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Abstract
In this paper, we revisit three fundamental
and popular stochastic optimization algorithms
(namely, Online Proximal Gradient, Regularized
Dual Averaging method and ADMM with online
proximal gradient) and analyze their convergence
speed under conditions weaker than those in literature. In particular, previous works showed that
these algorithms converge at a rate of O(ln T /T )
when√the loss function is strongly convex, and
O(1/ T ) in the weakly convex case. In contrast,
we relax the strong convexity assumption of the
loss function, and show that the algorithms converge at a rate O(ln T /T ) if the expectation of
the loss function is locally strongly convex. This
is a much weaker assumption and is satisfied by
many practical formulations including Lasso and
Logistic Regression. Our analysis thus extends
the applicability of these three methods, as well
as provides a general recipe for improving analysis of convergence rate for stochastic and online
optimization algorithms.

1. Introduction
The last decade has witnessed the surge of attention in big
data: learning and decision tasks involving datasets with
unprecedented size – e.g., data from computational biology, video, social networks – are becoming ubiquitous.
Big data brings in severe challenges: the memory cannot fit
the size of data, the computation time can be prohibitively
long, etc. A popular and powerful tool to overcome these
challenges is stochastic and online optimization methods,
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as they draw one data point at a time (hence mitigate the
storage issue), and update the variable to optimize with
low complexity at each iteration (Shalev-Shwartz, 2011;
Zhang, 2004). Yet, stochastic optimization methods may
suffer from slow convergence. Take the (arguably simplest)
stochastic subgradient method
√ (SGD) as an example. SGD
converges at a rate of O(1/ T ), and hence requires a significant number of iterations if an accurate solution is in
need (Kushner & Yin, 2003).
To solve problems in the high-dimensional (i.e., p  n
setting), various formulations have been proposed based on
the idea of exploiting the lower dimensional structure such
as sparsity via regularization. For example, `1 norm regularization is widely used to obtain sparse solutions. SGD
cannot efficiently exploit the structure of such regularized
formulations. Fortunately, several algorithms have been
developed to successfully address this setting. Duchi’s
Forward-Backward-Splitting algorithm (Duchi et al., 2010;
Singer & Duchi, 2009), also termed online proximal gradient (OPG), is an online version of the celebrated proximal gradient method (Combettes & Wajs, 2005). Xiao’s
Regularized Dual Averaging method (RDA) (Xiao, 2009)
extends Nesterov’s work (Nesterov, 2009) into the online
and regularized version. Based upon these two fundamental algorithms, several variants have been developed.
Notably, Suzuki considers new variants of online ADMM
with online proximal gradient descent type method (OPGADMM) and regularized dual averaging type method
(RDA-ADMM) (Suzuki, 2013). OPG-ADMM is also independently developed by Ouyang et al (Ouyang et al., 2013).
It can solve problems with structured sparsity regularization such as overlapped group lasso (Jacob et al., 2009) or
low rank tensor estimation(Signoretto et al., 2010).
This paper studies the convergence speed of OPG, RDA
and OPG-ADMM. All these three √
methods are known to
achieve a convergence rate of O(1/ T ) when the function
to optimize is (weakly) convex (Duchi et al., 2010; Xiao,
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2009; Suzuki, 2013). In contrast, when the loss function
or the regularization is strongly convex, they achieve a fast
convergence rate of O(ln T /T ). Yet, it has been observed
in practice that in many weakly convex problems these algorithms perform better than what the theory predicts, indicating room of improvement for analysis under this case.
We revisit these three methods in this paper and present
some new results about their convergence speed in the
weakly convex case. In particular, we show that the convergence rate of O(ln T /T ) is achievable if the expectation of
the loss function is locally strongly convex around the optimal solution. This is a much weaker assumption than the
standard assumption that the loss function is strongly convex, and is satisfied by many practical formulations. Some
examples par excellence are the renowned Lasso and logistic regression, where loss functions are ky − xT θk22 and
ln(1 + exp(−y(xT θ))) respectively, which are obviously
not strongly convex. However, under mild conditions, its
expectation is indeed strongly convex. We remark that our
proof technique is very general: it applies to all three methods we study, and we believe can be easily adapted to analyzing other online and stochastic optimization methods.
Before concluding this section, we discuss some relevant
literature. Recently, some approaches without strongly
convex assumption on loss function to achieve convergence
rate O(1/T ) has been proposed (Rakhlin et al., 2012; Bach
& Moulines, 2013; Zhong & Kwok, 2013; Bach, 2014).
Rakhlin et al. (2012) analyze SGD when the expectation
of loss function is strongly convex, while our analysis is
on more complex and general algorithms (OPG, RDA and
OPG-ADMM). Bach & Moulines (2013) propose a novel
stochastic gradient method to solve (unregularized) leastsquares regression and logistic regression, under a smoothness assumption of the loss function. Bach (2014) exploits
local strong convexity of the objective function, however it
needs the objective is three-times differentiable. Zhong &
Kwok (2013) develop an ADMM type method using historical gradients and hence require extra memory to store
gradients. These works are under different conditions from
ours.

