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Preparation
First, based on the definitions of At, Yt, Z̃t and Zt, we can write

gt = G(st, rt,Xt) = p−1
st p−1

rt (I−XtX
⊤
t )(Est ⊙A)(E·rt ⊙X) = (I−XtX

⊤
t )AtYt.

Then from (6), we have

Xt+1 = Xt + αtgtWt −
α2
t

2
Xtg

⊤
t gtWt.

Since

Wt = (I+
α2
t

4
g⊤t gt)

−1 = I− α2
t

4
g⊤t gt + O(α4

t ),

we get

Xt+1 = Xt + αtAtYt − αtXtX
⊤
t AtYt −

α2
t

2
Xtg

⊤
t gt − O(α3

t ).

Let Ft be the set of all the random variables seen thus far1 (i.e., from 0 to t).

Proof of Lemma 4.4
Proof. The proof technique follows (Balsubramani et al., 2013) and (Xie et al., 2015). Note that for two square matrices
Qi, i = 1, 2, their products Q1Q2 and Q2Q1 have the same spectrum. The spectral norm (i.e., matrix 2-norm) is
orthogonal invariant. Hence, we can write

λmin(Z
⊤
t VV⊤Zt) = λmin(V

⊤ZtZ
⊤
t V) = min

y ̸=0

∥V⊤Zty∥22
∥y∥22

= min
y ̸=0

∥V⊤Zty∥22
∥Zty∥22

= min
y ̸=0

∥V⊤(Xt + αtAtYt)y∥22
∥(Xt + αtAtYt)y∥22

.

1Mathematically, it’s known as a filtration, i.e., sub-sigma algebras such that Ft ⊂ Ft+1.
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First, we have the following two inequalities:

∥V⊤(Xt + αtAtYt)y∥22 ≥ ∥V⊤Xty∥22 + 2αt⟨V⊤Xty,V
⊤AtYty⟩

∥(Xt + αtAtYt)y∥22 = ∥Xty∥22 + 2αt⟨Xty,AtYty⟩+ α2
t ∥AtYty∥22

= ∥y∥22 + 2αt⟨Xty,AtYty⟩+ α2
t ∥AtYty∥22

≤ ∥y∥22 + 2αt⟨Xty,AtYty⟩+ α2
t ∥AtYt∥22∥y∥22.

Letting z = y/∥y∥2, then ∥z∥2 = 1 and we get

∥V⊤(Xt + αtAtXt)y∥22/∥(Xt + αtAtYt)y∥22
≥ ∥V⊤Xty∥22 + 2αt⟨V⊤Xty,V

⊤AtYty⟩/(∥y∥22 + 2αt⟨Xty,AtYty⟩+ α2
t ∥AtYt∥22∥y∥22)

= ∥V⊤Xtz∥22 + 2αt⟨V⊤Xtz,V
⊤AtYtz⟩/(1 + 2αt⟨Xtz,AtYtz⟩+ α2

t∥AtYt∥22)
≥ (∥V⊤Xtz∥22 + 2αt⟨V⊤Xtz,V

⊤AtYtz⟩)(1− 2αt⟨Xtz,AtYtz⟩ − α2
t∥AtYt∥22)

≥ ∥V⊤Xtz∥22 + 2αt⟨V⊤Xtz,V
⊤AtYtz⟩ − 2αt∥V⊤Xtz∥22⟨Xtz,AtYtz⟩ − 5α2

t ∥AtYt∥22 − 2α3
t ∥AtYt∥32

= ∥V⊤Xtz∥22 + 2αtz
⊤X⊤

t (VV⊤ − ∥V⊤Xtz∥22I)AtYtz − 5α2
t∥AtYt∥22 − 2α3

t ∥AtYt∥32.

Since ∥V⊤Xtz∥22 + ∥V⊤
⊥Xtz∥22 = ∥Xtz∥22 = ∥z∥22 = 1, we have

VV⊤ − ∥V⊤Xtz∥22I = VV⊤ − ∥V⊤Xtz∥22(VV⊤ +V⊥V
⊤
⊥)

= ∥V⊤
⊥Xtz∥22VV⊤ − ∥V⊤Xtz∥22V⊥V

⊤
⊥.

