Fast SVD and PCA Algorithms: Convergence Properties and Convexity

A. Proofs
A.1. Proof of Theorem 1

Although the proof structure generally mimics the proof of Theorem 1 in (Shamir, 2015) for the £ = 1 special case, it is
more intricate and requires several new technical tools. To streamline the presentation of the proof, we begin with proving
a series of auxiliary lemmas in Subsection A.1.1, and then move to the main proof in Subsection A.1. The main proof itself
is divided into several steps, each constituting one or more lemmas.

Throughout the proof, we use the well-known facts that for all matrices B, C, D of suitable dimensions, Tr(B + C) =
Tr(B) + Tr(C), Tr(BC) = Tr(CB), Tr(BCD) = Tr(DBC), and Tr(B' B) = ||B||%. Moreover, since Tr is a linear
operation, E[Tr(B)] = E[Tr(B)] for a random matrix B.

A.1.1. AUXILIARY LEMMAS

Lemma 2. Forany B,C, D * 0, it holds that Tr(BC) > Tr(B(C — D)) and Tr(BC') > Tr((B — D)C).

Proof. 1t is enough to prove that for any positive semidefinite matrices E, G, it holds that Tr(EG) > 0. The lemma
follows by taking either E = B,G = D (in which case, Tr(BC) = Tr(B(C — D)) + Tr(BD) > Tr(B(C — D))), or
E = D,G = C (in which case, Tr(BC) = Tr((B — D)C) + Tr(DC) > Tr((B — D)C)).

Any positive semidefinite matrix M can be written as the product M /2 /2 for some symmetric matrix M /2 (known
as the matrix square root of M). Therefore,

’I‘I'(EG) _ T\I_(El/QEl/QGl/QGl/Q) _ Tr(Gl/QEl/QEl/QGl/Q)
_ Tr((E1/2G1/2)T(E1/2G1/2)) _ ||E1/2G1/2||%—~ > 0.

Lemma3. I[f B > 0and C > 0, then
Tr(BC™Y) > Tr(B(2I — C)),

where I is the identity matrix.

Proof. We begin by proving the one-dimensional case, where B, C are scalars b > 0, ¢ > 0. The inequality then becomes
bc=! > b(2 — ¢), which is equivalent to 1 > ¢(2 — ¢), or upon rearranging, (¢ — 1) > 0, which trivially holds.

Turning to the general case, we note that by Lemma 2, it is enough to prove that C~! — (2 — C) = 0. To prove this,
we make a couple of observations. The positive definite matrix C' (like any positive definite matrix) has a singular value
decomposition which can be written as USU ", where U is an orthogonal matrix, and S is a diagonal matrix with positive
entries. Its inverse is US™'U ", and 2 — C =21 — USU " = U(2I — S)U". Therefore,

Cl-@I-0)=US WU —URI-SUT =U(S ' — (21 -S)U'.

To show this matrix is positive semidefinite, it is enough to show that each diagonal entry of S=! — (21 — S) is non-
negative. But this reduces to the one-dimensional result we already proved, when b = 1 and ¢ > 0 is any diagonal entry in
S. Therefore, C~! — (21 — C) = 0, from which the result follows. O

Lemma 4. For any matrices B, C,
Tr(BC) < | BlrlICF

and
|BC||r < [|Bll2l|CllF-

Proof. The first inequality is immediate from Cauchy-Shwartz. As to the second inequality, letting c; denote the ¢-th
column of C, and || - || the Euclidean norm for vectors,

IBC|r = \/Z [Beill3 < \/Z (IBllzlleill2)* = 1Bll2, [ lleil3 = | Bl2|Cl -
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Lemma 5. Let By, Bo, Z1,Z5 be k X k square matrices, where By, By are fixed and Zy,Zs are stochastic and zero-
mean (i.e. their expectation is the all-zeros matrix). Furthermore, suppose that for some fixed o,~y,6 > 0, it holds with
probability 1 that

e Forallv €0,1], By +vZy = 41.
e max{[|Z1]|p, || Z2|lF} < o

o [|[B1+nZill2 <.

Then

E[Tr (B1 + Z1)(B2 + Z2)™")| > Te(B1B; ') — M

Proof. Define the function
fW)=Tr ((Bi+vZ) (B +vZs)"") ., velo1]

Since By + vZ5 is positive definite, it is always invertible, hence f(v) is indeed well-defined. Moreover, it can be differ-
entiated with respect to v, and we have

') =T (Z1(Be +vZ2)~" = (By + vZ1) (B + vZ) ' Zo(By + vZ) ") .
Again differentiating with respect to v, we have
') = Tr ( —971(By + 7)Y Zo(Ba + vZs) !
+2(By + vZ1)(Ba + vZ) ' Zo(Ba + vZ) ' Zo(Bs + VZz)_l)
— 2Ty (( 71+ (B +vZ.)(Bs + VZQ)*ZQ) (By + vZ) ' Zo(Bs + VZQ)*).
Using Lemma 4 and the triangle inequality, this is at most

2| = Z1 + (B +v21)(Bz + vZa) " Zo|| p||(Bz + vZ2) "' Z2(Ba + vZ2) " r
<2 (| Zillr + (Br +v21)(Be +vZ2) ' Zs| p) 1Bz +vZ2) |31 Za || ¢

<2 (||21||F + B+ vZiall (B +vZ2) ™! ||2||22HF) (B2 + vZ2) " 31 22 7

1\ 1 20%(14 /0
SZ(a—&—’yéa) 20 = %

Applying a Taylor expansion to f(-) around v = 0, with a Lagrangian remainder term, and substituting the values for
f'(v), f""(v), we can lower bound f(1) as follows:

F(1) > F0) 4 £/(0) # (1~ 0) — 5 max| /" (#)| « (1 0

=Tr (BiB; ')+ Tr (Z1By' — B1B; ' Z,B; ") — M
Taking expectation over 21, Z, and recalling they are zero-mean, we get that
E[f(1)] > Tr (B1B3") — M.
Since E[f(1)] = E [Tr ((B1 + Z1)(Bz + Z2)™")]. the result in the lemma follows. O
Lemma 6. Let Uy, ... U and Ry, Rs be positive semidefinite matrices, such that Ro — Ry = 0, and define the function
k k -1
f(xy...ap) =Tr (Z 2 U; + R1> (Z U + R2>
i=1 i=1

overall (z1...x1) € [a, ] for some B> a > 0. Then ming,, .. )eap f(X) = flo,... ).
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Proof. Taking a partial derivative of f with respect to some x;, we have