2. Problem setup and notations

min G(w) := Ez f (w, z) + r(w),

As the distribution of z is unknown, a common approach
to solve the learning problem is to approximate the expectation using a finite set of observation and to minimize the
empirical loss
T
1X
f (w, zt ) + r(w),
w∈Ω T
t=1

min

(2)

where f (w, zt ) is a convex loss function associated with a
data point zt , and {zt }Tt=1 are drawn from the underlying
distribution.
In the traditional batch learning, we have to access the
whole data set, e.g., computing the gradient of the objective function in (2), which is impossible in the big data setting. In contrast, the stochastic optimization algorithm is a
promising approach. It sequentially draw the data and optimize the decision variable based upon the last observation.
Throughout the paper, we use the subscript to denote the
variable at a certain time step, e.g., wt , zt+1 . Given a function f (·, z), ∂f (w, z) denotes its subdifferential set evaluated at w, and f 0 (w, z) denotes a particular subgradient in
this set.
We first present formally the assumptions needed for our
results.
Assumption 1.
• Both f and r are convex, and Ω is a convex compact
set with radius R.
• The subgradient of f is bounded, i.e., there exists a
constant L, such that kf 0 (wt , zt )k2 ≤ L.
• F is Locally Strongly Convex: there exists β > 0 such
that F (w) − F (w∗ ) ≥ β2 kw − w∗ k22 + h∇F (w∗ ), w −
w∗ i, where w∗ := arg minw∈Ω G(w).
Some remarks on the assumption are in order.

We consider the following stochastic learning problem.
w∈Ω

tion on f (·, z) and r(·) beyond being convex. We further
assume that F (w) := Ez f (w, z) is strongly convex around
w∗ := arg minw∈Ω G(w), i.e., there exists β > 0 such that
F (w) − F (w∗ ) ≥ β2 kw − w∗ k22 + h∇F (w∗ ), w − w∗ i. We
will see below that this condition is indeed implied by the
condition that F (·) is strongly convex in a neighborhood of
w∗ .

(1)

where w is the variable to optimize, and z is an input-output
pair which is generated from an unknown distribution. The
loss function f (w, z) is convex with respect to w for any
z. As an example, one commonly used loss function is the
least squares f (w, (x, y)) = (y − wT x)2 ,where z = (x, y).
The set Ω is a compact convex set, and r(w) is a convex
regularization function. Notice that we make no assump-

1. Local strong convexity of F is clearly a much weaker
assumption than f (w, z) being strongly convex – the latter
indeed immediately implies the former.
2. Our condition of local strong convexity is a strictly
weaker condition than F being strongly convex in a neighborhood of w∗ (say with radius r): it is indeed implied by
the latter. To see this, by strong convexity in the neighborhood, we have for all ŵ in the neighborhood,
F (ŵ) − F (w∗ ) ≥ γkŵ − w∗ k22 + h∇F (w∗ ), ŵ − w∗ i.
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Now notice w is in the compact set Ω with radius R. Let ŵ
be the furthest point in the neighborhood of w∗ on the line
segment between w and w∗ , we have
F (w)−F (w∗ ) ≥ (r2 /R2 )γkw−w∗ k22 +h∇F (w∗ ), w−w∗ i.
(3)
Notice (3) is indeed our definition of local strong convexity.
The rest of the paper focuses on analyzing the convergence of stochastic optimization algorithms under Assumption 1. In specific, we will review OPG, RDA, and OPGADMM and establish new convergence results with the locally strong convexity of F (w).