Then

∥V⊤(Xt + αtAtYt)y∥22/∥(Xt + αtAtYt)y∥22
≥ ∥V⊤Xtz∥22 + 2αtz

⊤X⊤
t (∥V⊤

⊥Xtz∥22VV⊤ − ∥V⊤Xtz∥22V⊥V
⊤
⊥)AtYtz

−5α2
t ∥AtYt∥22 − 2α3

t ∥AtYt∥32.

Suppose ỹ makes
λmin(V

⊤ZtZ
⊤
t V) = ∥V⊤(Xt + αtAtYt)ỹ∥22/∥(Xt + αtAtYt)ỹ∥22

and accordingly let z̃ = ỹ/∥ỹ∥2. Further denote bt = 5α2
t∥AtYt∥22 + 2α3

t∥AtYt∥32. Then

λmin(V
⊤ZtZ

⊤
t V)

≥ ∥V⊤Xtz̃∥22 + 2αtz̃
⊤X⊤

t (∥V⊤
⊥Xtz̃∥22VV⊤ − ∥V⊤Xtz̃∥22V⊥V

⊤
⊥)AtYtz̃ − bt.

Let at = E[bt|Ft−1]. Then we have

E[λmin(V
⊤ZtZ

⊤
t V)|Ft−1]

≥ ∥V⊤Xtz̃∥22 + 2αtz̃
⊤X⊤

t [∥V⊤
⊥Xtz̃∥22VV⊤ − ∥V⊤Xtz̃∥22V⊥V

⊤
⊥]E[AtYt|Ft−1]z̃ − at

= ∥V⊤Xtz̃∥22 + 2αtz̃
⊤X⊤

t [∥V⊤
⊥Xtz̃∥22VV⊤ − ∥V⊤Xtz̃∥22V⊥V

⊤
⊥]AXtz̃ − at

= ∥V⊤Xtz̃∥22 + 2αt∥V⊤
⊥Xtz̃∥22z̃⊤X⊤

t VΣV⊤Xtz̃ − 2αt∥V⊤Xtz̃∥22z̃⊤X⊤
t V⊥Σ⊥V

⊤
⊥Xtz̃ − at

≥ ∥V⊤Xtz̃∥22 + 2αtλq∥V⊤
⊥Xtz̃∥22z̃⊤X⊤

t VV⊤Xtz̃ − 2αtλq+1∥V⊤Xtz̃∥22z̃⊤X⊤
t V⊥V

⊤
⊥Xtz̃ − at

= ∥V⊤Xtz̃∥22 + 2αt(λq − λq+1)∥V⊤Xtz̃∥22∥V⊤
⊥Xtz̃∥22 − at

= ∥V⊤Xtz̃∥22(1 + 2αtτ(1− ∥V⊤Xtz̃∥22))− at.

When αt <
1
4τ , the function f(x) = x[1 + a(1− x)] = −a(x− a+1

2a )2 + (a+1)2

4a is monotonically increasing on (−∞, 1]
where a = 2αtτ . Since 1 ≥ ∥V⊤Xtz̃∥22 ≥ λmin(V

⊤XtX
⊤
t V), we get

∥V⊤Xtz̃∥22(1 + 2αtτ(1− ∥V⊤Xtz̃∥22))− at

≥ λmin(V
⊤XtX

⊤
t V)(1 + 2αtτ(1− λmin(V

⊤XtX
⊤
t V)))− at.
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Hence, we obtain

E[λmin(V
⊤ZtZ

⊤
t V)|Ft−1] ≥ λmin(V

⊤XtX
⊤
t V)(1 + 2αtτ(1− λmin(V

⊤XtX
⊤
t V)))− at.