0
87@ (x)

k -1 k k -1 k -1
=Tr | U; (inUi—i-RQ) —<inUZ—+R1> (ZmiUi—kRg) Uj (inUi—i-Rz)

=1 i=1 i=1 =1

k k -1 k —1
=Tr I — (ZUi+R1> <Z$iUi+RQ> Uj (inUi+R2>
i=1 i=1 i=1
k k k -1 k -1
i=1 i=1 i=1 i=1
-1

k k -1
=Tr (RQ —R1) <Z$1Ui+R2> Uj <inUi+R2>

i=1 i=1

By the lemma’s assumptions, each matrix in the product above is positive semidefinite, hence the product is positive
semidefinite, and the trace is non-negative. Therefore, % f(x) > 0, which implies that the function is minimized when
J

each x; takes its smallest possible value, i.e. a. O

Lemma 7. Let B be a k x k matrix with minimal singular value 9. Then

IBTB|% { s 07 >
1- > max{1—|BlE, - (k= BIF) ¢
1B]1% k

Proof. We have

L UBTBIR L IBIRIBIE

= - F
I1B]1% 1BII%
: : 1B BlI% 52 2 ;

so it remains to prove 1 — B > % (k—||B||%). Let o1,...,05 denote the vector of singular values of B. The
singular values of BT B are 02, ...,0%, and the Frobenius norm of a matrix equals the Euclidean norm of its vector of

singular values. Therefore, the lemma is equivalent to requiring

k 4 2 k
1- 72221012 > % (k‘—Zof) ;
> ie10; i=1

assuming o; € [0, 1] for all 4. This holds since

4 2y 4 62 (1 — o2 25" (1 — g2 >
1_ ’LO-’L2 — Zlal Zial _ Z’L 7 (1 JZ) > 6 E2(1 O-Z) I if(k_zaQ)

Q

Zz’g? B 2101‘2 B k - ’

i

Lemma 8. For any d X k matrices C, D with orthonormal columns, let

D¢ = arg min |C — DB|%
DB : (DB)"(DB)=I

be the nearest orthonormal-columns matrix to C' in the column space of D (where B is a k X k matrix). Then the matrix
B minimizing the above equals B = VU, where CTD = USV T is the SVD decomposition of C'" D, and it holds that

IC — Dellf < 2(k —|ICTD|I%).
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Proof. Since D has orthonormal columns, we have D" D = I, so the definition of B is equivalent to

B = i C — DB|%.
arg - min | I

This is the orthogonal Procrustes problem (see e.g. (Golub & Van Loan, 2012)), and the solution is easily shown to be
B =VUT" where USV' T is the SVD decomposition of C'" D. In this case, and using the fact that | C||% = | D||% = k (as
C, D have orthonormal columns), we have that ||C' — D¢||% equals

|C — DB} =|C|%+ D% —2Tx(CTDB) =2 (k—Te(USV (VU T))) =2 (k- Tx(USU ")) .

Since the trace function is similarity-invariant, this equals 2k — Tr(S). Let s1 ..., si be the diagonal elements of S, and
note that they can be at most 1 (since they are the singular values of C'" D, and both C and D have orthonormal columns).
Recalling that the Frobenius norm equals the Euclidean norm of the singular values, we can therefore upper bound the
above as follows:

k k
2 (k— Tr(USUT)) =2 (k — Tx(S)) = 2 (k -3 si> <2 <k - Zs?) =2(k—|CTD|%).
i=1 i=1
O

Lemma 9. Let Wy, W/ be as defined in Algorithm 2, where we assume 1 < +. Then for any d x k matrix Vi, with

3
orthonormal columns, it holds that
12kn

1-3n

IV Wellz = Vi Wea || <

Proof. Letting s;,s;_1 denote the vectors of singular values of VkT W, and VkTWt_l, and noting that they are both in
[0, 1]% (as Vi, W;_1, W; all have orthonormal columns), the left hand side of the inequality in the lemma statement equals

llsell® = llse=1 1%l = (lIsellz + llse—1ll2) | lIsellz = llse—1llz | < 2VEllse = se—1llz < 2k]lse = si—1oc

where || - || is the infinity norm. By Weyl’s matrix perturbation theorem* (Horn & Johnson, 2012), this is upper bounded
by
2k Vi) Wy = Vil Wil < 2K Villo[We = Wi ll2 < 2k([Wy — Wi o ®)

Recalling the relationship between W, and W,_; from Algorithm 2, we have that
Wt/ = Wt—l + 77N 5
where

n
IN2 < llxi, %] Wietll2 + [1xi,%] We—1 Be1ll2 + ||% ZXiXIstlBt71”2 <3,
i=1
as Wy_q, Wg_l, B;_1 all have orthonormal columns, and x; txz and % Z?Zl )qxiT have spectral norm at most 1. There-
fore, W/ equals W;_1, up to a matrix perturbation of spectral norm at most 37. Again by Weyl’s theorem, this implies
that the k£ non-zero singular values of the d x k matrix W are different from those of W;_; (which has orthonormal

’ 71/2
columns) by at most 37, and hence all lie in [1 — 31,1 4+ 37]. As a result, the singular values of (WtTWt’ ) all lie in

[ﬁ, ﬁ} . Collecting these observations, we have
T —1/2
[Wh = Wiesllz = [(Wem +N) (W W) = Wel

() ) e )

T —1/2 , , -1/2
<I(WIwi) =l iVl (W IWs)
31 n 3 6n
~1-3p 1-3np 1-37y

Plugging back to Eq. (8), the result follows. O

*Using its version for singular values, which implies that the singular values of matrices B and B + E are different by at most || E||2.
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A.1.2. MAIN PROOF

To simplify the technical derivations, note that the algorithm remains the same if we divide each x; by /7, and multiply
n by r. Since max; ||x;||> < r, this corresponds to running the algorithm with step-size nr rather than 7, on a re-scaled
dataset of points with squared norm at most 1, and with an eigengap of A/ instead of A. Therefore, we can simply analyze
the algorithm assuming that max; ||x;||> < 1, and in the end plug in \/r instead of \, and nr instead of 7, to get a result
which holds for data with squared norm at most r.

