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Abstract

In this supplementary material we prove the propositions from the main paper (Vladymyrov and
Carreira-Perpindn, 2016) regarding the choice of normalization for the graph Laplacian kernel. We also
show the relation between Variational Nystrom and modified Nystrom (Wang and Zhang, 2013) as well
as between LLL (Vladymyrov and Carreira-Perpindn, 2013) and Randomized Projections (Halko et al.,
2011).

1 Normalization for out-of-sample kernel for graph Laplacians

First we prove the normalization properties of the out-of-sample kernel for the Nystrém and Column Sampling
methods.

Proposition (3.1 from the main paper). Given a subsample Lﬁys = D;l/QAD:m for the Nystrom method,
or Lgs = (D;CD3)"(D,CDy) for the Column Sampling, and Z = D1CDy as an out-of-sample kernel, the
ezact eigenvectors of graph Laplacian Lw for L = N are recovered when Dy = Dy = D‘_,v1 2

Proof. First, let us start with the Nystrom method. The Nystréom approximation to the eigenvectors of Ly
isU= ZUAAE7 where Up and A are given by the eigendecomposition D:/QAD;;/QUA =TUaAA (see
table 1 from the main paper). If A is positive definite, we have

U =2ZUaAL = Z(D,/?AD/*) /(D /?AD/*)UaA
= ZDY’A"'DY*UaAaA,' = ZD’A~'D}/*U,.

In the case N = L we have C = A = W = W7, U, = U, D = Dw and so the approximation becomes

U = D1WD2D%2W_1D%,(,2U. Thus, for the approximation to be exact, we need to have D{WD, =
D;\}/QWD;‘}/Q. One way to achieve this is to take D; = Dy = D;‘,l/z.

Now for the column sampling method. The eigenvectors of the subproblem are given by

(D,CD,)T(D,CD,)U = UA.

From there the eigendecomposition of D;CDy is given by (D4 CDQ)fI = INJ./NXl/Q. The approximation of the

eigenvectors of Ly is U= ZUCA61/2. When L = N we get:

~ 1 ~~—1/2 a1 1/2v-1/2 ~
U = D;WD,(D;WD,) (D;WD,)UA '~ = D;WD,D;'W-'D;'UA A /" =T.

Thus, the solution is exact when Dy WDy = D~/2WD~1/2, One way to satisfy this is to take D; = Dy =
Dy, /> O

*Part of this work was performed while the author was a PhD student at UC Merced.



Now for the properties of the Variational Nystrom method.

Proposition (3.2 from the main paper). Given a subsample LN = D:/QAD:/2 and Z =D;CD; as an
out-of-sample kernel, the exact eigenvectors of graph Laplacian Ly are recovered for any L < N wusing any
arbitrary symmetrical matrix D1. When L = N the eigenvectors are recovered using any symmetrical Do.

Proof. Let us prove first that premultiplying Z by any symmetrical matrix Dy does not change the approxima-
tion if L < N. Using the out-of-sample kernel D1 Z, the generalized eigenproblem becomes D4 ZAZTD U=
D,ZZ"D, UA which is identical to ZAZTU = ZZTUA if we take U = D;U and A = A. For the
out-of-sample extension we use ZU = 77D U, which is equal to Z7U.

Now, let us show that for L = N post-multiplying Z by any symmetrical D2 does not change the results.
Let WU = DwUA be the solution of the exact problem. For L = N we have Z = W and the approximation
to the eigenproblem becomes WDoWDoyWU = WD;DwDy;WUA with the final approximation U =
D>WU. Plugging this approximation in the exact solution gives WDyWU = DwD>sWUA, which is
identical to the approximate solution when WDy, is invertible. O

2 Relation between the variational and modified Nystrom methods

Here we show the connection between the variational Nystrom (Vladymyrov and Carreira-Perpindn, 2016)
and modified Nystrom (Wang and Zhang, 2013) methods. Let M be an N X N symmetric matrix and
Z = C a subset of its L columns. Then, the modified Nystrém method approximates M with a low-rank
approximation M™°d = ZZ+M(ZT)?TZT. Variational Nystrom, on the contrary, starts with the optimization
problem (P) from the main paper and results in the approximation of the eigenvectors of M.

Proposition 2.1. If Z has full rank and the eigenvalues of M are approzimated as AVN = Az, where
Az are the eigenvectors of the generalized eigenproblem ZTMZUyz = ZTZUzAyz, then the spectral ap-
proximation MVN = UVNA VN (UYMT becomes identical to the modified Nystrém approzimation Mmed —

ZZTM(ZH)TZT.
Proof. Variational Nystrom approximates the eigenvectors of M as UVN = = ZUz, where Uz are eigenvectors
of the generalized eigenproblem Z"MZUgz = ZTZUzAz. Therefore, MVN — ZUZAZU:ZFZT. We can
alternatively prove the proposition by showing that if AYN = Az the intersection matrices of MVN and
Mmed are equal, i.e. UzAzUL = Z+M(Z)T.

Converting the generalized eigenvalue into a standard one using a substitution Ur = (Z7Z)Y/?Ug
(assuming Z is full-rank) we get:

(27Z)"'?Z"MZ(Z"Z)"'/? = Ugr Az UR. (1)
Now the intersection matrix of MYN becomes

UzAZzUL = (ZTZ)"Y*UrAzUL(27Z)~'/?
_ (ZTz)fl/Q(ZTz)fl/QzTMz(ZTz)fl/Q(ZTz)fl/Q
(Z'Z)'Z2"MZ(Z7Z) = 2T M(ZT)T.

O

3 Relation between the LLL and randomized projection methods

Here we show the relation between the LLL (Vladymyrov and Carreira-Perpindn, 2013) and random pro-
jection (RP) (Halko et al., 2011) methods. Given the input matrix M, the RP method first computes the
sample matrix Mg = MS, where S is an N x L uniformly distributed random matrix. It then finds an
orthonormal basis Q of the column space of Mg (e.g. using a QR decomposition); projects the data matrix
M onto this basis, Mg = Q”M; and then computes a reduced SVD of the projection, Mg = UgXgVs.
The approximate eigenvectors of A are then reconstructed using a re-projection of the left singular vectors
as QUs.



The RP method can be viewed as an instance of LLL when the orthonormal basis Q of RP is used as
projection matrix Z of LLL. The left singular vectors of QT M are equal to the eigenvectors of QTMQ
(left-multiplying by the orthonormal matrix just changes the right singular vectors). Since QTQ = I, the
eigenproblem becomes identical to ZTMZU = ZTZINJK, which is the solution to the LLL optimization
problem.
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