By the assumption cos2⟨Xt,V⟩ = λmin(V
⊤XtX

⊤
t V) ≥ 1/2, we get

1− E[λmin(V
⊤ZtZ

⊤
t V)|Ft−1] ≤ 1− λmin(V

⊤XtX
⊤
t V)(1 + 2αtτ(1− λmin(V

⊤XtX
⊤
t V))) + at

= (1− λmin(V
⊤XtX

⊤
t V))(1− 2αtτλmin(V

⊤XtX
⊤
t V)) + at

≤ (1− λmin(V
⊤XtX

⊤
t V))(1− αtτ) + at,

and thus

E[1− E[λmin(V
⊤ZtZ

⊤
t V)|Ft−1]] ≤ (1− αtτ)E[1− λmin(V

⊤XtX
⊤
t V)] + E[at],

where
E[at] = 5α2

tE[∥AtYt∥22] +O(α3
t ) ≤ 5α2

tE[∥At∥22]E[∥Yt∥22] +O(α3
t ).

Therefore, we arrive at

1− E[λmin(V
⊤ZtZ

⊤
t V)] ≤ (1− αtτ)(1− E[λmin(V

⊤XtX
⊤
t V)]) + 5α2

tE[∥At∥22]E[∥Yt∥22] +O(α3
t ),

i.e.,

1− E[cos2⟨Zt,V⟩] ≤ (1− αtτ)(1− E[cos2⟨Xt,V⟩]) + 5βtα
2
t +O(α3

t ).

Proof of Lemma 4.5
Proof. Let Φ(αt) = (Z̃⊤

t Z̃t)
−1. Then ZtZ

⊤
t = Z̃tΦ(αt)Z̃

⊤
t and

Φ(αt) = Φ(0) +Φ′(0)αt +
1

2
Φ′′(0)α2

t

dΦ(αt)

dαt
= −Φ(αt)

dΦ−1(αt)

dαt
Φ(αt)

d2Φ(αt)

dα2
t

= −dΦ(αt)

dαt

dΦ−1(αt)

dαt
Φ(αt)−Φ(αt)

d2Φ−1(αt)

dα2
t

Φ(αt)−Φ(αt)
dΦ−1(αt)

dαt

dΦ(αt)

dαt

Φ−1(αt) = Z̃⊤
t Z̃t = I+ αtX

⊤
t AtYt + αtY

⊤
t A

⊤
t Xt + α2

tY
⊤
t A

⊤
t AtYt.

Hence, we can get

Φ(0) = I

Φ′(0) = −(X⊤
t AtYt +Y⊤

t A
⊤
t Xt)

Φ′′(0) = 2[Φ′(0)]2 − 2Y⊤
t A

⊤
t AtYt

= 2(X⊤
t AtYtX

⊤
t AtYt +X⊤

t AtYtY
⊤
t A

⊤
t Xt +Y⊤

t A
⊤
t XtX

⊤
t AtYt +

Y⊤
t A

⊤
t XtY

⊤
t A

⊤
t Xt −Y⊤

t A
⊤
t AtYt)

and

ZtZ
⊤
t = (Xt + αtAtYt)(Xt + αtAtYt)

⊤ + αt(Xt + αtAtYt)Φ
′(0)(Xt + αtAtYt)

⊤ +

(1/2)α2
t (Xt + αtAtYt)Φ

′′(0)(Xt + αtAtYt)
⊤

, △1 + αt △2 +
1

2
α2
t △3 .
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Expanding each item above, we have

△1 = XtX
⊤
t + αtXtY

⊤
t A

⊤
t + αtAtYtX

⊤
t + α2

tAtYtY
⊤
t A

⊤
t

△2 = −(Xt + αtAtYt)(X
⊤
t AtYt +Y⊤

t A
⊤
t Xt)(Xt + αtAtYt)