3. Online Proximal Gradient
This section is devoted to the study of Online Proximal
Gradient algorithm (Duchi et al., 2010). We first briefly
review OPG, and then present our new result that the algorithm converges at a rate O(ln T /T ) under locally strong
convexity of F (w). Finally, we provide a roadmap of the
proof and discuss the general insight to obtain this new result.
OPG iteratively solves the following problem

to the convergence rate (Cesa-Bianchi et al., 2004; Kakade
& Tewari, 2009). We now show that by a refined analysis,
we can relax the strong convexity assumption of f (w, z)
yet still achieve O(ln T /T ) convergence rate. We present
our main theorem in the following subsection.
3.1. Stochastic Convergence Result of OPG
We now present the main result of this section, namely the
convergence of OPG to solve (1) under weaker assumption.
As standard, the convergence rate is for the average value
of wt generated by OPG.
Theorem 1. If f (w, z) is bounded by B, F (w) is a locally
strongly convex function with parameter β around w∗ , assume there is a constant L such that kf 0 (wt , zt )k2 ≤ L .
2
, let {wt }Tt=1 be the sequence generated by
We set ηt = βt
the algorithm then
√
C2 L2 p
C1 L2 ln T
+
ln(1/δ) ln T
βT
βT
ln(1/δ)
16L2
, 6B)
+ 2 max(
β
T
(4)

G(w̄T ) − G(w∗ ) ≤

1
wt+1 = arg min kwt −wk22 +ηt hf 0 (wt , zt ), wi+ηt r(w),
w∈Ω 2

with probability at least 1 − 4 ln(T )δ, where w̄T =
PT
1
t=1 wt , and C1 , C2 are some universal constants.
T

where ηt is a step size parameter. Note that here we use
1
2
2 kwt − wk2 for simplicity. This can be replaced by a more
general term, i.e., Bregman divergence, and the analysis is
identical.
The output of the algorithm is w̄T , where w̄T =
PT
1
w
t=1 t .
T

Theorem 1 essentially states that G(w̄T ) − G(w∗ ) is
bounded by O(ln T /T ) with high probability. Notice that
while the strong convexity parameter β does not affect the
order of convergence rate, the speed of convergence is proportional to the 1/β. F (w) with larger convexity parameter
would converge faster.

To establish the convergence rate of OPG, standard technique (Duchi et al., 2010; Xiao, 2009; Suzuki, 2013) first
defines the regret
Reg T :=

T
T
X
X
(f (wt , zt )+r(wt ))−
(f (w∗ , zt )+r(w∗ ))
t=1

t=1

and
Dif f T : =

T
X
(G(wt ) − G(w∗ ))
t=1

=

T
X

(F (wt ) + r(wt )) − T (F (w∗ ) + r(w∗ )),

3.2. Roadmap of the proof
We now outline the proof of Theorem 1. The main innovation is that instead of analyzing RegT and Dif fT
separately as in the traditional approach, which is hard
to exploit locally strong convexity of F (w), we analyze
Dif fT − RegT directly. Define
ξt = (F (wt ) + r(wt ) − F (w∗ ) − r(w∗ ))
− (f (wt , zt ) + r(wt ) − f (w∗ , zt ) − r(w∗ )).

(5)

Notice we have the following relation

t=1
T

where G(w) := F (w) + r(w). Recall that F (w) =
Ez f (w, z), w∗ is the optimal solution of G(w), and the
goal is to bound Dif fT . Duchi et al. (2010) shows when
f (w,
√ z) is weakly convex, RegT can be upper bounded by
O( T ). This is in sharp contrast to the strongly convex
case where the upper bound is O(ln T ). Then by standard technique, one can convert this bound of the regret

X β
1
Dif fT ≤ Dif fT −
( kw∗ − wt k22 )
2
4
t=1
= RegT −

T
T
X
X
β
ξt ,
( kw∗ − wt k22 ) +
4
t=1
t=1

where the first inequality holds using the fact that G(wt ) −
G(w∗ ) ≥ β2 kwt − w∗ k22 .
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We then establish the following lemma, which is similar to
Lemma 1 of Duchi et al. (2010). The latter concerns bound
on RegT and hence requires strong convexity of f (·, z).
PT
Instead, we bound RegT − t=1 ( β4 kwt − w∗ k22 ), and thus
relax this strong convexity assumption.
2
βt ,