PART I: ESTABLISHING A STOCHASTIC RECURRENCE RELATION

We begin by focusing on a single iteration ¢ of the algorithm, and analyze how ||V,” W ||% (which measures the similarity
between the column spaces of V, and W;) evolves during that iteration. The key result we need is Lemma 10 below, which
is specialized for our algorithm in Lemma 11.

Lemma 10. Let A be a d x d symmetric matrix with all eigenvalues s1 > so > ... > sq in [0,1], and suppose that
Sk — Sk41 > A for some A > 0.

Let N be a d x k zero-mean random matrix such that |N||p < ok and |N|s < oy with probability 1, and define

8 /1 2
rn =46 (o) |1+ - (-0 +2
3 \4
Let W be a d X k matrix with orthonormal columns, and define

W/ _ (I+’I7A)W+77N 7 W' = W/(W/TW/)_1/2,

for some n € {O é}

> 4max{1l,08}

If Vi, = [vi,Va...,Vvi] is the d X k matrix of A’s first k eigenvectors, then the following holds:
o E[1— V) W”E] < (1— sV WIE) Q= IV'WIE) + 7w
o IfIIVJWI|Z >k — 1 then

1
B (k= VT < (6= IVTWIR) (1= om) + P

Proof. Using the fact that Tr(BC' D) = Tr(C D B) for any matrices B, C, D, we have
E[|V,W”|%] =E [Tr (W”TVkaTW”H

—E|m ((W/TW’) P wTvTw (W’TW')WH

[ ’ , —1
—E|Tr ((W TVkv,jw’) (W TW’) )] . 9)
By definition of W', we have

W TV W = (T + AW +a9N) " ViV" (I +nA)W +nN)
= B + 7,

where we define

By =W (I +nA)ViV, (I +nA)W + 9 NTV,V,[ N
Z1 =NV, (I + AW + W T (I +nA)V,V,[ N,
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Also, we have
W W = (I +9A)W +9N)" (I +nA)W +1N)
= By + Zo,
where
By =W T (I +nA)(I+nA)W +19°N'N
Zo =N (I +nA)W +nW (I +7A)N.

With these definitions, we can rewrite Eq. (9) as E [Tr((Bl + 7Z1)(Ba + Zg)_l)] We now wish to remove 7, Zs, by
applying Lemma 5. To do so, we check the lemma’s conditions:

e /1,7y are zero mean: This holds since they are linear in N, and NV is assumed to be zero-mean.

o By +vZy »~ %Ifor all v € [0,1]: Recalling the definition of Bs, Z5, and the facts that A = 0, NTN =0 (by
construction), and W TW = I, we have that B, > I. Moreover, the spectral norm of Z5 is at most

20|NT (L + AWz < 20|[N 2l 1 +nAll2[ W2 < 2003 (1 +1) < 2905(1 + n),

which by the assumption on 7 is at most 25 (14 §) = 3. This implies that the smallest singular value of By + vZ;
is atleast 1 — v(5/8) > 3/8.

e max{||Z1||p, || Z2||r} < 2nok: By definition of Z, Zo, and using Lemma 4, the Frobenius norm of these two
matrices is at most
20||NIF I +nA)2Wll2 < 200 (1 + ),

which by the assumption on 7 is at most 2no% (1 + 1) = 3nok.

|B1 +nZi||2 < (%of\f’ + 2)2: Using the definition of By, Z; and the assumption 1 < %,
1By +nZ1[l2 < [[Bill2 + 0l Z1]]2
< @+ + 0 (o) + 2003 (1 +1)

2
5 1, 5,
< (4) 35N goN

1 2

Applying Lemma 5 and plugging back to Eq. (9), we get
E [V, W"|[%] > E [Tr((B1 + Z1)(Ba + Za) )]

400 8 (1 2
>Tr (BB ') — ?(naf,)Q (1 +3 (40%’ + 2> ) : (10)
We now turn to lower bound Tr (31 By 1) , by first re-writing By, Bs in a different form. Fori = 1,...,d, let

U, = WTviv;rV[/,

where v; is the eigenvector of A corresponding to the eigenvalue s,. Note that each U; is positive semidefinite, and
S, Ui =WTW = I. We have

By = W' (I +nAViV,) (I +nAW +°NTV,V,[ N

=W (I +nA)Ve) (I +nA)Vi)" W+ >NV VI N
k
=> (1 4ns)* W viv] W+’ NN
i=1
k
=> (1 49s)°Ui + 7’ N ViV, N. an

i=1
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Similarly,

By =W (I +nA) I +nA)W +7°NTN
d
(1+ns)°W ' viv] W4+ n?NTN
1

<.

(1+nsi)?U; + > NTN. (12)

[
M=~

1

Plugging Eq. (11) and Eq. (12) back into Eq. (10), we get

<.
Il

k d —1
E [V, W"|3] > Tx (Z(1+nsl)2Ui+n2NTVkaTN> (Z(lJrnsi)zUiJr'nQNTN)

i=1 =1
400 8 /1 , 2

Recalling that s; > s3 > ... > s, and letting o = (1 + nsy)?, 3 = (1 + 1s1)?, the trace term can be lower bounded by
—1

k k d
min  Tr (inUi—i—nQNTVkaTN) (inUi—&— > (1+nsi)2Ui+n2NTN>

Z1,..2k €[, B] =1 = i—hi1

Applying Lemma 6 (noting that as required by the lemma, Z?=k+1(1 +18:)2U; + *)NTN — n? NV, VN =
Z?=k+1(1 +ns)2U; + > NT (I = VxV,[) N = 0), we can lower bound the above by

k k d -1
Tr <(1 + nsi)? Z U; + nzNTVkaTN> ((1 + nsi)? Z U; + Z (1 +ns;)2U; + UQNTN>

i=1 i=1 i=k+1
Using Lemma 2, this can be lower bounded by

k k d -1
Tr ((1 + nsk)2 Z UZ-> ((1 + 775;@)2 Z U, + Z (1+ nsi)QUi + nzNTN>

=1 i=1 i=k+1

k k d 1t ns\ 2 . 2
' (i—l ) (Z +'Z <1+n5k) +<1+773k) )

i=1 i=k+1

-1

Applying Lemma 3, this is at least

Tr<<iz:Ui> <2I—iz:Ui— zd: GiZ;YU— (H%)QNTN)).

