A Fast and Reliable Policy Improvement Algorithm

A Derivation of the Quadratic Form

Proof of Lemma[3 Consider function h: R — R,
h(w) = ¢ Vaw + vl (L, (Vaw) — Vzw) .

For a scalar w, define @ﬁ(.’l)‘,d,ﬂ)) = r(x) + ’)/’U)(P(I’a)‘//}). Substituting for the Bellman operator L., (see
Section [L.1)), we obtain

h(w) _cTVw—vA Vw—i—Zv,rc Z alx) (1+@;(x,a,w) —Ey(,m@\%(aﬁ,.,w)) @%(x,a,w) )

Because Qx (2, a, w) = r(z) +'wa(xya)‘A/;, h is quadratic in w, so we can write it as h(w) = (1/2)w" Bw+g w+ f
for some choice of parameters B, g, and f. We have that

E,(|r)Qx (2, ., ):Z v(alz)Qx(z, a, w)
_Z a|x —l—’}/wP(x a)Aﬁ)

=r(z) + ’YUJEV(M)(P‘A/%) .

Also, we have

E,(j0)Q%(x, ., w) :Z (al) Qs (. a,w))?

= Z + ’}/’U)P(x a)‘/};)2
— Z ( + ’Y w (P(z,a)‘/}%)Q + QWMT(.’E)P(I,Q)V%>

= 1(2)? + 2ywr(2) By (1) (PVz) + 72w By ( ) (PV3)?
Thus,

Varu( \x)QTr( PRD) ) = EV(|$)Q%(CU’ ',w) - (EV(.|x)Q%(x’ ',w))z
= T(Z)Q + Q’Y’LU?“(x)EV(_‘x)(P‘//\%) + ’waQEV(_m(P‘A/;)Q
—1(2)? = VW (By( o) (PVR))? — 2ywr(2) By o) (PVz)
= fyzszary(_‘x)(P‘//\%) .

Further, we have that

h(w) — ¢ Vew + vl Vew = Zvﬂ . Z (alz) (14 Qs (w,0,w) = Bug 11y Q(w, ) ) Qa(w,a,w)
=3 el v alw)(Q%(x,a,w)+(@7~r(%“’w)) ~ Qr (2,0, 0)Ey 1) Qn(e, )
=X vrela) (Eu(_\m>@7~f(x7.7 W) + By Qs (@, w)” = (B0 Q5 (. >>2)
_va B Qe ) + 3 vl Ve oy @),

and therefore

h( )_Cva+Zvﬂc u( |3:)Q7r +Z’U7rc Varl/( |x)Q7r( IR )—’U;,CV%’LU,

or alternatively,
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We therefore obtain
f = v;r\r’(;r,
g= cT‘A/% — v;cf/% + WEU%YC(P”‘A/%) ,
B = 22'[}%76(.%)\[3['”(_‘1)@%(1'7 D).