{wt }Tt=1

Lemma 1. If we set ηt =
let
be the sequence
generated by the algorithm. Assume there is a constant L
such that kf 0 (wt , zt )k2 ≤ L, then for w∗ ∈ Ω,
T
X
β
RegT −
( kwt − w∗ k22 )
4
t=1

≤
≤

1
kf 0 (wt , zt )k22 −
kwT +1 − w∗ k22 + r(w1 )
2
2ηT

CL2
ln(T ),
β

t=1

β
kwt − w∗ k22 ]
4
T
X
ηt 0
1
≤
kf (wt , zt )k22 +
kw∗ − w1 k22
2
2η
1
t=1

−

1
kwT +1 − w∗ k22
2ηT
T
−1
X
+
[kwt+1 − w∗ k22 (
t=1

PT

β
t=1 ( 4 kwt

Lemma 1 asserts that RegT −
− w∗ k22 ) is
bounded by O(ln T ), even when f (w) is weakly convex.

Proof. The first step is same with the proof of Lemma 1 in
(Duchi et al., 2010), we present here for completeness.
ηt (f (wt , zt ) + r(wt+1 )) − ηt (f (w∗ , zt ) + r(w∗ ))
≤ ηt hf 0 (wt , zt ), wt − w∗ i + ηt hwt+1 − w∗ , r0 (wt+1 )i
= ηt hw∗ − wt+1 , wt − wt+1 − ηt f 0 (wt , zt ) − ηt r0 (wt+1 )
+ hw∗ − wt+1 , wt+1 − wt i + ηt hwt − wt+1 , f 0 (wt , zt )i
1 ∗
1
η2
kw − wt k22 − kw∗ − wt+1 k22 + t kf 0 (wt , zt )k22 ,
2
2
2
(6)

where the second inequality holds from the optimality of
wt+1 , i.e., hwt+1 − wt + ηt f 0 (wt , zt ) + ηt r0 (wt+1 ), w −
wt+1 i ≥ 0 for all w, and the fact that ηt hwt −
η2
wt+1 , f 0 (wt , zt )i ≤ 2t kf 0 (wt , zt )k22 + 12 kwt − wt+1 k22 .
Now we divide ηt at both sides of (6) , we have

1
β
1
−
) − kwt+1 − w∗ k22 ]
2ηt+1
2ηt
4

β
− kw1 − w∗ k22 .
4
Choose ηt =
L, we get

where C is some universal constant, β is the locally
strongly convexity parameter of F (·) around w∗ . Recall our assumption F (w) − F (w∗ ) ≥ β2 kw − w∗ k22 +
h∇F (w∗ ), w − w∗ i.

≤

T
X
[f (wt , zt ) + r(wt+1 ) − f (w∗ , zt ) − r(w∗ )

−

T
X
ηt
t=1

we get

T
X

2
βt

and use the assumption kf 0 (wt , zt )k2 ≤

[f (wt , zt ) + r(wt+1 ) − f (w∗ , zt ) − r(w∗ )

t=1

β
kwt − w∗ k22 ]
4
T
X
ηt 0
kf (wt , zt )k22 + C2
≤
2
t=1

−

≤ C1

L2
ln T + C2
β

Now we have
T

X
1
Dif fT ≤ C ln T +
ξt .
2
t=1
What remains is to convert this to the rate of convergence.
For that, we show {ξt } is a martingale sequence.
Lemma 2. let {wt }Tt=1 be the sequence generated by the
algorithm and F (w) is locally strongly convex. Assume
there is a constant L such that kf 0 (wt , zt )k2 ≤ L. ξt is a
martingale difference, i.e. Et−1 ξt = 0, where Et−1 means
the conditional expectation given z1 , z2 , ..., zt−1 . Furthermore define the conditional variance Vart−1 ξt := Et−1 ξt2
2
∗
and we have Vart−1 ξt ≤ 2L
β (G(wt ) − G(w )).