i=k+1

Recalling that I = Zgl:l U, = Zle U, + Z?:k-s—l U, this can be simplified to

o((S0) (o 350 () o () ) o

i=k+1

2
Since U; = 0, then using Lemma 3, we can lower bound the expression above by shrinking each of the <2 - (%) )
terms. In particular, since s; < s — A foreachi > k + 1,

2
9 _ 1+ ns; >2_1+nsl 22—1+n(8k_)\)=1+ nA 7
1+ nsk 1+ nsk 14 nsg 14 nsg
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which by the assumption that ) < 1/4 and s, < 57 < 1,isatleast 1 + %17)\. Plugging this back into Eq. (14), and recalling

that Y%, U; = I, we get the lower bound
k k d 4 . 2
‘ ‘ 4 o T
ﬁ((ZU) (ZUH@Z (1+5m> Ui (Hw) N N))
i=1 i=1 i=k+1
k 4 2
=T i [+ znA N'N|].
() (o5 () - () )

Again using Lemma 2, this is at least

((£0) (- 0) - (1))
((£0) (i £0) - e
o((£0) () e

Recall that this is a lower bound on the trace term in Eq. (13). Plugging it back and slightly simplifying, we get

E [V W"|%] > Tr ((ZU) <I+ —nA (I ZUZ>>> — T,
ry =46 (ok)? <1+§ (i on +2)2> .

The trace term above can be re-written (using the definition of U; and the fact that Tr(BT B) = || B||%) as

k k
Tr <<WT ZviviTW> (1 + gn/\ (I —wT Zvivjw>>>
i=1 =1

- (1 + ém> T (W VRV W) — %nA Tr (WTVVI W) (WTV VW)

v

v

where

4 4
= (1 3 ) IV W = Sl YT W

4 W VeV W
= |V Wiz (1 + -1 (1 — .
5 Vi Wiz
Applying Lemma 7, and letting § denote the minimal singular value of VkTW, this is lower bounded by

2

% (k- |VJW||%)}> :

4
W (14 S {1 - W
Overall, we get that
T "2 T 2 4 T 2 62 T 2 2
E IV, W'E] > Vi) W% [ 1+ 577Amax L=V W%, T (k= IV,' W) ¢ | —=n°rw.

We now consider two options:

15)
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o Taking the first argument of the max term in Eq. (15), we get
4
B IV WIE] 2 VT (14 308 0= ITWIR) ) =P
Subtracting 1 from both sides and simplifying, we get

4
B (1~ VW] < (1= SAIVTWIR ) (1 IVTWIR) +

e Suppose that ||V," W% > k — 1. Taking the second argument of the max term in Eq. (15), we get

B (I W3] 2 W (1+ 25 (= VW) ) = e
Subtracting both sides from k, , we get
B [k — VW13 < (k- IV WIR) — 28 VT W (k= (VT W) + e
= (o= 1) (1- ﬂnvk WIE) + Py

an\s? 1
< (= ITwiE) (1= 25 (k=g ) ) + oo

Since k > 1, we can lower bound the (k — 1) term by z. Moreover, the condition k — ||V,T W |3, < 1 implies that
the singular values o1, . . ., oy of V, W satisfy k — Z 02 < . Buteach o; isin [0, 1] (as Vj, W have orthonormal

columns), so no o; can be less than 1 5. This implies that & 2 . Plugging the lower bounds k — % > % and § > % into
the above, we get

B (k= [T < (6~ TWIR) (1= 1) + e

O

Lemma 11. Let A, W, be as defined in Algorithm 2, and suppose that n € [0

positive numerical constants c1,Ca, C3:

' 33 f] Then the following holds for some

o« E[1— [V W3] < (1—eonh VT WIE) (1 — VT WIZ) + eaka?
o If [V Wil|% >k — L, then
E [k~ Vi Wil F] < (k= IV WillZ) (L= can (X —cam)) + ean®(k — Vi Wera|[).-
In the above, the expectation is over the random draw of the index iy, conditioned on W and Ws,l.
Proof. To apply Lemma 10, we need to compute upper bounds o4 & and o3f on the Frobenius and spectral norms of N,
which in our case equals (x;,x, — A)(W; — W,_1By). Since || Al|z, ||x;,x x, [l2 < 1, and W, W,_1, B; have orthonormal
columns, the spectral norm of N is at most
1(xi, x; — AWy = W1 By)ll2 < (lxi, x5, |2 + [ All) (I\thlz + IIstllleBt\b) <4
so we may take o3¢ = 4. As to the Frobenius norm, using Lemma 4 and a similar calculation, we have

INII% < 4[1We — Wao Be| 3.
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To upper bound this, define
Vi, = arg min |[W; — Vi B||%
Vi B:(ViB)T (Vi B)=I
to be the nearest orthonormal-columns matrix to W, in the column space of V}, and

Wy = arg _ min Vi, — Ws_1B|%
Ws_lB:(WS_lB)T(WS_lB):I

to be the nearest orthonormal-columns matrix to Vyy, in the column space of Ws_l. Also, recall that by definition,

W,_1B, = arg ) _ min W — Ws,lBH%
Wa 1 B:(W, 1 B)T (W, 1B)=I

i§ the nearest orthonognal-columns matrix to W; in the column space of VNVS,l. Therefore, we must have |[|W; —
Ws_1B¢||% < ||W; — Wy ||%. Using this and Lemma 8, we have