⊤

= −XtX
⊤
t AtYtX

⊤
t −XtY

⊤
t A

⊤
t XtX

⊤
t

−αtXtX
⊤
t AtYtY

⊤
t A

⊤
t − αtXtY

⊤
t A

⊤
t XtY

⊤
t A

⊤
t − αtAtYtX

⊤
t AtYtX

⊤
t − αtAtYtY

⊤
t A

⊤
t XtX

⊤
t

−α2
tAtYtX

⊤
t AtYtY

⊤
t A

⊤
t − α2

tAtYtY
⊤
t A

⊤
t XtY

⊤
t A

⊤
t

△3 = 2(XtX
⊤
t AtYtX

⊤
t AtYtX

⊤
t +XtX

⊤
t AtYtY

⊤
t A

⊤
t XtX

⊤
t +XtY

⊤
t A

⊤
t XtX

⊤
t AtYtX

⊤
t

+XtY
⊤
t A

⊤
t XtY

⊤
t A

⊤
t XtX

⊤
t −XtY

⊤
t A

⊤
t AtYtX

⊤
t ) +O(αt).

Accordingly,

ZtZ
⊤
t = XtX

⊤
t + αt(XtY

⊤
t A

⊤
t +AtYtX

⊤
t −XtX

⊤
t AtYtX

⊤
t −XtY

⊤
t A

⊤
t XtX

⊤
t )

+α2
t (AtYtY

⊤
t A

⊤
t −XtX

⊤
t AtYtY

⊤
t A

⊤
t −XtY

⊤
t A

⊤
t XtY

⊤
t A

⊤
t −AtYtX

⊤
t AtYtX

⊤
t −AtYtY

⊤
t A

⊤
t XtX

⊤
t

+XtX
⊤
t AtYtX

⊤
t AtYtX

⊤
t +XtX

⊤
t AtYtY

⊤
t A

⊤
t XtX

⊤
t +XtY

⊤
t A

⊤
t XtX

⊤
t AtYtX

⊤
t

+XtY
⊤
t A

⊤
t XtY

⊤
t A

⊤
t XtX

⊤
t −XtY

⊤
t A

⊤
t AtYtX

⊤
t )±O(α3

t ).

On the other hand for Xt+1, we have

Xt+1X
⊤
t+1

= (Xt + αtAtYt − αtXtX
⊤
t AtYt −

α2
t

2
Xtg

⊤
t gt −O(α3

t ))(Xt + αtAtYt − αtXtX
⊤
t AtYt −

α2
t

2
Xtg

⊤
t gt −O(α3

t ))
⊤

= XtX
⊤
t + αtXtY

⊤
t A

⊤
t − αtXtY

⊤
t A

⊤
t XtX

⊤
t − α2

t

2
Xtg

⊤
t gtX

⊤
t +

αtAtYtX
⊤
t + α2

tAtYtY
⊤
t A

⊤
t − α2

tAtYtY
⊤
t A

⊤
t XtX

⊤
t −

αtXtX
⊤
t AtYtX

⊤
t − α2

tXtX
⊤
t AtYtY

⊤
t A

⊤
t +

α2
tXtX

⊤
t AtYtY

⊤
t A

⊤
t XtX

⊤
t − α2

t

2
Xtg

⊤
t gtX

⊤
t ±O(α3

t ).

Note that gt = (I−XtX
⊤
t )AtYt and Xtg

⊤
t gtX

⊤
t = XtY

⊤
t A

⊤
t (I−XtX

⊤
t )AtYtX

⊤
t . Thus,

Xt+1X
⊤
t+1 = XtX

⊤
t + αt(XtY

⊤
t A

⊤
t −XtY

⊤
t A

⊤
t XtX

⊤
t +AtYtX

⊤
t −XtX

⊤
t AtYtX

⊤
t ) +

α2
t (AtYtY

⊤
t A

⊤
t −AtYtY

⊤
t A

⊤
t XtX

⊤
t −XtX

⊤
t AtYtY

⊤
t A

⊤
t +XtX

⊤
t AtYtY

⊤
t A

⊤
t XtX

⊤
t −

XtY
⊤
t A

⊤
t AtYtX

⊤
t +XtY

⊤
t A

⊤
t XtX

⊤
t AtYtX

⊤
t )±O(α3

t ).