Proof. ξt = F (wt ) − F (w∗ ) − (f (wt , zt ) − f (w∗ , zt )).
(f (wt , zt ) + r(wt+1 )) − (f (w∗ , zt ) + r(w∗ ))
Notice wt just depends on z1 , z2 , ..., zt−1 , so we have
1
1
ηt
≤
kw∗ − wt k22 −
kw∗ − wt+1 k22 + kf 0 (wt , zt )k22 .
2ηt
2ηt
2
Et−1 ξt = F (wt ) − F (w∗ ) − Et−1 (f (wt , zt ) − f (w∗ , zt ))
Subtract

β
∗ 2
4 kwt −w k2

= F (wt ) − F (w∗ ) − (F (wt ) − F (w∗ )) = 0,
at both sides and sum over both side,

(7)
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which shows it is a martingale difference. To bound the
variance,
Et−1 ξt2
= (F (wt ) − F (w∗ ))2 + Et−1 (f (wt , zt ) − f (w∗ , zt ))2
− 2(F (wt ) − F (w∗ ))2
= Et−1 (f (wt , zt ) − f (w∗ , zt ))2 − (F (wt ) − F (w∗ ))2
≤ Et−1 (f (wt , zt ) − f (w∗ , zt ))2
≤ Et−1 (L2 kwt − w∗ k22 )
≤

where the last step holds from the locally strongly convexity of G. G is locally strongly convex from the locally
strong convexity of F and definition.
Lemma 2 is similar in spirit to Lemma 1 of (Kakade &
Tewari, 2009), except that we only use the locally strong
convexity of F (w). Then we use the martingale inequality
developed in (Kakade & Tewari, 2009) which connects the
regret to generalization to prove our main theorem.
Proof of Theorem 1.
T
X

(G(wt ) − G(w∗ ) −

t=1

β
kwt − w∗ k22 )
4

T
X
(f (wt , zt ) + r(wt ) − f (w∗ , zt ) − r(w∗ )
−

t=1

t=1

Now we relate RHS to Dif fT using Lemma 2.
s
T
X
p
p
2L2
ξt ≤ max(2
Dif fT , 6B ln(1/δ)) ln(1/δ)
β
t=1

1
CL2 ln(T )
Dif fT −
2
β
s
(9)
p
p
2L2
≤ max(2
Dif fT , 6B ln(1/δ)) ln(1/δ).
β
Solving the inequality using Lemma A.2 in the supplementary material , we get
√
1
C1 L2 ln T
4L2 p
Dif fT ≤
+ C2
ln(1/δ) ln T
2
β
β
(10)
2
16L
, 6B) ln(1/δ).
+ max(
β
Using the convexity of G(w), we have with high probability

t=1

−

v
u T
uX
p
p
ξt ≤ max{2t
V art−1 ξt , 6B ln 1/δ} ln 1/δ.

with probability at least 1 − 4 ln(T )δ.
Now we have a inequality of Dif fT ,

2L2
(G(wt ) − G(w∗ )),
β

Dif fT − RegT =

T
X

β
kwt − w∗ k22 ).
4

G(w̄T ) − G(w∗ ) ≤ Dif fT /T ≤ O(ln T /T ).
(8)

Define Dif˜ fT =
and
˜ T =
Reg

PT

t=1 (G(wt ) − G(w

∗

) − β4 kwt − w∗ k22 )

T
X
(f (wt , zt ) + r(wt ) − f (w∗ , zt ) − r(w∗ )
t=1

4. Regularized Dual Averaging method

β
− kwt − w∗ k22 ).
4
2

˜ T ≤ CL ln T. Notice we
Using Lemma 1, we have Reg
β
˜ f ≥ 1 Dif fT using the the fact that G(wt ) −
have Dif
G(w∗ ) ≥

T
2
β
2 kwt −

w∗ k22 , thus
T

X
1
˜ ≤ Dif fT − Reg ≤
Dif fT − Reg
ξt ,
2
t=1
which implies

1
2 Dif fT

This proof idea can be extended to other algorithms. Indeed, our proofs of RDA and OPG-ADMM follow a similar roadmap except for some technical details.

−

CL2 ln(T )
β

≤

PT

t=1 ξt .