IWe = W Bel| 7 < [We = Wl

= (W = Vin,) — Wy = Vin) 1%
< 2|Wy — Viw, I3 + 2IWy — Vi, I3

=4 (k= VT Wil3) + 4 (k= IVif, W |7 -

By definition of Viyy,, we have Viy, = Vi, B where BB = BTVkTVkB = (Vi.B)"(V,B) = I. Therefore B is an
orthogonal k x k matrix, and ||V, W,_1(|% = || BTV,] W._1|% = |V} W,_1]|%., so the above equals 4(k— || V" W||3:)+
4(k — ||V,) Wy_1]|%). Overall, we get that the squared Frobenius norm of N can be upper bounded by

(oh)2 =16 ((k = VT W) + (k= VT Wea|B)) -

Plugging o3 and (o N) into the 7 as defined in Lemma 10, and picking any n € [0 (which satisfies the condition

’23f]
in Lemma 10 that n € [0, m} since 4 max{1, o} < 4max{1,V16 x 2k} < 23V/k), we get
ON
BT AL 8 (1 ’
rv =736 (k= Vi Wel3) + (k= [V W) (145 (442

< 18400 ((k— VT Wil3) + (k= [V Wi 3) -

This implies that rn < 36800k always, which by application of Lemma 10, gives the first part of our lemma. As to the
second part, assuming ||V, W;||% > k — 3 and applying Lemma 10, we get that

1
E [k — Vi Winll3] < (k= IV Wil %) (1 - 1077)\)
+ 18400 ° ((k— IV Wil[3) + (k = Vil W 1||F))

1
= (k- V' W4|1%) (1 —n (IOA — 1840077))

+ 18400 0 (k — |V}, We_1]|%).

This corresponds to the lemma statement. O

PART II: SOLVING THE RECURRENCE RELATION FOR A SINGLE EPOCH
Since we focus on a single epoch, we drop the subscript from W,_1 and denote it simply as w.

Suppose that n = a\, where « is a sufficiently small constant to be chosen later. Also, let

b=k — |V, Wi|% and b=k — ||V, W|2.
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Then Lemma 11 tells us that if « is a sufficiently small constant, b, < %, then
E b1 |We] < (1—car?) by + a®A%h (16)

for some numerical constants c, ¢’.

Lemma 12. Let B be the event that by < % forallt = 0,1,2,...,m. Then for certain positive numerical constants
c1,Co,c3, ifa < cq, then

Elb|B] < ((1 — cpad?)™ + Cga) b,

where the expectation is over the randomness in the current epoch.

Proof. Recall that b; is a deterministic function of the randomyariable W, which depends in turn on W, _; and the random
instance chosen at round t. We assume that W (and hence b) are fixed, and consider how b; evolves as a function of .
Using Eq. (16), we have

1 -
]E[bt_;,_l‘Wt,B] =E |:bt+1|Wt7bt+1 S 2:| S E[bt+1|Wt] S (1 - COé)\2) bt + C/Oé2>\2b.

Note that the first equality holds, since conditioned on W, by is independent of by, . .., by, so the event B is equivalent
to just requiring b1 < 1/2.

Taking expectation over IW; (conditioned on B), we get that

E[bi+1|B]

IN

E {(1 — ca)\Q) by + c’aQAQE‘B}
(1 — caX?) E [b|B] + ' a®\?.

Unwinding the recursion, and using that by = b, we therefore get that

m—1 )
Ebn|B] < (1—caX?)™ b+ ca?\?% Z (1 —car?)’
i=0
< (1- coz)\z)m b+ 6’02/\252 (1-— ca)\z)i
i=0
mz =1
= (1- ca)\z) b+ c’a%\%m
/
= 1 — ca\ +—ab.
(1= cart™ + <o)
as required. O

We now turn to prove that the event B assumed in Lemma 12 indeed holds with high probability:

Lemma 13. The following holds for certain positive numerical constants ¢y, ca, c3: If a < ¢, then for any 8 € (0, 1) and

m, if
b+ cokma®A? + c3k/ma2 )2 log(1/8) < %, 17
then it holds with probability at least 1 — (3 that
b < b+ cakma®A? + csky/ma2X2log(1/8) < %
forallt=0,1,2,....,m.
Proof. To prove the lemma, we analyze the stochastic process by (= l~))7 b1,be, ..., by, and use a concentration of measure

argument. First, we collect the following facts:
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e bh=1by < %: This directly follows from the assumption stated in the lemma.

e Aslong as by < %, E[bey1|[Wy] < by + 20 \2b for some constant c: Supposing « is sufficiently small, then by
Eq. (16),

E b1 |We] < (1= car?) b+ Ao b < by + a2,

o |bi1 — b| is bounded by cika for some constant c: Applying Lemma 9, and assuming that « is at most some

sufficiently small constant ¢; (e.g. a < 15,507 = aX < 15),

12kn < 12kaA

= 16ka.
137~ 3/4 Oka

ber1 —be| = [Vl W |7 — IV Wall%| <

Armed with these facts, and using the maximal version of the Hoeffding-Azuma inequality (Hoeffding, 1963), it follows
that with probability at least 1 — 3, it holds simultaneously forall t = 1,...,m (and for £ = 0 by assumption) that

by < b+ cama®A?b + c3ky/ma22log(1/5)
for some constants co, c3, as long as the expression above is less than % If the expression is indeed less than % then we

get that b, < 1 for all . Upper bounding Bby k and slightly simplifying, we get the statement in the lemma. [

Combining Lemma 12 and Lemma 13, and using Markov’s inequality, we get the following corollary:

Lemma 14. Let confidence parameters 3,7 € (0, 1) be fixed. Suppose that m, « are chosen such that o < ¢ and
b+ cokma®\? + csky/ma2X2log(1/6) < =,
where c1, ca, c3 are certain positive numerical constants. Then with probability at least 1 — (8 + ), it holds that

by < % ((1 — ca)\Q)m + c'a) b.

for some positive numerical constants c, c.

