially
due to the requirement that the weight matrix should have the spectral gap property for the algorithm to succeed.

We consider two large corpus (Wikipedia corpus (Wikimedia, 2012), about 3G tokens; a subset of Commoncrawl cor-
pus (Buck et al., 2014), about 20G tokens). For each corpus, we pick the top n words (n = 500, 1000, ..., 5000) and
compute the spectral gap ||[W — E|» where W is the weight matrix corresponding to the words, and E is the all-one
matrix. Note that a scaling of W does not affect the problem, so we enumerate different scaling of W (from 2720 to 210)
and plot the best spectral gap. We compare the two variants: with threshold (W; ; = f(X; ;)), and without threshold
(Wi ;=X ).
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Figure 1. Spectral gap of the weight matrix for word embeddings on Wikipedia corpus. z-axis: number of words (size of the matrix);
y-axis: the spectral gap ||W — E||2 where E is the all-one matrix.

The results are shown in Figure 1. Without threshold, there is almost no spectral gap. With threshold, there is a decent gap,
though with the increase of the matrix size, the gap become smaller because larger vocabulary includes more uneven co-
occurrence entries and thus more noise. This suggests that thresholding can make the weight matrix nicer for the algorithm,
and thus leads to better performance.