Using Lemma 2 and Lemma A.1 P
in the supplementary maT
terial, we have a upper bound of t=1 ξt . Particularly, the
following relation holds with probability at least 1−4δ ln T

We briefly explain the RDA method. In RDA, an auxiliary function h(w) is needed, which is a strongly convex
function with convex parameter 1 (e.g., 12 kwk22 ) on domain
of r(w), and also satisfies arg min h(w) = arg min r(w).
Define w0 as w0 = arg min h(w). The Regularized
Dual Averaging method iteratively generates a sequence
{wτ }tτ =1 in the following way,
wt+1 := arg min(h
w

t
X

f 0 (wτ , zτ ), wi + tr(w) + βt h(w)),

τ =1

with initialization w1 = w0 . Notice we only need to store
the summation of subgradients
rather than each individ√
ual one. It achieves O(1/ T ) convergence rate when f
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is (weakly) convex and O(ln T /T ) in the strongly convex
case. For more details on choices of h(w), examples of applications of RDA and proofs, we refer the readers to Xiao
(2009).
To achieve the O(ln T /T ) convergence rate under our assumption, we propose a modified RDA method slightly different from the original one. It updates wt in the following
way.
wt+1 = arg min(h
w

+γ

t
X

t
X

f 0 (wτ , zτ ), wi + tr(w) + βt h(w)

τ =1

kwτ − wk22 ).
(11)

Notice we add an additional strongly convex term. It is
easy to see that solving wt+1 only requires knowing the
sum of wt rather than each individual one, so the memory
consumption is almost same as the original
This
Palgorithm.
t
additional term help us to bound Regt −γ τ =1 kwτ −wk22
in the following lemma. Similarly to the proof of OPG, we
first define Regt .
t
X

(f (wτ , zτ ) + r(wτ )) −

τ =1

t
X

τ =1

ADMM (Gabay & Mercier, 1976) is a framework for optimization of a composite function and has wide range of
applications (Candès et al., 2011; Aguiar et al., 2011; Shen
et al., 2012). It has gained lots of attentions in the machine
learning society recently (Boyd et al., 2011; Ouyang et al.,
2013; Suzuki, 2013). ADMM considers the following optimization problem:

x∈X ,y∈Y

(f (w, zτ ) + r(w)).

τ =1

Lemma 3. If we set βt = γ(1 + ln t) for t ≥ 1, β0 =
β1 = γ, let {wτ }tτ =1 be the sequence generated by the
algorithm (11). Assume there is a constant L such that
kf 0 (wτ , zτ )k2 ≤ L, then we have
t
X

with probability at least 1 − 4 ln(T )δ, where w̄T =
PT
1
t=1 wt , C1 , C2 are some constants depending on D,
T
L and β.

min

The following lemma upper bounds the regret subtracted
by a strongly convex term.

Regt − γ

C1 + C2 ln T
G(w̄T ) − G(w∗ ) ≤
T
√
p
C1 + C2 ln T
16L2
ln(1/δ)
+4 ln(1/δ)
+ 2 max(
, 6B)
,
T
β
T
(12)

5. OPG-ADMM

τ =1

Regt =

f (w, z) is bounded by B, F (w) is a locally strongly convex
function with parameter β around w∗ , then

kwτ − wk22 ≤ C1 γD2 + C2

L2
(1 + ln(t)),
γ

for any w ∈ FD , where FD = {w|h(w) ≤ D2 }, C1 , C2
are some universal constants.
Pt
This lemma states Regt − γ τ =1 kwτ − wk22 is upper
Pt
bounded by O(ln t). Notice γ τ =1 kwτ − wk22 is indeed
the new term introduced in (11).
Following a same roadmap of derivation as that of OPG,
we can apply the martingale inequality on the regret bound
given in the Lemma 3. This leads to the following theorem
that establishes an improved convergence rate of RDA to
solve the learning problem 1. The detailed proof is deferred
to the appendix.
Theorem 2. If we set βt = γ(1 + ln t), γ = β4 . Let
{wτ }tτ =1 be the sequence generated by the algorithm. Assume there is a constant L such that kf 0 (wτ , zτ )k2 ≤ L, If

s.t.

