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A. Proofs
Proof of Theorem 3.6. 1) Denote by v(x, x0 ) = k(x, x0 )sq (x0 )+∇x0 k(x, x0 ) = Aq kx (x0 ); applying Lemma 2.3 on k(x, ·)
with fixed x,
S(p, q) = Ex,x0 ∼p [(sq (x) − sp (x))> k(x, x0 )(sq (x0 ) − sp (x0 ))]
= Ex,x0 ∼p [(sq (x) − sp (x))> v(x, x0 )]
Because k(·, x0 ) is in the Stein class of p for any x0 , we can show that ∇x0 k(·, x0 ) is also in the Stein class, since
Z
Z
0
0
0
∇x (p(x)∇x k(x, x ))dx = ∇x
∇x (p(x)k(x, x0 ))dx = 0,
x

x

and hence v(·, x0 ) is also in the Stein class; apply Lemma 2.3 on v(·, x0 ) with fixed x0 gives
S(p, q) = Ex,x0 ∼p [(sq (x) − sp (x))> v(x, x0 ))]
= Ex,x0 ∼p [sq (x)> v(x, x0 ) + trace(∇x v(x, x0 ))]
The result then follows by noting that ∇x v(x, x0 ) = ∇x k(x, x0 )sq (x0 )> + ∇x0 x0 k(x, x0 ).
Proof of Theorem 3.7. Note that
X
∇x k(x, x0 ) =
λj ∇x ej (x) ej (x0 ),

∇x,x0 k(x, x0 ) =

j

X

λj ∇x ej (x) ∇x0 ej (x0 )> ,

j

and hence
uq (x, x0 )
= sq (x)> k(x, x0 )sq (x0 ) + sq (x)> ∇0x k(x, x0 ) + sq (x0 )> ∇x k(x, x0 ) + trace(∇x,x0 k(x, x0 )
X 

=
λj sq (x)> ej (x)ej (x0 )sq (x0 ) + sq (x)> ej (x)∇x0 ej (x0 ) + sq (x0 )> ∇x ej (x)ej (x0 ) + ∇x ej (x)> ∇x0 ej (x0 )
j

=

X

=

X


> 

λj sq (x)ej (x) + ∇x ej (x)
sq (x0 )ej (x0 ) + ∇x0 ej (x0 )

j

j

λj [Aq ej (x)]> [Aq ej (x0 )].
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Therefore, uq (x, x0 ) is positive definite because λj > 0. In addition,
S(p, q) = Ex,x0 [uq (x, x0 )]
X
=
λj Ex [Aq ej (x)]> Ex0 [Aq ej (x0 )]
j

=

X

λj ||Ex [Aq ej (x)]||22 .

j

Proof of Theorem 3.8. We first prove (12) by applying the reproducing property k(x, x0 ) = hk(x, ·), k(x0 , ·)iH on (8):
S(p, q) = Ex,x0 ∼p [(sq (x) − sp (x))> k(x, x0 ) (sq (x0 ) − sp (x0 ))]
= Ex,x0 ∼p [(sq (x) − sp (x))>
=

d
X

k(x, ·), k(x, ·)

H

(sq (x0 ) − sp (x0 ))]

Ex [(s`q (x) − s`p (x))k(x, ·)], Ex0 [k(x, ·)(s`q (x) − s`p (x))]

H

`=1

=

d
X

β` , β`

H

`=1

= ||β||2Hd
where we used the fact that β(x0 ) = Ex∼p [Aq kx0 (x)] = Ex∼p [(sq (x)k(x, x0 ) + ∇x k(x, x0 )] = Ex [(sq (x) −
sp (x))k(x, x0 )]. In addition,
hf , βiHd =

d
X

hf` , Ex∼p [(s`q (x)k(x, ·) + ∇x` k(x, ·)]iH

`=1

=

d
X

Ex∼p [(s`q (x)hf` , k(x, ·)iH + hf` , ∇x` k(x, ·)iH ]

`=1

=

d
X

Ex∼p [(s`q (x)f` (x) + ∇x` f` (x)]