We find that

Xt+1X
⊤
t+1 = ZtZ

⊤
t − α2

tMt ±O(α3
t ),

where Mt = M⊤
t and

Mt = −XtY
⊤
t A

⊤
t XtY

⊤
t A

⊤
t −AtYtX

⊤
t AtYtX

⊤
t +XtX

⊤
t AtYtX

⊤
t AtYtX

⊤
t +XtY

⊤
t A

⊤
t XtY

⊤
t A

⊤
t XtX

⊤
t .

Hence, we can write

λmin(V
⊤Xt+1X

⊤
t+1V)] = λmin(V

⊤ZtZ
⊤
t V − α2

tV
⊤MtV)±O(α3

t )

≥ λmin(V
⊤ZtZ

⊤
t V)− α2

tλmax(V
⊤MtV)±O(α3

t ).

By the Poincare separation theorem, λmax(V
⊤MtV) ≤ λmax(Mt). Also note that λmax(Mt) ≤ ∥Mt∥2 and ∥Mt∥2 ≤

4∥AtYt∥22. Then we get

λmax(V
⊤MtV) ≤ 4∥AtYt∥22 ≤ 4∥At∥22∥Yt∥22
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and finally arrive at

λmin(V
⊤Xt+1X

⊤
t+1V)] ≥ λmin(V

⊤ZtZ
⊤
t V)− 4α2

t ∥At∥22∥Yt∥22 ±O(α3
t ),

i.e.,

cos2⟨Xt+1,V⟩ ≥ cos2⟨Zt,V⟩ − 4α2
t ∥At∥22∥Yt∥22 ±O(α3

t ).

Proof of Lemma 4.6
Proof. By Lemma 4.5 and 4.6, we have

1− E[cos2⟨Xt+1,V⟩] ≤ 1− E[cos2⟨Zt,V⟩] + 4βtα
2
t ±O(α3

t )

≤ (1− αtτ)(1− E[cos2⟨Xt,V⟩]) + 9βtα
2
t ±O(α3

t ).

Thus, we can write

Θt+1 ≤ (1− αtτ)Θt + γβtα
2
t ,

for some constant γ > 9.

Remark From the proof of Lemma 4.4, given cos2⟨Xt,V⟩ ≥ 1/2, we have that

1− cos2⟨Zt,V⟩ ≤ (1− αtτ)(1− cos2⟨Xt,V⟩) + 5btα
2
t +O(α3

t ),

which combined with Lemma 4.5 yields

1− cos2⟨Xt+1,V⟩ ≤ (1− αtτ)(1− cos2⟨Xt,V⟩) + 5btα
2
t +O(α3

t ).

Then with αt =
c
t where c > 0, we have

1− cos2⟨Xt+1,V⟩ ≤ 1

2
(1− cτ

t
) +

5btc
2

t2
+O(

1

t3
)

=
1

2
− c

t
(
τ

2
− 5btc

t
−O(

1

t2
)).

Thus, when t is sufficiently large, we get 1− cos2⟨Xt+1,V⟩ ≤ 1
2 , i.e., cos2⟨Xt+1,V⟩ ≥ 1

2 . This says that for t > s where
s is sufficiently large, cos2⟨Xt,V⟩ ≥ 1/2 implies cos2⟨Xt+1,V⟩ ≥ 1/2.

Proof of Theorem 4.2
Proof. We only need to prove that there exists a sufficiently large constant σ > 0 such that Θt ≤ σ

t . Induction is employed.
It’s clear that Θs satisfies the inequality. Suppose it holds for t > s. Then by Lemma 4.6 as well as assumptions that cτ > 2
and σ is sufficiently large,

Θt+1 ≤ (1− c

t
τ)

σ

t
+ γβt

c2

t2

=
1

t2
(σ(t− cτ) + γβtc

2)

=
1

t2
(σ(t− 1) + σ(1− cτ) + γβtc

2)

≤ 1

t2
(σ(t− 1)− (σ − γβtc

2))

≤ σ(t− 1)

t2
≤ σ(t− 1)

t2 − 1
=

σ

t+ 1
.
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Performance on Dense Matrices
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(c) citeseer - cosine value
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Figure 1. Performance on dense matrices.
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