T
1X
f (x, zt ) + ψ(y)
T t=1

(13)

Ax + By − b = 0,

where X and Y are some convex compact sets with radius
D, i.e., kx − x0 k2 ≤ D for all x, x0 ∈ X and similarly
ky − y 0 k2 ≤ D for all y, y 0 ∈ Y. B is a squared matrix
and B −1 exists. One example is B = I and b = 0, i.e.,
Ax = −y. ADMM splits the optimization with respect to
x and y using the augmented Lagrangian technique. It has
O(1/T ) convergence rate in the weakly convex case and
linear convergence rate in the strongly convex case (He &
Yuan, 2012; Deng & Yin, 2012).
However, ADMM is basically a batch method which needs
to store the whole data in memory. To resolve this issue,
several online variants of ADMM are proposed (Ouyang
et al., 2013; Suzuki, 2013; Wang & Banerjee, 2012). The
algorithm of OPG-ADMM (Suzuki, 2013) is given by the
following update rules.
xt+1 = arg min gtT x − λTt (Ax + Byt − b)
x∈X

ρ
1
+ kAx + Byt − bk22 +
kx − xt k2Gt ,
2
2ηt
yt+1 = arg min ψ(y) − λTt (Axt+1 + By − b)

(14)

y∈Y

ρ
+ kAxt+1 + By − bk22 ,
2
λt+1 = λt − ρ(Axt+1 + Byt+1 − b),
where gt stands for f 0 (wt , zt ), Gt = γI − ηt ρAT A, and
kxk2Gt denotes xT Gt x. γ, ρ, ηt are chosen such that Gt 
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I for simplicity. We initialize x1 = 0, λ1 = 0 and By1 = b.
Moreover we define λ̃t = λt − ρ(Axt+1 + Byt − b). We
assume that it is easy to compute the proximal operation
corresponding to ψ, i.e., the update rule for yt is computationally
√ easy. It is known to achieve a convergence rate
O(1/ T ) in the weakly convex case and O(ln T /T ) in the
strongly convex case.
To establish a fast rate for OPG-ADMM, similarly to
OPG, we need to establish an upper bound of the RegT −
P
T
β
2
t=1 4 kxt − x̂k2 .
Lemma 4. Let {xt }Tt=1 , {yt }Tt=1 and {λt }Tt=1 be the sequence generated by algorithm (14). Assume f is weakly
convex, then for all x̂ ∈ X , ŷ ∈ Y and λ̂, we have
T
T
X
X
(f (xt , zt ) + ψ(yt )) −
(f (x̂, zt ) + ψ(ŷ))
t=1

xt − x̂
−AT λ̃t
T



yt − ŷ 
+
−B λ̃t
t=1
λ̃
Axt + Byt − b
t − λ̂
T
X

+

T
X
kλt − λt+1 k2
2

2ρ

t=1

≤



T

+

kλT +1 − λ̂k22 X β
−
kxt − x̂k22
2ρ
4
t=1

T
T
X
kx̂k2G1 X
γ
γ
ηt
(
kgt k2G−1
+
−
)kxt − x̂k22 +
t
2η1
2η
2η
2
t
t−1
t=2
t=1

ρ
kλ̂k22
+ kb − B ŷk22 +
+ hAxT +1 , λ̂i
2
2ρ
+ hB(ŷ − yT +1 ), λT +1 − λ̂i − hB ŷ − b, λ̂i
−

T
X
β
t=1

4

G(x̄T , ȳT0 ) − G(x∗ , y ∗ ) ≤ C

ln T
T

PT
PT
where x̄T = T1 t=1 xt , ȳT0 = T1 t=1 yt0 , C is some
constant depending on β, B, L, Lψ . G(x, y) = F (x) +
ψ(y), F (x) = Ez f (x, z) and (x∗ , y ∗ ) is the optimal solution of G(x, y) with constraint Ax + By − b = 0.