PART III: ANALYZING THE ENTIRE ALGORITHM’S RUN

Given the analysis in Lemma 14 for a single epoch, we are now ready to prove our theorem. Let
7 T1ir 112
bs =k — HVk WS||F~

By assumption, at the beginning of the first epoch, we have by = k — V. Wo % < % Therefore, by Lemma 14, for any
B,v € (0, %) if we pick any

1 log(1 1 1
a <min{ ¢, —~> and m > M such that — + cokma®\? + csky/ma2X2log(1/8) < =,  (18)
2¢ cal? 2 2

then we get with probability at least 1 — (8 + ) that

1 slos(1/v) ] .
b < = ((1—caX?) " 4+ 25%) 5

< 2 (- )™ 4 LY

Using the inequality (1 — (1/2))%* < exp(—a), which holds for any > 1 and any a, and taking * = 1/(ca\?) and
a = 3log(1/7), we can upper bound the above by

l <exp <—310g <1)> + 1’)/2) Bo
v g 2

1 . 1 ~ -
= = ('yd + 72> bo < 7bo.
¥ 2
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Since b,, equals the starting point by for the next epoch, we get that b < fybo < 72 Again applylng Lemma 14, and

performing the same calculation we have that with probability at least 1 — (5 4 ) over the next epoch, by < fybl < 2 bo.
Repeatedly applying Lemma 14 and using a union bound, we get that after 7" epochs, with probability at least 1 —T'(5+7),

k= Vi Wrll3 = br < 47Tby < A7

Therefore, for any desired accuracy parameter ¢, we simply need to use 7' = “;’gg((ll //f/))-‘ epochs, and get k— ||V, W,||% < e

with probability atleast 1 — T (8+v) =1 — “25(11//3))1 (B+7)-

Using a confidence parameter §, we pick § = v = %, which ensures that the accuracy bound above holds with probability

at least log(1/e) log(1/¢) )
og(1l/e og(1l/e
— =L > 1|5 =1-|] - )16
%og@ml - [ log(2) W { o (ﬂ
Substituting this choice of /3, into Eq. (18), and recalling that the step size 7 equals .\, we get that k — ||V, Wr||% < e
with probability at least 1 — [log,(1/€)]d, provided that

/
7/§052>\ m>CIL(2/5)

, > )\ . kmn? 4+ ky/mn2log(2/0) < ¢
n

for suitable positive constants ¢, ¢/, ¢”.

To get the theorem statement, recall that the analysis we performed pertains to data whose squared norm is bounded by 1.
By the reduction discussed at the beginning of the proof, we can apply it to data with squared norm at most r, by replacing
A with A/r, and n with 7r, leading to the condition

52 "log(2/6
< m > &E\/) . kmn?r? 4+ rky/mn?log(2/6) < ¢’
Ui
and establishing the theorem.

A.2. Proof of Theorem 2

The proof relies mainly on the techniques and lemmas of Section A.1, used to prove Theorem 1. As done in Section A.1,
we will assume without loss of generality that r = max; ||x;||? is at most 1, and then transform the bound to a bound for
general 7 (see the discussion at the beginning of Subsection A.1.2)

First, we extract the following result, which is essentially the first part of Lemma 11 (for £ = 1):

Lemma 15. Let A, wy be as defined in Algorithm 1, and suppose that n € [0 Then

J 23]
E;, [1- <V17Wt+1>2|Wt,V~st1] < (1= enMvi, wi)?) (1= (vi,we)?) 4+ %,
for some positive numerical constants c, .

Note that this bound holds regardless of what is w,_1, and in particular holds across different epochs of Algorithm 1.
Therefore, it is enough to show that starting from some initial point wy, after sufficiently many stochastic updates as
specified in line 6-10 of the algorithm (or in terms of the analysis, sufficiently many applications of Lemma 15), we end
up with a point wy for which 1 — (vq, wp) < é as required. Note that to simplify the notation, we will use here a single
running index wg, w1, Wa, ..., Wp (whereas in the algorithm we restarted the indexing after every epoch).

The proof is based on martingale arguments, quite similar to the ones in Subsection A.1.2 but with slight changes. First,
we let

by =1 — (vi,wy)?

to simplify notation. We note that by = 1 — (v, wg)? is assumed fixed, whereas by, bo, . . . are random variables based on
the sampling process. Lemma 11 tells us that if 7 is sufficiently small, and b; < 1 — £ for some £ € (0, 1), then

E [beialb] < (1—enAé) by + ¢’ (19)

for some numerical constants c, ¢’.
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Lemma 16. Let B be the event that by < 1 — € forallt = 0,1,...,T. Then for certain positive numerical constants
c1,C2,c3, ifn < c1 )\ then

BB < (1= ang) +art).
Proof. Using Eq. (19), we have for any b, satisfying event B that
E[bs 410, Bl = E[bryalbe brpr <1 =€) < Efbpyalb] < (1—enré)by + ¢n.

Taking expectation over b; (conditioned on B), we get that

Elbi+1/B] < E[(1—enA&) by + ¢'n?|B]
= (1= enA§) E [by| B] + .

Unwinding the recursion, we get

E[br|B]

IA

(1—677)\5 bo +cn22 (1 — enAg)’

IN

(1 —enAé) Jrcnzz 1 — enAs)’

/

= (17077)\5) JFCni < (lfcn)\ﬁ) +77§

We now turn to prove that the event B assumed in Lemma 12 indeed holds with high probability:

Lemma 17. The following holds for certain positive numerical constants c1, co, c3: If 1 < c1 ), then for any g € (0,1), if
bo + c2Tp” + c3/ TP log(1/8) < 1 - &, (20)
then it holds with probability at least 1 — 3 that
by < bo+ c2T® + cs\/Tn?log(1/8) < 1—¢

forallt=0,1,...,T.