`=1

= Ex∼p [trace(Aq f (x))],
where we used the fact that ∇x f (x) = hf (·), ∇x k(x, ·)iH ; see (Zhou, 2008; Steinwart & Christmann, 2008). The
variational form (13) then follows the fact that ||β||Hd = maxf ∈Hd hf , βiHd , .s.t. ||f ||Hd ≤ 1 .
Finally, the β(·) = Ex∼p [(sq (x)k(x, ·) + ∇x k(x, ·)] is in the Stein class of p because k(x, ·) and ∇x k(x, ·) are in the Stein
class of p for any fixed x (see the proof of Theorem 3.6).
Proof Proposition 3.5. For any f ∈ H with kernel k(x, x0 ), we have f = hf, k(·, x)iH and ∇x f = hf, ∇x k(x, ·)iH .
Therefore,
Ex∼p [sp (x)f (x) + ∇x f (x)] = Ex∼p [sp (x) f, k(x, ·)

H

+ f, ∇x k(x, ·)

= f, Ex∼p [sp (x)k(x, ·) + ∇x k(x, ·)]

H

]

H

= f, Ex∼p [Ap kx (·)]iH
= 0,
where the last step used the fact that Ex∼p [Ap kx (·)] because kx (·) = k(·, x) is in the Stein class of p for any fixed x.
Proof of Theorem 4.1. Applying the standard asymptotic results of U -statistics in Serfling (2009, Section 5.5), we just
need to check that σu2 6= 0 when p 6= q and σu2 = 0 when p = q.
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We first note that we can show that Ex0 ∼p [uq (x, x0 )] = trace(Aq β), where β(x) = Ex0 ∼p [Aq kx (x0 )] and is in the Stein
class of p (see the proof of Theorem 3.6). Therefore, when p = q, we have β(x) ≡ 0 by Stein’s identity, and hence σu2 = 0.
Assume σu2 = 0 when p 6= q, we must have Ex0 ∼p [uq (x, x0 )] = c, where c is a constant. Therefore,


c = Ex∼q Ex0 ∼p [uq (x, x0 )] = Ex0 ∼p Ex∼q [uq (x, x0 )] .
Because we can show that Ex∼q [uq (x, x0 )] = 0 following the proof above for p = q, we must have c = 0, and hence

S(p, q) = Ex∼p Ex0 ∼p [uq (x, x0 )] = c = 0,
which contradicts with p 6= q.

Proof of Theorem 5.1. (19) is obtained by applying Cauchy-Schwarz inequality on (8),
S(p, q)2 = |Exx0 [(sq (x) − sp (x))> k(x, x0 )(sq (x) − sp (x))]|2
≤ Exx0 [k(x, x0 )2 ] · Ex,x0 [[(sq (x) − sp (x))> (sq (x0 ) − sp (x0 ))]2 ]
≤ Exx0 [k(x, x0 )2 ] · Ex,x0 [||sq (x) − sp (x)||22 · ||sq (x) − sp (x)||22 ]
= Exx0 [k(x, x0 )2 ] · F(p, q)2 .
To prove (20), we simply note that (13) is equivalent to


p
>
S(p, q) = max Ep [(sq (x) − sp (x)) f (x)] s.t. ||f ||Hd ≤ 1 .
f ∈Hd

Taking f = (sq − sp )/||sq (x) − sp (x)||Hd then gives (20).
Proposition A.1. Let F(p) = L2 (p) ∩ S(p), where S(p) represents the Stein class of p, then we have


p
F(p, q) ≥ max
Ep [trace(Aq f (x))] s.t. Ep [||f (x)||22 ] ≤ 1 .
f ∈F (p)d

and the equality holds when sq − sp ∈ F(p)d .
Note that L2 (p) is larger than the Stein class and RKHS, and includes discontinuous, non-smooth functions, and hence we
need to ensure f is in the Stein class explicitly.
Proof. Denote by (L2 (p))d = L2 (p) × · · · × L2 (p), note that by the definition of F(p, q), we have
p

F(p, q) =

max

f ∈(L2 (p))d

X
d


Ep [f` (x)(s`q (x) − s`p (x))] s.t. Ep [||f (x)||22 ] ≤ 1 .

(A.1)

`=1

Restricting the maximizing to F(p)d and applying Lemma 2.3 would give the result.
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