6. Simulation results

t=1

T 



T
T
Theorem 3. Set ηt = 2γ
βt . Let {xt }t=1 , {yt }t=1 and
T
{λt }t=1 be the sequence generated by the algorithm. Assume X and Y are two convex compact set with radius
D, f (x, z) is bounded by B, kgt k2 is bounded by L, the
sub gradient of ψ is bounded by Lψ , and F (x) is locally
strongly convex function around x∗ with parameter β, then
with high probability

kxt − x̂k22 ,
(15)

where gt denotes f 0 (xt , zt ) for short. Here we assume
kgt k2 is bounded by L, f (x, w) is bounded by B, the sub
gradient of ψ is bounded by Lψ , and X and Y are two
convex compact set with radius D.
Notice that in the RHS of (15), the term hB(ŷ −
yT +1 ), λT +1 − λ̂i ≤ hŷ − yT +1 , ∇ψ(yT +1 ) − B T λ̂i by the
optimality of yt+1 . The RHS can also be bounded by a constant since yT +1 and ∇ψ(yT +1 ) are bounded by constants
using assumptions. Furthermore, We can choose a special
λ̂ = 0 to make the third term in the LHS in (15) vanishing.
Thus, we can show the RHS is bounded by C1 ln T + C2 if
we choose ηt = 2γ
βt . We defer the details to the appendix.
We remark that (xt , yt ) generated by the algorithm may not
satisfy the constraint Axt + Byt − b = 0. Same as Suzuki
(2013), we use yt0 := B −1 (b − Axt ) to replace yt .
Similarly as the previous two methods, based on the regret
bound we establish the improved stochastic convergence
rate of OPG-ADMM.

In this section, we perform numerical simulations to illustrate and validate our results. We emphasize that this paper concerns providing tighter theoretical analysis of three
well-known algorithms, rather than proposing new algorithms. As such, the goal of the simulation is not about
showing the superiority of the algorithms (which has been
validated in many real applications (Ouyang et al., 2013;
Suzuki, 2013; Xiao, 2009), but to show that their empirical
performance matches our theorem. In light of this, synthesized data is more preferable in our experiments, as we are
able to compute the global optimum (and hence the optimality gap) based on the underlying mechanism that generates the data, which is typically impossible for real data
sets.
We use LASSO as the problem to optimize, i.e.
f (w, (x, y)) + r(w) = 21 ky − wT xk22 + λkwk1 , as this is
a widely used formulation in various areas such as sparse
coding, compressive sensing, and high dimensional statistics. We generate the input and output pair (x, y) in the following way: w† is a k sparse vector of dimension d where
the no-zeros entries are generated from the standard normal
distribution, x is a d dimension vector drawn from the standard normal distribution, and y = (w† )T x + ξ, where ξ is a
Gaussian noise term with variance σ 2 = 0.25. Observe this
satisfies our setting where f (w, (x, y)) + r(w) is a weakly
convex function, but E(f (w, (x, y))) is strongly convex. In
Lasso, given all conditions above, we can calculate G(w)
analytically as follows. G(w) = 21 kw − w† k22 + λkwk1 +
σ2
2 . We set λ = 0.1. The optimal solution of G(w) can
be calculated by the standard soft thresholding operation of
w† . The simulation results are reported in Figure 1 and 2.
The Y axis is the optimality gap G(w¯T ) − G(w∗ ) and the
X axis is the number of steps. All results are averaged over
10 trials and drawn in the log-log scale.
We observe the following: all three algorithms converge
slowly at beginning. After certain time steps T0 , they de-
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Figure 1. Stochastic convergence rates of OPG, RDA and OPG-ADMM in LASSO with dimension d=300 and sparsity k=10. The
experimental results are averaged with 10 trials.
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Figure 2. Stochastic convergence rates of OPG, RDA and OPG-ADMM in LASSO with dimension d=1000 and sparsity k=10. The
experimental results are averaged over 10 trials.

crease with ratio −1 on log-log scale, i.e., the convergence
rate is proportional to 1/T for large T , which validates our
theoretical results. In terms of the convergence speed at
the initial stages of the algorithms, we suspect that this
may be due to fact that we measure the population error
G(w̄T ) − G(w∗ ) rather than the empirical error. Thus,
when relatively few samples are given, overfitting may happen. Interestingly, we find that the value T0 is closely related the dimension of the problem. In the case d=300, T0
is around 300, whereas T0 is around 1000 when d = 1000,
which seems to support our conjecture.

the expectation of the loss function. We believe this is a
technique that can be easily adapted to studying other algorithms, and hence provides a general recipe to obtain
improved convergence rate for stochastic optimization algorithms.

7. Conclusion
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