Proof. To prove the lemma, we analyze the stochastic process by, ba, . . . , by, and use a concentration of measure argument.
First, we collect the following facts:

e by <1 — &: This directly follows from the assumption stated in the lemma.
o E b 1|bs] < by + ¢'n? for some constant ¢': By Eq. (19),

E b |Wi] < (1—enré) b +c'n® < by +cn?

o |bir1 — bt| is bounded by cn for some constant c: Applying Lemma 9 for the case k£ = 1, and assuming n < 1/12,

1
’ < 2y 12 161.

|ber1 —bi| = ’<V17Wt+1>2 — (v, wy) =13 ﬂ



Fast SVD and PCA Algorithms: Convergence Properties and Convexity

Armed with these facts, and using the maximal version of the Hoeffding-Azuma inequality (Hoeffding, 1963), it follows
that with probability at least 1 — [, it holds simultaneously for all ¢t = 0,1, ..., T that

by < by + e2Tn? + c31/Tn?log(1/B)

for some constants ¢y, c3. If the expression is indeed less than 1 — £, then we get that by < 1 — £ for all ¢, from which the
lemma follows. O

Combining Lemma 16 and Lemma 17, and using Markov’s inequality, we get the following corollary:

Lemma 18. Ler confidence parameters 3,~ € (0,1) be fixed. Then for some positive numerical constants ¢y, ca, ¢3, ¢, ¢,

ifn <ciAand
bo + caTn? + e/ T log(1/8) <1 -,
then with probability at least 1 — (8 + ), it holds that

1 /N
bTS; <(1_C77)\§) +C/\£>

We are now ready to prove our theorem. By Lemma 18, for any 3, € (0, %) and any

. 1 3log(1
77<m1n{0172/7 })\f and T > 57&5/7)
such that by + coTn* + c31/Tn2log(1/B) <1 — ¢, (21)

we get with probability at least 1 — (5 + ) that

1 3log(1/y) 1
br < — ((1 —nA§) e+ ’72> .
¥ 2
Using the inequality (1 — (1/2))** < exp(—a), which holds for any z > 1 and any a, and taking z = 1/(cnA¢{) and
a = 3log(1/7), we can upper bound the above by

1 1 1 1 1
0l 0 2 o 2
1

this is at most 5. Overall, we got that with probability at least 1 — 8 — v, by < =, and

and since we assume -y 5
as required.

<1
therefore 1 — (v, wr)? < ;

It remains to show that the parameter choices in Eq. (21) can indeed be satisfied. First, we fix £ = %C (where we recall that
0 < ¢ < (v, wg)?), which trivially ensures that by = 1 — (v, wg)? is at most 1 — 2£. Moreover, suppose we pick 3 =
in (0,exp(—1)), and 0, T so that
YENED 3log(1
<GP T:{O,g( /V)J, 22)
log“(1/7) cnAE
where c,, ¢/, are sufficiently small constants so that the bounds on 7, T in Eq. (21) are satisfied. This implies that the

third bound in Eq. (21) is also satisfied, since by plugging in the values / bounds of 7" and 7, and using the assumptions
v = <exp(—1)and £ < 1, we have

bo + 2T + c37/Tn? log(1/7)

3log( 1/7 3log(1/7)
/)\g /)\5

3c,y2E2 3¢, 7252
TR gy T 7\
e (B F)e

<1—-2+cp———t—= nlog(1/7)
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which is less than 1 — & if we pick c, sufficiently small compared to c/.

To summarize, we get that for any v € (0, exp(—1)), by picking 7 as in Eq. (22), we have that after T iterations (where T’
is specified in Eq. (22)), with probability at least 1 — 2+, we get w such that 1 — (v, wp) < % Substituting § = 2y and
¢ = 2¢, we get that if

(vi,wo)*> > (>0,
and 7 satisfies
C1 (52>\C3

"= 1087(2/5)

(for some universal constant ¢y ), then with probability at least 1 — 4, after
T {02 log(2/6)J .
NAQ

stochastic iterations, we get a satisfactory point w.

As discussed at the beginning of the proof, this analysis is valid assuming 7 = max; ||x;||> < 1. By the reduction discussed
at the beginning of Subsection A.1.2, we can get an analysis for any r by substituting A — A/r and  — nr. This means
that we should pick 7 satisfying

2 3 23
< c10 g)\/r)g“ o o< 0152)\C 7
log=(2/9) r2log”(2/0)

and getting the required point after

(o] = [*5e™]

iterations.

A.3. Proof of Theorem 4
For simplicity of notation, we drop the 4 subscript from F4, and refer simply to F'.

We first prove the following two auxiliary lemmas:

w' Aw

Lemma 19. If A is a symmetric matrix, then the gradient of the function F(w) = — Wz

at some w equals

2
[[wil?

o (1= ) (roor+4))

where B+ = B 4+ BT (i.e., a matrix B plus its transpose).

(F(w)I+A)w,

and its Hessian equals

Proof. By the product and chain rules (using the fact that W is a composition of w + ||w]|? and 2z %), the gradient
of F(w) = fW (w' Aw) equals
w 2 (WTAW) — (Aw) L, (23)
[[wil* [[wi|?

giving the gradient bound in the lemma statement after a few simplifications.

Differentiating the vector-valued Eq. (23) with respect to w (using the product and chain rules, and the fact that W isa
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composition of w - [|w||%, z > 22, and z > 1), we get that the Hessian of F equals

2 2 ’ 2
W (wiAw) + w <_VV|8 * 2||w|? * 2W> (WTAW) + WM (24w)"

]
2 2

A (Aw) (= 2
Twpz ¢ W)( Tl * W)

2F (w) 8F(w)  + 4 T 2 4 T
= — 1 ww o+ ——ww A — A+ Aww
[[wi|> [[wi* [[wi* [[wl|> [[wil*

1 8F(w) T T T)
=——— (2F(w)I — wo— ww A+ 24— Aww ' |,
[[wil? ( w2 [[wi? [[wil?

which can be verified to equal the expression in the lemma statement (using the fact that A, ww | and I are all symmetric
matrices, hence equal their transpose). O

Lemma 20. Let wo, v1 be two unit vectors such that |[wo — v1| < € < % (which implies (wo,v1) > 0). Let v be the
intersection of the ray {avi : a > 0} with the hyperplane Hy,, = {w : (w,wq) = 1}. Then ||[v] — wol|| < 2e.

Proof. See Figure 2 in the main text for a graphical illustration.

Letting v{ = av, a must satisfy (avy, wg) = 1. Since v, wg are unit vectors, this implies

1 2
a = =
(vi,wo) 2~ [lvi —wol[*’
and since ||v; — wo|| < e, this means that
2

a/e 17@ .

Therefore,
/ < / < < 1] < 2 1 = <
Ivi = woll < [[vi = woll+ [vi =vill < ellavi =vill < etla—1] € e+ 5= —1 = e+ 3,

and since € < % this is at most %e. O

We now turn to prove the theorem. Let V?(w) denote the Hessian at some point w. To show smoothness and strong
convexity as stated in the theorem, it is enough to fix some unit wo which is e-close to the leading eigenvector v; (where
e is assumed to be sufficiently small), and show that for any point w on Hy,, which is O(e) close to wy, and any direction
g along Hy,, (i.e. any unit g such that (g, wo) = 0), it holds that g " V2(w)g € [),20]. This implies that the second
derivative in an O(€) neighborhood of wg on Hy,, is always in [\, 20], hence the function is both A-strongly convex in that
neighborhood.

More formally, letting € € (0, 1) be a small parameter to be chosen later, consider any wq such that
[woll =1, [lwo —vil| <e¢,
any w such that
(w—wog,wg) =0, |lw—wpl| < 2

and any g such that
”g” =1, <g7W0> =0.
Our goal is to show that for an appropriate €, we have g V?(w)g € [\, 20]. Moreover, by Lemma 20, the neighborhood

set Hy,, N By, (2¢) would also contain a point av; for some a, which is a global optimum of F' due to its scale-invariance.
This would establish the theorem.
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The easier part is to show the upper bound on g ' V?(w)g. Since g is a unit vector, it is enough to bound the spectral norm

of VZ(w), which equals
1 4 . +
H||w||2 (= o) (Fo0r +4))

2

2 4
<= WI-——ww' ) (FWw)JI+A
<P < Wz ™™ )< (W)l + > )
2 T
< — — F I+ A
ST | W™ |, 150 Al

2 4
<= (1 L
< Twl? <” 2+ H Wiz ™™

Since the spectral norm of A is 1, and ||w]|?> > 1 (as w lies on a hyperplane H,, tangent to a unit vector wy), it is easy to
verify that this is at most 2(1 4 4)(1 4 1) = 20 as required.

) (IE) Il + | All)

2

We now turn to lower bound g " V2(w)g, which by Lemma 19 equals

o (- ) o)

Sinceg"Btg =g Bg +g' B'g = 2g' Bg, the above equals

7 ()
= g (I ——ww' | (F(w)+A4)g (24)
[[wil? [[wl]®
Using the fact that w = wqy + (W — wy), and (g, wo) = 0, we get that (g, w) = (g, w — wg). Moreover, since A is
positive semidefinite and has spectral norm of 1, F'(w) = —% € [-1,0]. Expanding Eq. (24) and plugging these in,
we get

2 4 4
- (F(w)g" (I - WWT> g+g' <I - WWT> Ag)
[[wi|? < [[wi|* [[wl]?

2 4F (w) 4
~ w2 (‘F(W)HgQ + W@’W —wo)® — gl Ag+ W(g,w — WO>WTAg>

2 4 4
> —F(w)||gH2 - 7||g||2HW — Wo||2 - gTAg — 7||gH||w _ W0||||W||A|2||g||> )

Since ||g|| = 1, ||A]j2 = 1, [|[w — wol| < 2¢, and ||w]|? = ||wol|? + ||w — wo||? is between 1 and 1 + 4¢2, this is at least

2 ((—F(W)) — 166> — g Ag — 8e\/1 + 462) -2 (—F(w) — g Ag — 8¢ (26 +vV1+ 462)) . (25)

[[wil? [[wi|>

Let us now analyze —F(w) and g " Ag more carefully. The idea will be to show that since we are close to the optimum,
—F(w) is very close to 1, and g (which is orthogonal to the near-optimal w) is such that g " Ag is strictly smaller than 1.
This would give us a positive lower bound on Eq. (25).

e By the triangle inequality and the assumptions |[wg — v1| < €, |[w — wy|| < 2¢, we have |[w — v|| < 3e. Also,
we claim that F'(-) is 4-Lipschitz outside the unit Euclidean ball (since the gradient of F' at any point with norm > 1,
according to Lemma 19, has norm at most 4). Therefore, |F(w) + 1| = |F(w) — F(v1)| < 4||w — v1]] < 12¢, s0
overall,

F(w) < —1+ 12€. (26)

e Since (wg, g) = 0, and ||wo — v1| < ¢, it follows that

|<V1,g>‘ S |<V1_W07g>|+|<woag>| S ||V1_WOH||gH+O S €.
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Letting vy,...,vgand 1 = s; > so > .. > s4 > 0 be the eigenvectors and eigenvalues of A in decreasing order (and
recalling that s < s; — A =1 — X for some eigengap A > 0), we get

d

gl Ag = Z (vi,g)? < (v1,8) A (vicg
<V1a
< A2

K2

=1
g7+ (1 =M1~ (vi,g)?) = A

d
(vi,g)? + (1 -2
+(1-A) =1-(1-é)A 27)

Plugging Eq. (26) and Eq. (27) back into Eq. (25), we get a lower bound of
2
e (1-12e— (1= (1= )2) =8¢ (2 + VI+4e2) )

2
= o ((1 — )\ - 8¢ (1.5+2e+ V1 +4e2))
2 (1 e 86(1.5+26+\/1+462)> \

w2 A

Using the fact that /1 4+ 22 < 1 + z, this can be loosely lower bounded by

2 8€ (2.5 + 4e)
TP (1‘“ X )A'

Recalling that ||w]||? = ||[wo||? + ||w — wol|? is at most 1 + 4€2, and picking e sufficiently small compared to A, (say
€ = \/44), we get that the above is at least \, which implies the required strong convexity condition.

To summarize, by picking ¢ = \/44, we have shown that the function F(w) is A-strongly convex and 20-smooth in a
neighborhood of size 2¢ = 2)‘2 around wq on the hyperplane Hyy,, provided that [[wg — v1|| < € = 4. By Lemma 20,
we are guaranteed that this neighborhood contains v; up to some rescaling (which is immaterial for our scale-invariant

function F'), hence by optimizing F’ in that neighborhood, we will get a globally optimal solution.



